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Are you looking for new ways to engage your students? Classroom voting can be a  
powerful way to enliven your classroom, by requiring all students to consider a question, 
discuss it with their peers, and vote on the answer during class. When used in the right 
way, students engage more deeply with the material, and have fun in the process, while 
you get valuable feedback when you see how they voted. But what are the best strate-
gies to integrate voting into your lesson plans? How do you teach the full curriculum while 
including these voting events? How do you find the right questions for your students? 

This collection includes papers from faculty at institutions across the country, teaching 
a broad range of courses with classroom voting, including college algebra, precalculus, 
calculus, statistics, linear algebra, differential equations, and beyond. These faculty share 
their experiences and explain how they have used classroom voting to engage students, 
to provoke discussions, and to improve how they teach mathematics.

This volume should be of interest to anyone who wants to begin using classroom voting 
as well as people who are already using it but would like to know what others are doing. 
While the authors are primarily college-level faculty, many of the papers could also be of 
interest to high school mathematics teachers.

79

062211TeachingMath.indd   1 7/6/11   6:03 PM



Teaching Mathematics with Classroom Voting

With and Without Clickers



c
 2011 by

The Mathematical Association of America (Incorporated)

Library of Congress Control Number 2011932376

Print ISBN 978-0-88385-189-0

Electronic ISBN 978-1-61444-301-8

Printed in the United States of America

Current Printing (last digit):

10 9 8 7 6 5 4 3 2 1



Teaching Mathematics with Classroom Voting

With and Without Clickers

Edited by

Kelly Cline

Carroll College

and

Holly Zullo

Carroll College

Published and Distributed by

The Mathematical Association of America



The MAA Notes Series, started in 1982, addresses a broad range of topics and themes of interest to all who are involved with

undergraduate mathematics. The volumes in this series are readable, informative, and useful, and help the mathematical community

keep up with developments of importance to mathematics.

Council on Publications and Communications

Frank Farris, Chair

Committee on Books

Gerald Bryce, Chair

Notes Editorial Board

Stephen B Maurer, Editor

Deborah J. Bergstrand Thomas P. Dence

Donna L. Flint Theresa Jeevanjee

Michael K. May Judith A. Palagallo

Mark Parker Susan Pustejovsky

David Rusin David J. Sprows

Joe Alyn Stickles Andrius Tamulis

MAA Notes

14. Mathematical Writing, by Donald E. Knuth, Tracy Larrabee, and Paul M. Roberts.

16. Using Writing to Teach Mathematics, Andrew Sterrett, Editor.

17. Priming the Calculus Pump: Innovations and Resources, Committee on Calculus Reform and the First Two Years, a sub-

comittee of the Committee on the Undergraduate Program in Mathematics, Thomas W. Tucker, Editor.

18. Models for Undergraduate Research in Mathematics, Lester Senechal, Editor.

19. Visualization in Teaching and Learning Mathematics, Committee on Computers in Mathematics Education, Steve Cunning-

ham and Walter S. Zimmermann, Editors.

20. The Laboratory Approach to Teaching Calculus, L. Carl Leinbach et al., Editors.

21. Perspectives on Contemporary Statistics, David C. Hoaglin and David S. Moore, Editors.

22. Heeding the Call for Change: Suggestions for Curricular Action, Lynn A. Steen, Editor.

24. Symbolic Computation in Undergraduate Mathematics Education, Zaven A. Karian, Editor.

25. The Concept of Function: Aspects of Epistemology and Pedagogy, Guershon Harel and Ed Dubinsky, Editors.

26. Statistics for the Twenty-First Century, Florence and Sheldon Gordon, Editors.

27. Resources for Calculus Collection, Volume 1: Learning by Discovery: A Lab Manual for Calculus, Anita E. Solow, Editor.

28. Resources for Calculus Collection, Volume 2: Calculus Problems for a New Century, Robert Fraga, Editor.

29. Resources for Calculus Collection, Volume 3: Applications of Calculus, Philip Straffin, Editor.

30. Resources for Calculus Collection, Volume 4: Problems for Student Investigation, Michael B. Jackson and John R. Ramsay,

Editors.

31. Resources for Calculus Collection, Volume 5: Readings for Calculus, Underwood Dudley, Editor.

32. Essays in Humanistic Mathematics, Alvin White, Editor.

33. Research Issues in Undergraduate Mathematics Learning: Preliminary Analyses and Results, James J. Kaput and Ed Dubin-

sky, Editors.

34. In Eves Circles, Joby Milo Anthony, Editor.

35. Youre the Professor, What Next? Ideas and Resources for Preparing College Teachers, The Committee on Preparation for

College Teaching, Bettye Anne Case, Editor.

36. Preparing for a New Calculus: Conference Proceedings, Anita E. Solow, Editor.

37. A Practical Guide to Cooperative Learning in Collegiate Mathematics, Nancy L. Hagelgans, Barbara E. Reynolds, SDS,

Keith Schwingendorf, Draga Vidakovic, Ed Dubinsky, Mazen Shahin, G. Joseph Wimbish, Jr.

38. Models That Work: Case Studies in Effective Undergraduate Mathematics Programs, Alan C. Tucker, Editor.

39. Calculus: The Dynamics of Change, CUPM Subcommittee on Calculus Reform and the First Two Years, A. Wayne Roberts,

Editor.

40. Vita Mathematica: Historical Research and Integration with Teaching, Ronald Calinger, Editor.

41. Geometry Turned On: Dynamic Software in Learning, Teaching, and Research, James R. King and Doris Schattschneider,

Editors.



42. Resources for Teaching Linear Algebra, David Carlson, Charles R. Johnson, David C. Lay, A. Duane Porter, Ann E. Watkins,

William Watkins, Editors.

43. Student Assessment in Calculus: A Report of the NSF Working Group on Assessment in Calculus, Alan Schoenfeld, Editor.

44. Readings in Cooperative Learning for Undergraduate Mathematics, Ed Dubinsky, David Mathews, and Barbara E. Reynolds,

Editors.

45. Confronting the Core Curriculum: Considering Change in the Undergraduate Mathematics Major, John A. Dossey, Editor.

46. Women in Mathematics: Scaling the Heights, Deborah Nolan, Editor.

47. Exemplary Programs in Introductory College Mathematics: Innovative Programs Using Technology, Susan Lenker, Editor.

48. Writing in the Teaching and Learning of Mathematics, John Meier and Thomas Rishel.

49. Assessment Practices in Undergraduate Mathematics, Bonnie Gold, Editor.

50. Revolutions in Differential Equations: Exploring ODEs with Modern Technology, Michael J. Kallaher, Editor.

51. Using History to Teach Mathematics: An International Perspective, Victor J. Katz, Editor.

52. Teaching Statistics: Resources for Undergraduate Instructors, Thomas L. Moore, Editor.

53. Geometry at Work: Papers in Applied Geometry, Catherine A. Gorini, Editor.

54. Teaching First: A Guide for New Mathematicians, Thomas W. Rishel.

55. Cooperative Learning in Undergraduate Mathematics: Issues That Matter and Strategies That Work, Elizabeth C. Rogers,

Barbara E. Reynolds, Neil A. Davidson, and Anthony D. Thomas, Editors.

56. Changing Calculus: A Report on Evaluation Efforts and National Impact from 1988 to 1998, Susan L. Ganter.

57. Learning to Teach and Teaching to Learn Mathematics: Resources for Professional Development, Matthew Delong and Dale

Winter.

58. Fractals, Graphics, and Mathematics Education, Benoit Mandelbrot and Michael Frame, Editors.

59. Linear Algebra Gems: Assets for Undergraduate Mathematics, David Carlson, Charles R. Johnson, David C. Lay, and A.

Duane Porter, Editors.

60. Innovations in Teaching Abstract Algebra, Allen C. Hibbard and Ellen J. Maycock, Editors.

61. Changing Core Mathematics, Chris Arney and Donald Small, Editors.

62. Achieving Quantitative Literacy: An Urgent Challenge for Higher Education, Lynn Arthur Steen.

64. Leading the Mathematical Sciences Department: A Resource for Chairs, Tina H. Straley, Marcia P. Sward, and Jon W. Scott,

Editors.

65. Innovations in Teaching Statistics, Joan B. Garfield, Editor.

66. Mathematics in Service to the Community: Concepts and models for service-learning in the mathematical sciences, Charles

R. Hadlock, Editor.

67. Innovative Approaches to Undergraduate Mathematics Courses Beyond Calculus, Richard J. Maher, Editor.

68. From Calculus to Computers: Using the last 200 years of mathematics history in the classroom, Amy Shell-Gellasch and

Dick Jardine, Editors.

69. A Fresh Start for Collegiate Mathematics: Rethinking the Courses below Calculus, Nancy Baxter Hastings, Editor.

70. Current Practices in Quantitative Literacy, Rick Gillman, Editor.

71. War Stories from Applied Math: Undergraduate Consultancy Projects, Robert Fraga, Editor.

72. Hands On History: A Resource for Teaching Mathematics, Amy Shell-Gellasch, Editor.

73. Making the Connection: Research and Teaching in Undergraduate Mathematics Education, Marilyn P. Carlson and Chris

Rasmussen, Editors.

74. Resources for Teaching Discrete Mathematics: Classroom Projects, History Modules, and Articles, Brian Hopkins, Editor.

75. The Moore Method: A Pathway to Learner-Centered Instruction, Charles A. Coppin, W. Ted Mahavier, E. Lee May, and G.

Edgar Parker.

76. The Beauty of Fractals: Six Different Views, Denny Gulick and Jon Scott, Editors.

77. Mathematical Time Capsules: Historical Modules for the Mathematics Classroom, Dick Jardine and Amy Shell-Gellasch,

Editors.

78. Recent Developments on Introducing a Historical Dimension in Mathematics Education, Victor J. Katz and Costas Tzanakis,

Editors.

79. Teaching Mathematics with Classroom Voting: With and Without Clickers, Kelly Cline and Holly Zullo, Editors.

MAA Service Center

P.O. Box 91112

Washington, DC 20090-1112

1-800-331-1MAA FAX: 1-301-206-9789





Contents

I An Introduction to Teaching Mathematics with Classroom Voting 1

Introduction 3

1 Teaching Mathematics with Classroom Voting, Kelly Cline and Holly Zullo 5

1.1 What is classroom voting? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 History and Evidence of Effectiveness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Our Experience . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Our Advice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.5 Resources and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Key Issues in Classroom Voting, Holly Zullo, Kathy Gniadek, Derek Bruff, and Kelly Cline 9

2.1 To Use Clickers or Not to Use Clickers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Two-Cycle or One-Cycle Voting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 To Grade or Not to Grade . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

II Studies of Classroom Voting in Mathematics 13

3 Can Good Questions and Peer Discussion Improve Calculus Instruction?, Robyn L. Miller,

Everilis Santana-Vega, and Maria S. Terrell 15

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.2 Some Characteristics of a Good Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 Summary of Preliminary Findings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.4 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 Using Peer Instruction and i-clickers to Enhance Student Participation, Adam Lucas 21

4.1 Purpose . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5 Student Surveys: What Do They Think?, Holly Zullo, Kathy Gniadek, Derek Bruff, and Kelly Cline 29

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5.2 Aggregate Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5.3 Course-by-Course Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

5.4 Student Focus Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

Appendix A: Student Survey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

Appendix B: Class-by-Class Survey Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

vii



viii Contents

III Classroom Voting in Specific Mathematics Classes 35

6 Questions to Engage Students in Discussion (Q.E.D): Using Clickers in a Mathematics for Liberal Arts

Course, Kelly Cline and Holly Zullo 37

6.1 The Audience . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

6.2 The Course . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

6.3 A Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

6.4 First Day with Clickers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

6.5 Typical Class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

6.6 A First Try: “Vertical” Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

6.7 Questions to Engage students in Discussion (Q.E.D) . . . . . . . . . . . . . . . . . . . . . . . . . . 39

6.8 What Students Say . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6.9 What Faculty Say . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6.10 Pros and Cons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

6.11 The Future . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

7 Clickers in Introductory Statistics Courses, Holly Zullo, Kathy Gniadek, Derek Bruff, and Kelly Cline 43

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

7.2 Box-and-Whiskers Plots Lesson Plan — McKnight . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

7.3 Expected Value Lesson Plan — Richman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

7.4 Hypothesis Testing Lesson Plan — Murphy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

7.5 Methods for Reporting Statistical Results Lesson Plan — Terry . . . . . . . . . . . . . . . . . . . . . 50

7.6 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

8 Using Clickers in a Statistics Classroom, Brenda K. Gunderson and Herle M. McGowan 53

8.1 Background about the Course . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

8.2 Clickers in our Course: Historical to Current Use . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

8.3 Lesson Plan I: Using Confidence Intervals to Test Hypotheses . . . . . . . . . . . . . . . . . . . . . 54

8.4 Lesson Plan II: How to Look at your Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

8.5 Lesson Plan III: Testing about a Population Proportion . . . . . . . . . . . . . . . . . . . . . . . . . 57

8.6 Final Thoughts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

8.7 Appendix: In-Lab Project Handout — Testing for a Population Proportion . . . . . . . . . . . . . . . 58

9 Engaging Statistics Students with Classroom Response Systems, Derek Bruff 61

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

9.2 Course Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

9.3 Generating Small-Group and Classwide Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

9.4 Creating Times for Telling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

9.5 Developing Conceptual Understanding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

9.6 Gathering Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

9.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

10 Incorporating Clicker Technology in the Introductory Statistics Course, Roxy Peck 71

10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

10.2 Description of California Polytechnic State University and of the Course . . . . . . . . . . . . . . . . 71

10.3 How I Chose to Incorporate Clickers and Lessons Learned . . . . . . . . . . . . . . . . . . . . . . . 72

10.4 Writing Good Clicker Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

10.5 An Informal Experiment — Student Perception and Impact on Student Performance . . . . . . . . . . 73

10.6 In Closing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75



Contents ix

11 Using Clickers in Courses for Future K–8 Teachers, Kathryn Ernie, Sherrie Serros, and Erick Hofacker 77

11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

11.2 Our Experience . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

11.3 Sample Lesson with Instructor Annotations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

11.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

12 Using Clickers in Professional Development Workshops, Sherrie Serros, Erick Hofacker,

and Kathryn Ernie 83

12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

12.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

12.3 Content Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

12.4 Awareness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

12.5 Mathematical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

12.6 Teacher Participant Reactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

12.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

13 Using ConcepTests in College Algebra, Mark D. Schlatter 87

13.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

13.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

13.3 Conclusions and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

14 An Example of Multi-Purpose Use of Clickers in College Algebra, Lee R. Gibson 93

14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

14.2 How This Class Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

14.3 Sample Lesson Plan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

14.4 Rationale and Effectiveness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

14.5 Instructor Impact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

14.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

15 ConcepTests—Classroom Voting: A Catalyst for an Interactive College Algebra Classroom,

David O. Lomen 101

15.1 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

15.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

15.3 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

15.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

15.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

16 Using Clickers to Encourage Communication and Self-Reflection in Precalculus, Erick Hofacker,

Kathryn Ernie, and Sherrie Serros 107

16.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

16.2 The Course . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

16.3 Clicker Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

16.4 Purposes and Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

16.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

17 Writing and Adapting Classroom Voting Questions: New Functions from Old, Lahna VonEpps 113

17.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

17.2 Organization and preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

17.3 Lesson: New Functions from Old . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

17.4 Lesson Reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

17.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119



x Contents

18 Enhancing Student Participation and Attitudes in a Large-Lecture Calculus Course, Angela Sharp 121

18.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

18.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

18.3 Behind the scenes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

18.4 In front of the class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

18.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

18.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

19 Good Questions for Mathematics Eduction: An Example from Multivariable Calculus, Maria Terrell 127

20 Integrating Classroom Voting Into Your Lectures: Some Thoughts and Examples from a Differential

Equations Course, Christopher K. Storm 131

20.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

20.2 Preparing for lecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

20.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

21 Classroom Voting Questions that Provoke Teachable Moments in Differential Equations, Kelly Cline,

Holly Zullo, Mark Parker, John George, William Harris, Ann Stewart, and Christopher Storm 141

21.1 Units . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

21.2 Euler’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

21.3 Equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

21.4 Nonhomogeneous Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

21.5 Uniqueness of Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

21.6 Systems of Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

21.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

22 Teaching Linear Algebra with Classroom Voting: A Class Period on Linear Independence, Kelly Cline 149

23 Lesson Planning with Classroom Voting: An Example from Linear Algebra, Holly Zullo 153

23.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

23.2 Planning the Lesson: Matrix Multiplication and Inverses . . . . . . . . . . . . . . . . . . . . . . . . 154

23.3 Matrix Multiplication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

23.4 Matrix Inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

23.5 Lesson Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

23.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

24 Using Clickers to Enhance Learning in Upper-Level Mathematics Courses, Patti Frazer Lock 159

24.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

24.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

24.3 Clickers in the Classroom . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

24.4 Using Clicker Questions in an Introduction to Proofs Course . . . . . . . . . . . . . . . . . . . . . . 161

24.5 Using Clicker Questions in an Abstract Algebra Course . . . . . . . . . . . . . . . . . . . . . . . . . 162

24.6 Outcomes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

24.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Bibliography 167

About the Editors 173



I
An Introduction to

Teaching Mathematics

with Classroom Voting





Introduction

We started working on this volume after having lunch during the Joint Meetings with a varied group of people, each

using classroom voting in different ways. Each of us had developed our own techniques for using this teaching method

successfully. Sometimes we had arrived at the same strategies, while other times we were using quite different ap-

proaches. We realized that all this collective experience should be gathered together in one place, so that it would

be easily accessible to those wanting to begin using or extend their use of classroom voting. In this volume we have

brought together perspectives from a diverse group of people with expertise in classroom voting, so that an instructor

can quickly learn how to be successful with this pedagogy. Two of the papers published in this volume are reprints or

updates of what has previously been published elsewhere, while most papers were written specifically for this volume,

discussing the issues that someone new to the pedagogy will grapple with. The end result is a vibrant collection of

papers illustrating the use of classroom voting in nearly every mathematics service course, as well as many courses

taken by mathematics majors.

This volume is divided into three sections, plus a combined, single collection of references for all papers. The first

section provides background information on classroom voting, including a thorough description of the pedagogy, sug-

gestions for running a class-wide discussion, and contrasting viewpoints on issues such as whether voting should be

graded and whether technology improves or detracts from the pedagogy. This section is essential for newcomers to

classroom voting, and even experienced users will likely find new ideas to consider. The second section contains three

papers that present results of studies carried out to determine the effects of classroom voting in mathematics. The

first paper presents results from a large study at Cornell University suggesting that classroom voting is effective at

improving student learning in mathematics when it is used to motivate students to participate in small group discus-

sions. The second paper concerns a study of attempts to structure the small group discussions in order to make them

more effective, and the third paper provides results from a large survey of student reactions to classroom voting in

mathematics.

The heart of the volume is the third section, which addresses the use of classroom voting in several specific courses,

spanning most service courses plus many courses for mathematics majors. Many of the authors of these articles

have made their question banks available for public use, and these can be found at mathquest.carroll.edu/

resources.html. While each paper describes the use of classroom voting in a particular course, each author also

contributes their own style and pieces of wisdom that are transferrable to other courses. Thus, readers interested in

using classroom voting in statistics may turn first to the papers dealing directly with that course, but they will still find

valuable information in the other papers. In what follows, we provide a brief note on the specific contributions of each

paper, beyond the course being discussed.

McGivney and McGivney-Burelle describe a project at the University of Hartford to write questions for a Math for

Liberal Arts course. They discuss the question-writing process, including a paradigm shift after their first trial.

There are four papers on statistics, each presenting a slightly different view. Murphy, et al, report on their NSF-

funded project at the University of Oklahoma. They present four different lesson plans for statistics courses directed

towards a variety of audiences, and they discuss question-writing with a multi-disciplinary team. Gunderson and

McGowan discuss three ways in which they have used clickers: as part of a regular lecture, for an exam review, and to

gather data in a lab setting. Bruff touches on a variety of aspects of his use of voting, including results from two-cycle

voting and ways to improve questions that don’t pinpoint the desired concept. Peck discusses question-writing and

presents results from an experiment with teaching two sections of statistics, one with voting and one without.

The fastest way to spread a new pedagogy is to teach teachers. The next two papers discuss using voting with pre-

service and in-service teachers. Ernie, et al., present a series of voting questions designed to help pre-service teachers

3
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think deeply about their conceptualization of probability. Serros, et al., discuss how they used clickers to promote

discussion in a workshop for in-service teachers.

The next group of papers focuses on the use of voting in college algebra and precalculus. Schlatter discusses how

he uses classroom voting, conducted with index cards, to help students use different modes of expression, make

valid inferences, and interpret mathematical data. He also presents questions used to motivate new material. Gibson

presents a multi-faceted lesson plan for slopes and average rates of change, which he uses in a large-lecture college

algebra course. Lomen discusses a variety of questions that he has used in college algebra to introduce a new topic,

check student understanding of a topic just presented, and review a topic. He also shares his implementation of voting

without technology. Finally, Hofacker, et al., present questions they have used in precalculus, emphasizing the student

responses and various strategies for leading discussions.

In her paper on calculus, VonEpps discusses in depth how to plan a lesson by writing a few of her own questions

to supplement questions available in existing databases. Sharp presents a variety of questions that she has used in a

large-lecture calculus course. Terrell uses vector calculus as a vehicle for illustrating how she uses voting to draw out

and build on students’ own preconceptions.

In “Integrating Classroom Voting into Your Lectures,” Storm shares his lesson-planning technique, illustrated with

two lessons from differential equations. He gives tips for maintaining content while integrating voting. Cline, et al.,

use statistical analysis of past voting patterns to identify the most challenging questions on fundamental concepts in

differential equations, finding that these tend to produce the richest student discussions.

The two papers on linear algebra each present a complete lesson plan. Cline’s paper emphasizes the student discus-

sions following each vote. Zullo’s paper focuses on the lesson-planning process, with particular attention to maintain-

ing flexibility.

Generally classroom voting has been used in lower-level courses. In the final paper in this volume, Lock extends

classroom voting well into the reaches of upper-division courses, including an introduction to proof course and abstract

algebra. Lock demonstrates that multiple choice questions can have significant learning value in teaching proof and

advanced concepts.

This volume would not have been possible without the contributionsof the authors. We extend our heartfelt gratitude

to all of the authors who contributed papers for this volume. Their willingness to share their experiences with classroom

voting will be greatly appreciated by faculty just beginning to experiment with this pedagogy. We also appreciate the

careful reviews by Steven Maurer and the members of the Editorial Board of the MAA Notes series. Their helpful

suggestions have significantly improved this volume.

Kelly Cline and Holly Zullo

Carroll College

Helena, Montana
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Teaching Mathematics with Classroom Voting

Kelly Cline and Holly Zullo
Carroll College

1.1 What is classroom voting?

Classroom voting is a powerful new pedagogy that has developed an impressive record of success in mathematics, the

sciences, and engineering. In this teaching technique, the instructor poses a multiple-choice question to the class, then

gives them a few minutes to work through the question and discuss it in small groups before each student votes on the

correct answer, either using a hand-held electronic “clicker,” by a show of hands, or by raising a colored index card (A

= red, B = blue, etc.). After the vote, the instructor goes around the class, asking students to explain their vote. The vote

gives the instructor immediate feedback as to the state of the students’ understanding from each individual in the class.

More importantly, the vote requires every single student to play an active role, to grapple with some mathematical

issue, to discuss it in a small group, and to register an opinion.

Education research shows that classroom voting and other teaching techniques which require students to actively

engage in the material during class produce substantial improvements in student comprehension and retention of the

concepts when compared to presentation methods that allow the majority of the students to remain as passive observers

who are simply taking notes (see, e.g., [11, 19]1).

1.2 History and Evidence of Effectiveness

The pedagogy of classroom voting was developed for the physics classroom by Harvard University’s Eric Mazur in his

influential book Peer Instruction: A User’s Manual [15]. In this book he described a specific classroom voting tech-

nique, called “Peer Instruction,” in which students vote on each question twice, once after an individual consideration

of the question, and then again after a small group discussion. In the years that followed, this teaching technique spread

throughout the S.T.E.M. disciplines (science, technology, engineering, and mathematics), and a growing number of

studies have successfully documented the effectiveness of this technique. Many surveys have reported very positive

student attitudes towards the use of this teaching method (see, e.g., [9, 10, 25]). Some studies have successfully gath-

ered evidence that classroom voting really does produce improvements in student learning [5, 6, 20, 23]. Further, Lasry

[12] shows that the learning gains are not dependent on a specific technology, but that the same results are achieved

whether electronic clickers or colored cards are used.

1All references for this volume are in a combined list in a separate file. If you have a print version of the volume, the combined references are in

the back of the book.
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In the years that followed Mazur’s book, this teaching method was adapted to mathematics, and classroom voting

questions (often called ConcepTests) were written by many groups, first by Cornell University’s “GoodQuestions”

project for differential calculus and by the Harvard Calculus Consortium to accompany the Hughes-Hallet et al. text

[18], then later by the University of Oklahoma’s “Classroom Response Systems in Statistics Courses” project for statis-

tics, and by our own efforts as part of Carroll College’s “Project MathQUEST” to develop questions for differential

equations and linear algebra. To access these libraries, see the links at

mathquest.carroll.edu/resources.html.

There have been numerous papers written about the use of this teaching method in collegiate mathematics [1, 2, 3,

4, 7, 8, 13, 14, 17, 21, 22, 24]. These papers overwhelmingly report how much students enjoy this teaching method and

how it can create a positive and engaging learning environment. Many report increased student attendance, as well as

increased enthusiasm for mathematics and the recruitment of more mathematics majors. The most significant evidence

for the improvement of student learning in mathematics comes from the study conducted by the Cornell GoodQues-

tions Project, which not only demonstrates the effectiveness of classroom voting, but also provides important insight

into why this teaching method works, and what in particular makes it so powerful [16]. See Section 2 of this volume,

where we have reprinted this key paper.

1.3 Our Experience

We began using classroom voting in calculus and multivariable calculus at Carroll College starting in the fall of 2004,

incorporating questions produced by the Cornell GoodQuestions project, those written for the Hughes-Hallett et al text

[18], as well as the collection written by Mark Schlatter [22]. Rather than formal Peer Instruction, with two cycles of

votes, we simply asked students to both work through the question and discuss their thinking with at least one other

person before casting a single vote. We were consistently impressed with the power of this teaching method to engage

students and create a more active learning environment, while at the same time students reported that voting made

mathematics class more enjoyable. In our discussions, we identified five key advantages of this pedagogy [7, 8]:

1. The act of voting requires every single student to consider a question and form an opinion, thus actively engaging

in the material.

2. Voting provides immediate feedback to the instructor, who can then modify the lesson based on student re-

sponses.

3. Voting provides feedback to the students when the correct answer is revealed, in a much faster process than

waiting for a homework-correction cycle.

4. Voting is a powerful way to create very fruitful student discussions, both in small groups before the vote, and

class-wide discussions after the vote.

5. Students consistently indicate that they have more fun doing mathematics with voting than they do in a tradi-

tional class. By creating an environment in which the students take pleasure in doing substantial mathematics,

we are creating an effective learning environment.

1.4 Our Advice

We have found that things work best if on the first day of class we emphasize to the students that the purpose of the

voting is to get them to participate in small-group discussions. No one is allowed to vote unless they have discussed

their thinking with at least one other person. In our classes we have not found it necessary to give points or penalties

for right/wrong votes. The discussions are an essential part of the learning process and our purpose is to help them

learn and discover the important ideas. After the vote, we call on various students by name, Socratically asking them

to explain their vote. If a strong majority votes correctly and the first couple of students we call on can provide good

explanations, we quickly move on. However it is often the conceptually more difficult questions that are the most

effective teaching tools, so we usually look for questions that will provoke a more complex result. In the post-vote

discussion, we do our best not to give away the right answer too quickly, as this brings the discussion to an immediate

halt. Instead, we try to project the expectation that the students must identify the key points for themselves. Thus, in

 mathquest.carroll.edu/resources.html
http://mathquest.carroll.edu/resources.html
http://www.math.cornell.edu/~GoodQuestions/index.html
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the discussion we try to stay very poker-faced, neither confirming nor denying the accuracy of the various students’

statements. When the discussion works out well and the students converge on the correct understanding in a reasonable

period of time, we only announce the right answer and clarify things afterwards. During this discussion all answers

are acceptable, right or wrong: The only unacceptable response is: “I just guessed.” We tell the students that if they

don’t have any ideas, they should be talking to the people around them: They must be prepared to offer something to

the discussion. After the discussion has reached a sense of resolution, then we summarize the main points, giving the

students a much-needed sense of closure.

Some of the most fruitful discussions result when only a very small percentage of of students vote correctly. The

question may have provoked a common misconception, allowing us to deal with the issue right in class. Students

are usually quite shocked to find out that a majority of them is wrong, provoking interest and curiosity when this is

revealed. We usually initiate the class discussion in the standard way. The students start to verbalize their thinking, and

sometimes as we write this on the board, the class will be able to sort things out on their own. Other times, however,

this doesn’t work. In that case, we might ask for the person (or couple of people) who voted for the correct answer

to explain their thinking. This, too, can work or not, depending on whether that student has now been swayed by the

majority’s reasoning. If the key facts do not come out of the discussion naturally, then we play a more active role and

start asking leading questions. Another option is to simply tell the class that the majority is wrong, and then to call for

another round of small group discussion and voting.

We usually intersperse the questions throughout each class period, rather than regularly grouping them together

at either the end or the beginning. In particular, we have had good success with using questions to lead the students

through the material, to provoke issues, to challenge them, and to pose problems involving material that they have

not yet mastered. It is impressive how often they can reason things out for themselves. Then after they have strug-

gled through a challenging question or two, they are ready for a short lecture segment resolving the confusion and

generalizing the concepts.

One of the greatest challenges in successfully using classroom voting is time management. In a typical class period

we often use four or more voting questions, and all the resulting discussion may occupy more than half of the class

time. How do we cover the necessary material, when all this time is spent on discussions? It is important to view

the voting questions not as something extra to be squeezed into an already very busy lecture period in addition to

everything else; the time spent on the questions must replace sections of the lecture. We have found that we can

maintain the same pace in our courses, covering the same material and giving the same exams, by replacing many of

the instructor-led examples and parts of lecture with voting and student discussions. We are not primarily using voting

as an assessment tool, to quiz the students about how well they understood what we just presented. We are using voting

as a method of instruction, a way to present new ideas to the students. Further, using the feedback from the voting,

when we see that the students understand a new concept quickly, we can immediately move on, thus gaining some

efficiency.

1.5 Resources and Conclusions

So how do you get started? You may want to pilot test classroom voting in a class period or two, just to see how things

go. However, in order to really see the results of this method, we recommend trying to incorporate a classroom voting

question or two into almost every period of a course for a complete semester. If clickers are available on your campus,

talk to your IT department. If not, hand out colored cards. Clickers have their advantages, but they are certainly not

necessary.

Next, you’ll need voting questions that are appropriate for your class and students. Writing all of these questions by

yourself is rarely practical, so we have created a web page linking to all of the publicly available libraries of classroom

voting questions for mathematics that we have located, including the libraries used by us and the other authors in this

volume (mathquest.carroll.edu/resources.html). We currently have links to collections of classroom

voting questions for a wide range of classes, including:

� Liberal arts mathematics

� Statistics

� College algebra

mathquest.carroll.edu/resources.html
http://mathquest.carroll.edu/resources.html
http://mathquest.carroll.edu/qed.html
http://mathquest.carroll.edu/stt.html
http://mathquest.carroll.edu/alg.html
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� Precalculus

� Calculus

� Multivariable calculus

� Differential equations

� Linear algebra

� Bridge to higher mathematics

� Group theory

Many faculty start by using questions written by others, then gradually add increasing numbers of original questions

as they develop more experience. If you develop your own questions, please share them. By contributing to a public

body of classroom voting questions, we can learn from each other and make our lives a little bit easier.

Classroom voting is worth the effort. It takes some time, energy, and a willingness to run your classroom in a

slightly different way. In the end, this teaching method really makes a difference, because it requires every student

in the class to actively participate in a small group discussion, to form an opinion, and to register this opinion. The

students engage with mathematics, the instructor gets feedback, the students get feedback, and the students have more

fun learning mathematics.

Acknowledgements This paper is based on work supported by National Science Foundation Grants DUE 0536077

and 0836775. Any opinions, findings, and conclusions, or recommendations expressed in this material are those of the

author and do not necessarily reflect the views of the National Science Foundation.

http://mathquest.carroll.edu/precalc.html
http://mathquest.carroll.edu/mvcalc.html
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http://mathquest.carroll.edu/la.html
http://myslu.stlawu.edu/~plock/Math280Clicker/index.html
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2
Key Issues in Classroom Voting

Holly Zullo Kathy Gniadek Derek Bruff Kelly Cline

Carroll College Sacred Heart Academy Vanderbilt University Carroll College

2.1 To Use Clickers or Not to Use Clickers

Many people think of classroom voting as being synonymous with clickers, but in fact voting does not have to be

conducted electronically. Many faculty have students vote without clickers, either because they do not have clickers

available, or because the faculty member prefers clicker-less voting. Clicker-less voting can be conducted by a simple

show of hands, with colored index cards (red = a, blue = b, etc.), or by having students hold fingers in front of their

chests to indicate the option number for which they are voting. Further, a recent study in physics [49] suggests that the

same results are achieved whether we use electronic clickers or vote with colored cards. For a list of vendors who sell

clickers, please see mathquest.carroll.edu/resources.html.

An Argument for Using Clickers — Kelly Cline and Holly Zullo, Carroll College

We have found that clickers improve our voting process. Clickers are easy to use, fun for the students, and the votes

are anonymous during the voting process. The anonymity leads to independent voting. Since students do not see other

votes, they vote for what they think and are not swayed by seeing most of the class raise their hands for the first answer.

We appreciate the fast and accurate data collection, as we keep track of the voting results for further study and use in

lesson planning.

Perhaps most importantly, however, clickers allow the students to vote as they are ready. When we ask a question,

we allow the software to begin collecting votes immediately. We can watch as votes are submitted, and when 80–90%

of the class has voted, we call for the remaining votes. Without the technology, we would have to decide when to call

for votes based on the amount of conversation in the room and how much of that conversation seems to be focused on

the question at hand. Furthermore, we use the clock on our software to note how long it has taken to collect all of the

votes on a question, and we record this information to use for future lesson planning.

An Argument Against Using Clickers — Kathy Gniadek, Sacred Heart Academy

I decided to use the “clicker-less” voting method in all of my classes. When I observed the system after it was initially

purchased for our high school, I realized that although the responses were anonymous, the students were able to

see on screen the rapidity of other students’ responses. This displaying of the casting of the votes, even without

indicating specifically what has been voted for, is very common in clicker usage. In math classes below calculus, I see

this component as distracting and pedagogically unsound for two reasons: when students are thinking about a math

9
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problem they should not be distracted by other students’ visual responses. Secondly, math is not a spectator sport.

Students need time for pencil and paper activities without being visually bombarded by other students’ voting results.

This method can cause a lack of confidence and basic insecurities in students who frequently are already less than

comfortable being in math class. Although the issue could be dealt with by turning off the projector, I find it simpler

to use a clicker-less voting method.

The format for the clicker-less environment that I use in class is as follows: I wait until I have an important concept

for which I want to check the level of understanding. I tell the students that I am going to give them a problem they

have to think about on their own and answer in their notebooks without any consultation with their peers.

While the students spend about 5 minutes thinking about this problem, I put 4 possible answers up on the board

labeled a, b, c, or d. Then I ask them to all close their eyes or put their heads down and raise their hand if they answered

“a.” I tally their responses manually and then call for the votes for answer “b,” etc. After all responses are tallied, eyes

open (or heads come up) and then I call a “check.” They immediately start talking with their peers about their answer

choices. I let this go on for about 3–5 minutes. Then all eyes close (or heads down) and I tally once again. After this

second tally, I put all the results on the board so the students can see how peer instruction affected the tally results.

Then we all discuss the possible answer as a class, with me providing input and direction as a teacher. Finally, as a

class, they have one more chance to choose the right answer before I reveal the solution. If most of the class is still

way off base, I ask one of the voters who chose the right answer to explain their reasoning.

At Sacred Heart Academy, my students have had experience with the “clickers” in Spanish and Chemistry. After

polling my students and collecting data regarding their preference for clickers in any classroom versus a clicker-less

environment, 12/40 students favored the clicker environment because they loved the timed questions and because of

the fact that having a clicker in their hand kept them focused. They also sheepishly admitted that a good chunk of

teaching time is used up by the teacher fiddling with the e-instruction technology in class which affords them some

visiting time with their friends. This is one reason why many teachers opt for the clicker-less environment which is

certain, swift and incredibly time efficient. Interestingly, 28/40 students favored the clicker-less environment, which

accounts for 70% of my students this past year. The reasons they gave for not wanting to use the clickers included:

1. We hate the timed environment.

2. We disliked the grading pressure, which was highlighted by activity right on the screen.

3. Second guessing happens, along with loss of confidence, when you see all the other answer buttons from the

other students.

I have surveyed several different groups of students regarding clicker use, and the results have been very consistent

from year to year.

2.2 Two-Cycle or One-Cycle Voting

The modern conception of classroom voting can be attributed to Eric Mazur [56], who pioneered the idea in physics

classes. His model is to have two rounds of voting: first the students vote individually, then they discuss the question

with their peers (peer instruction) and vote again. The results from the first vote may or may not be shown to the class,

but the instructor can see the results from both votes and can see if the votes converge towards the correct answer. A

contrasting model is to conduct only one round of voting, allowing peer instruction to begin immediately.

An Argument for Two-Cycle Voting — Derek Bruff, Vanderbilt University

I feel that it is important in most instances that students respond to clicker questions individually before discussing

questions with their peers. Given the opportunity to discuss a question with peers prior to responding to the question,

some students are likely to postpone any serious consideration of a question until they hear what their peers think about

it. Some of these students may not think hard about a question at all, knowing they can rely on their peers to do their

thinking for them. By having students vote on a clicker question prior to discussing the question with their peers, I give

all students the opportunity to consider a question on their own. I believe this sets the stage for deeper learning since

students must assess their own understanding of a concept before entering into a discussion of it. It also sets the stage

for more productive peer discussions since all students are given the chance to bring something to that discussion.
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Similarly, it also prepares students to engage more deeply in the class-wide discussion that follows the second vote.

By this time students have thought about the question on their own and discussed it with their peers. They are ready to

share their thoughts with the class and find out what the correct answer is. I find these reasons personally compelling,

but I look forward to research that determines the effects on student learning of the choice to have students respond to

clicker questions individually prior to group discussion.

An Argument for One-Cycle Voting — Kelly Cline and Holly Zullo, Carroll College

We have adopted a one-cycle voting model where we pose each question once and students are allowed to discuss

a question with their peers at any time before they each cast their own vote. Many of our students will pause and

think about the question on their own before discussing with their peers, while others prefer to jump straight into peer

discussion. In this way we are able to accommodate a variety of learning styles and personalities. We hold students

accountable for their own thoughts in the post-vote, class-wide discussion, when we call on individual students and

ask them to share their reasoning with the class. If a student admits to simply voting the way a peer recommended,

without understanding the underlying ideas, we remind them that this is unacceptable, and that each person must be

able to offer some insight into the problem.

Allowing immediate peer interaction allows us to ask more challenging questions, perhaps with less introduction,

than if we were requiring an individual to vote first. If each student is first required to vote individually, the instructor

should be sure that a good majority of the class will be able to make significant progress with the question in the

time allotted. However, with peer interaction allowed immediately, we can ask questions which we anticipate only a

small percentage of students will be able to figure out, instead expecting students to learn from each other in their

discussions. Often these more difficult questions provoke the richest discussions and are the most powerful teaching

tools, as they require students to work together.

Finally, we save time by voting on each question only once. This increased efficiency is valuable and allows more

time for discussion.

2.3 To Grade or Not to Grade

When voting is conducted with clickers, it is easy to assign grades for voting based on participation and/or accuracy of

answers. Many of the articles in Section III of this volume mention the issue of grading — authors either explain how

they assign grading, or they give a brief explanation of why they do not grade voting. Here we present short arguments

for each position.

An Argument for Grading Voting — Derek Bruff, Vanderbilt University

The first two times I taught my statistics course using clickers, I did not include the clicker questions in the students’

course grades. However, rates of participation in clicker questions dropped to around sixty-five percent during my

second offering of the course. Students who choose not to respond to clicker questions during class are only hurting

themselves by not participating and not letting their responses influence my “agile teaching” choices. One might argue

that motivating these students by including clicker questions in course grades is not an instructor’s responsibility.

However, instructors frequently assign grades as a way of motivating students to participate in learning activities. For

instance, most instructors grade students’ homework, at least in part, to motivate students to complete that homework

under the assumption that students are best able to learn mathematics by working mathematics problems.

Furthermore, since each student’s participation in peer instruction and class-wide discussion has an impact on all

of my students’ learning, students who do not participate are detracting, in a small way, from the learning experience

of the other students in the class. This provides an additional reason to include clicker questions in students’ grades,

in much the same way that participation grades in discussion-based classes in the humanities are used to enhance the

quality of class discussions and thus provide a more significant learning experience for all students.

For these reasons I decided to include clicker questions in my students’ course grades in a minimal way during my

third offering of the course. Students were given participation grades for each class session in which clicker questions

were asked. These grades were based on effort, not accuracy, so students were given full credit whether or not they

answered a question correctly. For instance, if four questions were asked on a particular day and a student answered
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three of them (correctly or not), then that student would receive a 75 for his or her participation grade that day. I

dropped the lowest four participation grades and averaged the rest to contribute five percent of the students’ overall

course grades. This grading system was sufficient to motivate almost all of my students to attend class and respond to

clicker questions regularly.

An Argument Against Grading Voting — Kelly Cline and Holly Zullo, Carroll College

The main motivation for grading classroom voting is to encourage participation. However, we have found that we

can effectively encourage participation by calling on students by name during the post-vote, class-wide discussion.

Since students know they are likely to be called on, they are motivated to take the voting seriously. This has been an

effective means of generating full participation in all of our classes at Carroll, which may have up to 40 students. We

acknowledge that the power of calling on individuals would decrease as class size increased beyond this number.

Aside from grading simply not being necessary to motivate student participation in our classes, we have been very

happy with the classroom atmosphere created by ungraded voting. This emphasizes to the students that classroom

voting is not primarily an assessment tool, but instead is a teaching method. We are doing this because they will learn

the key mathematical ideas through the process of working through and discussing these questions. Several studies

have documented how students view classroom voting positively when they see that it is being used primarily for their

benefit, rather than for the instructor’s convenience [27, 36, 81]. In general, it is good when we can persuade students

to participate in learning activities without constantly offering an immediate grade-based incentive for every action on

their part, instead helping them to focus more on the long-range learning goals.
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Can Good Questions and Peer Discussion

Improve Calculus Instruction?1

Robyn L. Miller, Everilis Santana-Vega, and Maria S. Terrell
Cornell University

Abstract Preliminary report of the results of a project to introduce peer instruction into a multi-section first semester

calculus course taught largely by novice instructors. This paper summarizes the instructional approaches instructors

chose to use, and the subsequent results of student performance on common exams throughout the course of the term.

Originally published in PRIMUS, vol. 16, #3 (2006), pp. 193–203, c
 Taylor & Francis. PRIMUS is available online

at www.informaworld.com/.

The full text of this article is available online at

http://www.tandfonline.com/doi/abs/10.1080/10511970608984146.

The complete article is reprinted, with permission, in the print edition of this book.

1Support for the Good Questions project was provided by the National Science Foundation’s Course, Curriculum, and Laboratory Improvement

Program under grant DUE-0231154. Opinions expressed are those of the authors and not necessarily those of the Foundation.
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Using Peer Instruction and i-clickers to

Enhance Student Participation

Adam Lucas1

Saint Mary’s College of California

Abstract In my Calculus classes I encourage my students to actively reflect on course material, to work collab-

oratively, and to generate diverse solutions to questions. To facilitate this I use peer instruction (PI), a structured

questioning process, and i-clickers, a radio frequency classroom response system enabling students to vote anony-

mously. This paper concludes that PI and i-clickers enhance student participation and comprehension. It is important

however that students write down their reasoning during PI so as not to be led astray by dominant group members.

Originally published in PRIMUS, Vol. 19, Issue 3, May 2009, pp. 219–231, c
 Taylor & Francis. PRIMUS is

available online at www.informaworld.com/.

The full text of this article is available online at

http://www.tandfonline.com/doi/abs/10.1080/10511970701643970.

The complete article is reprinted, with permission, in the print edition of this book.

1Supported by the Mills Scholars program and Computing and Technology Services at Saint Mary’s College of California.
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Student Surveys: What Do They Think?

Holly Zullo Kelly Cline Mark Parker Ron Buckmire

Carroll College Carroll College Carroll College Occidental College

John George Katharine Gurski Jakob Juul Larsen

Helena High School Howard University Engineering College of Aarhus, Denmark

Blake Mellor Jack Oberweiser Dennis Peterson

Loyola Marymount University Carroll College Capital High School

Richard Spindler Ann Stewart Christopher Storm

Hood College Adelphi University

5.1 Introduction

Many individual faculty have surveyed their students about classroom voting, and they generally report positive results.

How robust are these results across a wide variety of students, campuses, instructors, and courses? In this study, a total

of 513 students in 26 classes were surveyed regarding the use of classroom voting in their classes. (See Appendix A

for the survey form.) Fourteen instructors from ten different schools participated. The classes surveyed were primarily

freshman and sophomore level courses in calculus, multivariable calculus, linear algebra, and differential equations.

While several questions show the variation in response that one might expect, other questions generate consistent

results, showing that student opinion in these areas is uniform across many variables.

5.2 Aggregate Results

The aggregate results are overwhelmingly positive. 93% of the students surveyed say that voting makes the class more

fun. While having fun certainly does not equate to learning, it is a good first step and tends to encourage attendance.

90% of the students say that voting helps them engage in the material, and 84% say it helps them learn.

Students love examples and always seem to be clamoring for more. About half of the students surveyed (48%) say

that they would be better prepared for the homework and exams if the instructor did more examples on the board and

less voting. Given that students are so enamored of examples, this response is not unexpected. Indeed, the fact that

half of the students don’t think that more examples would prepare them better than the voting does seems to be a very

positive result. Supporting this idea, 74% of the students said that the amount of voting in their class should remain

the same or be increased.
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Max % Min % Mean % Standard

Question voting Yes voting Yes voting Yes Deviation %

1. Does the voting help make the class more fun? 100 67 92.5 8.4

2. Does the voting help you engage in the material? 100 70 89.3 9.4

Table 5.1. Questions with smallest variation in survey results

Classroom voting is frequently conducted by having the students discuss a question in a small group, vote, and then

participate in a Socratic discussion where the instructor asks individual students to explain their vote to the rest of the

class. Some instructors hesitate to put students on the spot by calling on individuals, but 74% of the students indicate

that they feel comfortable being called on to explain their vote. Furthermore, the discussion is frequently allowed to

continue for several minutes, providing the students with the opportunity to converge on the correct answer themselves,

before the instructor confirms the correct answer. Only 24% of the students said they would learn better if the teacher

just explained what the right answer was, instead of spending time with discussions after each vote. The value of that

discussion has been clearly demonstrated [58], and students recognize the importance as well.

Perhaps most telling of all, 77% of the students surveyed say that given the opportunity, they would choose a voting

section of a mathematics class over a non-voting section.

5.3 Course-by-Course Results

When studying the survey results for individual courses, we find that the responses to some questions vary little from

course to course, while others vary significantly, perhaps indicating that the response is sensitive to the instructor’s

teaching style, experience, or some other aspect of the course. Summary statistics are presented in this section, with

supporting details in Appendix B.

Table 5.1 presents the results from questions 1 and 2. Here, the “Mean” column is the simple average of the propor-

tion of “yes” votes among the 26 individual classes, and the “Standard Deviation” column is the standard deviation of

those proportions. Thus, because we have not weighted these means by class size, they are slightly different than the

overall proportions of students discussed in the preceding section.

Questions 1 and 2 show the least variation in results. Regardless of the setting, students universally find that voting

makes class more fun and helps them engage in the material. Thus, anyone looking to liven up their class and engage

students would likely benefit from incorporating classroom voting.

Questions 4, 6, and 7 show moderate variation in the results (Table 5.2). Here we see that while usually more than

half of the students give a positive response, some classes yield a much better outcome than others. (Note that in

question 7, a vote of Yes is actually, in our eyes, a negative response, and so we have italicized this row.) These results

indicate that something specific to the course or instructor may be impacting the students’ satisfaction with classroom

voting. The answers to question 4 would be expected to vary based on how the voting is used in class. Answers to

questions 6 and 7 likely vary based on the instructor’s style and personality.

Max % Min % Mean % Standard

Question voting Yes voting Yes voting Yes Deviation %

4. Does the classroom voting help you learn? 100 57 84.0 11.5

6. Do you feel comfortable being called on to explain

your vote to the rest of the class?

94 48 74.5 11.8

7. Would you learn better if the teacher just explained

what the right answer was, instead of spending time

with discussions after each vote? (Note that a Yes vote

does not support the use of clickers.)

48 0 23.8 10.8

Table 5.2. Questions with moderate variation in survey results
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The remaining questions, 3, 5, and 8, show wide variation in the responses (Table 5.3). Note that in question 3, a

vote of Yes is actually a negative response, and so we have italicized this row as well. Here differences in instructor

style, implementation of classroom voting, and other course specifics are certainly at play, impacting whether students

view classroom voting positively or negatively. The widely varying responses to all three of these questions indicate

that there is much work to be done in understanding the best practices of classroom voting pedagogy and in training

faculty to execute it to its greatest potential.

Clearly the responses to question 5 critically depends on how much voting is currently being used, and as this varied

considerably among the 26 classes in this study, it is not surprising to see so much variation in student responses to

this question. Further, the responses to question 3 depend on this issue as well: If voting is being used extensively,

then students will be likely to see fewer examples done on the board, and thus will vote yes on this question. Yet it is

still interesting to note that even those classes where majorities of students asked for more examples in question 3 and

for less voting in question 7, there were still strong majorities agreeing that voting is fun and helps them engage in the

material as indicated by questions 1 and 2.

Question 8 may be the most powerful, in that it asks the students to evaluate voting overall, and decide whether

they would prefer a class with voting over one without. The mean response to this question is very positive with 74%

saying that they would choose voting, although there is strong variation on this point. There were only three classes

that had fewer than 60% of students respond favorably to question 8. Interestingly, we find no common characteristics,

as they were three different courses taught at three different schools by instructors with varying degrees of experience

using voting.

Max % Min % Mean % Standard

Question voting Yes voting Yes voting Yes Deviation %

3. Would you be better prepared for the homework and

exams if the instructor did more examples on the board

and less voting? (Note that a Yes vote does not support

the use of clickers.)

90 12 50.2 21.7

5. How do you think that the amount of voting used

in this class should change? (Yes = Increase/remain

same)

100 33 73.8 16.2

8. Suppose that two sections of a math class were of-

fered and one would have classroom voting, while the

other would not. Which would you choose? (Yes =

Voting)

100 20 74.4 17.7

Table 5.3. Questions with wide variation in survey results

5.4 Student Focus Groups

In an attempt to gain deeper insight into student reactions to classroom voting, several focus groups were conducted

with students at Carroll College. Student comments in these small-group sessions support the findings from above and

bring up other issues as well.

In all of the classes at Carroll College that use voting, the professors call on students by name to participate in the

class-wide discussion instead of asking a question of the class as a whole and waiting for volunteers. Students indicate

that this practice does cause some stress, but acknowledge this has a positive effect. They say they are motivated by

this stress to take the voting seriously and put effort into discussing the question at their tables so that they are prepared

to contribute to the class-wide discussion. Part of making students comfortable with this approach is not judging them

based on their answers. Says one student, you can “give your opinion and it’s OK” to be wrong.

The focus groups provided some insight into the variation in responses to question 7, regarding the benefit of the

post-vote discussion. Students favor short discussions to long, drawn-out discussions. Several said that if none of the
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first three or so students called on gives the right answer, then the instructor should just tell the class the right answer.

They believe that long discussions waste time and can be confusing, particularly if they go in the wrong direction for a

long time before getting on the right track. So the response to question 7 on the survey likely depends on how long the

individual instructor tends to let discussions run, and how quickly the instructor helps point the discussion in the right

direction. While professors see some value to letting students wander with an idea for a while and sorting it out on

their own, there is a limit to how much time students are willing to do this before they become frustrated and confused.

Students also discussed their opinions on how the questions were used in class and whether that usage was effective.

They feel the voting questions are the most useful when asked after a short lecture has been given on a new topic. They

say they like the feedback they get from the questions, and after voting they are ready to hear any additional information

provided by the instructor. Most of the students in the focus groups expressed frustration when the instructor used

voting questions to introduce a new topic. They felt unprepared to answer these questions and indicated that those

discussions provided the least benefit. The very strongest students, however, tend to like these questions the most,

saying that they like the opportunity to think on their own about a new topic before hearing about it from the instructor.

The majority of students said that the best class days are ones where about half of the time is spent on lecture and half

on voting.

5.5 Conclusion

There are some important limitations to this study. Although the study encompassed 513 students in 26 classes taught

by 14 instructors at 10 different institutions, it is important to note that the largest of these classes had only 33 responses

to the survey, and thus our results are only applicable to fairly small classes. Further, 14 of the 26 classes were taught

at Carroll College, and the majority of the remaining classes were taught at other private liberal arts colleges. Thus we

do not view this study as being definitive, but rather as an initial starting point that we hope will inspire further work

and greater collaboration as we continue to study these issues.

Acknowledging these limitations, this study shows that the overall positive reaction of students to classroom voting

in individual classes is robust across a wide variety of courses and instructors. Students simply have more fun and

are more engaged in a course that incorporates voting. The majority of students also indicate that the voting questions

and resulting discussion help them to learn, although there is significant variability in the size of that majority. The

challenge, then, is to discover the best practices for this pedagogy to maximize learning for all students.

Acknowledgements This paper is based on work supported by a National Science Foundation Grant (DUE-0536077).

Any opinions, findings, and conclusions, or recommendations expressed in this material are those of the authors and

do not necessarily reflect the views of the National Science Foundation.
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Appendix A: Student Survey

Project MathQUEST

Student Post-Course Survey

1. Does the voting make the class more fun?

Yes / No

2. Does the voting help you engage in the material?

Yes / No

3. Would you be better prepared for the homework and exams if the instructor did more examples on the board and

less voting? Yes / No

4. Does the classroom voting help you learn?

Yes / No

5. How do you think that the amount of voting used in this class should change?

increased / decreased / remain the same

6. Do you feel comfortable being called on to explain your vote to the rest of the class?

Yes / No

7. Would you learn better if the teacher just explained what the right answer was, instead of spending time with

discussions after each vote?

Yes / No

8. Suppose that two sections of a math class were offered and one would have classroom voting, while the other

would not. Which would you choose?

Voting / Non-voting

9. What do you like best or least about classroom voting?

10. How could we make classroom voting better? If we wanted to improve the process, what could we do?
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Appendix B: Class-by-Class Survey Results

The number shown in the table is the percentage of students from that class voting “Yes” on that question. For question

#5, votes of both “increase” and “remain the same” count as a vote of “Yes.” For question #6, a vote of “Voting” is

counted as “Yes.”

Question: 1 2 3 4 5 6 7 8

Class # Responses

1 27 92.6 77.8 63.0 74.1 59.3 81.5 14.8 66.7

2 21 90.5 95.2 42.9 90.5 66.7 85.7 23.8 76.2

3 33 93.9 100.0 12.1 93.9 87.9 63.6 27.3 78.8

4 26 88.5 88.5 65.4 80.8 50.0 76.9 38.5 76.9

5 23 95.7 73.9 56.5 56.5 73.9 73.9 47.8 65.2

6 27 92.6 70.4 77.8 59.3 33.3 77.8 25.9 66.7

7 19 100.0 100.0 63.2 100.0 57.9 89.5 15.8 100.0

8 18 100.0 93.8 47.1 93.8 70.6 94.1 11.8 76.5

9 20 85.0 90.0 50.0 80.0 85.0 55.0 30.0 70.0

10 9 100.0 88.9 55.6 77.8 66.7 66.7 22.2 55.6

11 18 94.4 100.0 50.0 88.9 94.4 61.1 27.8 83.3

12 23 100.0 91.3 56.5 87.0 65.2 91.3 17.4 82.6

13 24 87.5 95.8 25.0 83.3 83.3 75.0 16.7 83.3

14 32 96.9 93.8 37.5 90.6 90.6 68.8 28.1 90.6

15 21 100.0 100.0 14.3 100.0 81.0 85.7 14.3 95.2

16 18 83.3 94.4 64.7 77.8 77.8 76.5 44.4 72.2

17 18 88.9 94.4 38.9 94.4 83.3 88.9 11.1 88.9

18 11 72.7 90.9 45.5 81.8 72.7 81.8 36.4 63.6

19 17 100.0 88.2 17.6 94.1 94.1 88.2 0.0 94.1

20 16 87.5 81.3 68.8 81.3 81.3 68.8 31.3 75.0

21 15 66.7 86.7 80.0 73.3 73.3 66.7 26.7 66.7

22 12 100.0 91.7 50.0 91.7 58.3 66.7 33.3 66.7

23 17 94.1 70.6 88.2 64.7 52.9 64.7 23.5 35.3

24 21 95.2 95.2 23.8 95.2 100.0 47.6 19.0 90.5

25 18 100.0 100.0 22.2 94.4 100.0 61.1 11.1 94.4

26 10 100.0 70.0 90.0 80.0 60.0 80.0 20.0 20.0
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Questions to Engage Students in Discussion

(Q.E.D): Using Clickers in a Mathematics for

Liberal Arts Course

Raymond J. McGivney and Jean McGivney-Burelle
University of Hartford

6.1 The Audience

Contemporary Mathematics (M116) draws more students than any other math course at the University of Hartford

because it is generally viewed as the least onerous path to satisfying our university’s mathematics graduation require-

ment. Most students are future musicians or artists and frankly would rather be in a recording session or art studio

than giving up three hours a week for mathematics. A significant number have not taken a math course in three years.

Furthermore, in a paper we assign on the first day of class, most students describe their mathematical history as a

series of repeated frustrations, failures, and occasional humiliations. Interestingly, on the first day of class we also ask

students to respond to two questions using a Likert scale of 1(low) – 5 (high): “What is your ability in math?” and

“What is your interest level in math?” The vast majority of responses are 1 and 2. (We also ask them what grade they

expect and their answers are generally A’s and B’s. Go figure.)

6.2 The Course

We designed M116 several years ago believing that any remediation of high school math would be a waste of the

students’ time and ours. More constructively, we wanted to show students another, more useful and up-to-date, side

of mathematics that was essentially independent of the high school curriculum. To do so we chose four topics from

discrete mathematics:

1. Voting Methods — Plurality, Instant Run-off, Hare, Borda, Condorcet and Approval together with Arrow’s

Theorem.

2. Simulation — Using the random integer generator on the TI-83+/84 graphing calculator.

3. Recursion — With an emphasis on finance problems using the application APPS on the TI.

4. Graphs — The Konigsberg Bridge Problem, The Traveling Salesman Problem, graph coloring, and minimal

cost spanning trees.
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These topics are pair-wise independent in terms of content; each requires no knowledge of algebra, much less

statistics or calculus; interesting problems can be introduced on day one to motivate each topic; and each covers

material that students see as being relevant to their lives. The text [56] we use was written by one of the authors of this

article.

6.3 A Problem

For many years all twenty-plus sections of M116 each year had been taught via a lecture format. Student evaluations

of the course had been positive for the most part and students frequently commented that for the first time they could

see “what this stuff was good for,” although a few did wonder if it really was mathematics. However, about three years

ago, several of us became increasingly restless with the passive classroom environment. About this time we became

familiar with the Seven Principles for Good Practice in Undergraduate Education [14] and the work of Eric Mazur at

Harvard with peer instruction [56]. Both highlighted the importance of students working collaboratively. In particular,

we wanted students to be working actively on mathematics for (most of) the seventy-five minutes that we have them

twice a week. And we wanted to have a way of knowing if they were “getting it.” As most teachers do, we would, of

course, punctuate our lectures with questions along the lines of “Are you with me?” but because of the fragile nature

of their confidence in mathematics only a very small percentage gave a clear sign that they were, which was generally

sufficient for us to push onwards.

Fortunately in the fall of 2005 we also learned that a colleague in our College of Education was successfully using

Option Power student response devices or “clickers” with PowerPoint successfully in his classes. He gave us a highly

enthusiastic introduction to his clickers and our university followed with a generous grant to purchase a classroom set.

Over the winter break that year we took a crash course in PowerPoint (especially its animation features), and designed

a series of voting slides for the spring semester.

6.4 First Day with Clickers

For those of us who are used to the lecture method the first class was daunting. How would students react? Would

everything work? Do we have enough material for the full 75 minutes? All needless concerns as things turned out.

After 30 seconds of instructions (i.e., mentioning how to overwrite answers, what to expect on the screen, telling

them that the clickers had no “street value”) we asked a series of informational questions about class demographics

and student interests which raised their interest in clickers. (None of our students had used them before). The class

reaction was immediate and electric. But this was only a trial run. The serious business was about to begin.

6.5 Typical Class

Our classroom is a converted physics lab with long, stationary tables and high metal lab chairs making it not at all

conducive to small group gatherings. We have found that the easiest way to put students in groups is to arrange the

chairs in groups of three with one at the narrow edge of the table and two along the table itself creating 8–9 triangles of

students. Sometimes students then become groups of two and others of four and one or two prefer to work alone, which

is fine with us. Although we encourage group discussion we want each student to think out a solution for themselves

and vote separately after the discussion. We must frequently remind students that each individual is responsible for

defending his/her answer.

Occasionally we begin a class with a voting question to introduce the material at hand, but more often we introduce

the voting slides after an initial discussion. When the voting slides appear we let them speak for themselves attempting

to avoid the PowerPoint pitfall of reading what students can read for themselves.

What happens next is crucial. The better students want to answer immediately. Consequently, on the first day we

often see the counter on the screen beginning to tally votes with not a word being spoken. We quickly stop and

introduce what has become a course mantra: “Think — Murmur — Vote.” A bit of quiet time must be followed by

audible discussion before anyone votes. It takes a question or two for this to pattern to sink in (and some periodic

reminders are necessary), but eventually virtually everyone is thinking, discussing, and voting on mathematics for a
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good part of the class. While these discussions are taking place we, the instructors, are often circulating around the

room listening to conversations or offering feedback.

We don’t want students to simply follow the lead of a group member they perceive to be a strong math student.

Students are responsible for their own votes, and we’ll ask students randomly for explanations of their vote. If some

students just don’t “get” the problem (even after help from their partners) we tell them not to vote. If most students

have the correct answer once the class results are shown we’ll often ask “Can you see why someone might have voted

differently?”

As a side note, some faculty members use clickers to take attendance and give quizzes and tests. We have not done

so since collecting this data would strongly suggest to students that we know how each of them is voting all the time.

This would greatly undermine the sense of confidentiality that we are trying to develop. Of course, this prevents us

doing early intervention for those who might be floundering, but by visiting the groups while they’re working on the

problems we generally get a good sense of who is having trouble.

6.6 A First Try: “Vertical” Questions

Our first version of voting slides consisted almost entirely of “vertical” questions; that is, questions that would elicit

a histogram with a single spike indicating that the entire class had the correct answer. In simplest terms we would

describe a topic, give an example or two of how it’s applied, and then present a voting slide that was a slight variation

of the examples we had just given. It was our way of checking whether the class was “with us” or not.

These kinds of questions have the advantage of bolstering the confidence of the majority who had the correct answer

while at the same time giving us a chance to correct those few minor misconceptions that persisted.

One example of a vertical question that we used during our first semester with clickers is shown below. We posed

this question during the unit on graph theory right after we had discussed Euler’s solution to the Königsberg bridge

problem, which outlined a strategy for determining whether a graph had an Eulerian path, an Eulerian circuit, or was

non-traversable.

Clicker Question #1

Starting at any land mass (A–D) determine if this modified Königsberg

bridge problem with 4 land masses and now 8 bridges

1: Has an Euler circuit.

2: Has an Euler path.�

3: Is non-traversable.

A

D

CB

The question was a simple variation of the original Königsberg bridge problem and virtually every student voted

for #2. In a follow-up discussion students mentioned that since exactly two vertices, namely B and D, were odd the

graph had an Euler path. The vertical histogram which resulted let us know that students understood Euler’s solution

to the Königsberg bridge problem; however, this question and the responses students gave did little to open up the

conversation, challenge students’ thinking, or reveal any misconceptions students might hold.

6.7 Questions to Engage students in Discussion (Q.E.D)

We spent the summer and fall semester of 2006 revising the 700+ PowerPoint slides (of which 150 or so were voting

slides) that we had designed and we were feeling pretty good about our work when a chance meeting set us off in

a very different direction. We gave a talk at the 20th Annual ICTCM conference in February, 2007 and afterwards

happened to meet another speaker, Holly Zullo, of Carroll College (a co-editor of this MAA volume) who was using

clickers in a differential equations course. Explaining our approach with “vertical” questions, Holly mentioned that the

Carroll College group was more interested in designing “horizontal” questions; that is, questions that would produce

a more uniformly distributed bar chart indicating that the class was divided on the answers to the question. We have

since renamed these types of questions QED’s — “Questions that Engage Discussion.” (Examples of other QEDs can
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be found at mathquest.carroll.edu/qed.html.) One example of a horizontal or QED that we developed is

presented next.

After discussing and solving the famous Königsberg bridge problem we posed the following question:

Clicker Question #2

Starting on any one of the four land masses A–D is it possible to cross

all seven of Konigsberg’s bridges exactly twice?

1. Yes.�

2. No, it’s impossible.

3. Sometimes.

4. I can’t tell.

A

D

CB

This question frequently results in a bar graph with several bars of roughly equal height. With the horizontal graph

displayed students are expected to explain and defend their answers. A few students see how to apply Euler’s theorem

directly to this QED and answer “yes.” They often include in their explanation that allowing each edge to be crossed

twice is analogous to doubling the number of edges at each vertex. Doubling an odd or even number, they point out,

results in an even number so all vertices will have even degree. However, most students immediately put pencil to paper

and try to trace the required route. A few find one and so there are a few more “yes’s,” but most become frustrated

trying to keep track of which bridges have been crossed and how many times. Consequently, there are always several

“no’s” or “I can’t tell’s.” Another group will not find a route the first time but do find one with a second effort and will

vote “sometimes.” Others give up and vote “I can’t tell.” A fair number of students fail to pay attention to the word

twice or don’t seriously consider the implications of this added condition and vote for #2 based on the fact that the

graph, as drawn above, has four odd vertices. These types of questions lend themselves to the most fruitful follow-up

discussions. Still later we generalize this question by asking whether one can traverse all the edges on any connected

graph twice and only twice. On a test we replace “twice” by “three times.” These questions invite students to think

hard about how one word might change the answer to the problem.

Another example of a “vertical” question that was rewritten as a QED to illicit a more “horizontal” bar graph was

posed during the Voting Methods unit. In this unit we study 6 voting methods including Plurality, Run Off, Hare,

Borda, Condorcet, and Approval. In our first semester with the clickers we would introduce a voting method and then

test students’ understanding by asking them to determine the winner of an election using the indicated method. A

sample question is shown below.

Clicker Question #3

In the preference schedule shown below which candidate wins the election

using the (3-2-1-0) Borda Count Method?

1. A�

2. B

3. C

4. D

16 10 20 8

A B C C

B A A A

D D D B

C C B D

Again, as is true with most “vertical” questions, nearly all of the students performed the required computations and

determined that A was the winner by the Borda Count method. (Note: Each of the candidates earned the following

number of points: A: 124 pts; B: 60 pts; C: 84 pts; D: 46 pts). The few students who did not vote for the correct answer

had made computational mistakes. Again, this type of question did little to engage students in a rich discussion about

mathematics.

We extended clicker question #3 to create the following QED:

mathquest.carroll.edu/qed.html
http://mathquest.carroll.edu/qed.html


6.8. What Students Say 41

Clicker Question #4

Suppose there is a majority winner in an election, will the Borda Count method always pick that winner?

1. Yes.

2. No, and here is a counter example.�

3. I don’t know.

This QED often yields a bar graph with each bar roughly the same height. The students who vote “yes” have often

incorrectly generalized results from the previous class which showed that Plurality, Run-Off, and Hare will always

pick the majority winner if such a winner exists. Several students correctly vote “no” and are able to create appropriate

counterexamples (see Clicker Question #3 to see a counterexample) others vote “no” but create inappropriate coun-

terexamples. For instance, they create a preference schedule and go on to explain that the winner found by the Borda

Count Method is not a majority winner—that is, they thought they needed to show that the Borda Count Method always

picked a majority winner. Finally, some students who vote #3 have admitted they are confused about what it means

to win be a “majority” winner while others don’t know how to go about creating a counterexample to this question.

Like other QEDs the quality of the question is evidenced by the complexity of the follow-up discussion. Discussions

of this question have wandered into the nature of “if-then” statements in mathematics; the use of counterexamples to

disprove conjectures; and criteria for determining the “fairness” of voting systems.

6.8 What Students Say

At the end of each semester we have asked students to complete an anonymous questionnaire regarding their experi-

ences with clickers. The results (listed in decreasing order of the numbers of responses) have been virtually identical

on each occasion. What students enjoy most about clickers is:

1. Anonymity — Privacy is the key. Students value being able to answer questions without the potential embarrass-

ment of being wrong.

2. Immediate feedback — In parallel fashion they appreciate knowing in real time if they are correct. When students

get the right answer their confidence level increases and they are more likely to be engaged with what follows.

3. See what others think — Even when their answers are incorrect they generally see that they are not the only ones

who didn’t know the answer, and they have an opportunity to hear (or take part in) a discussion of why another

answer is correct.

4. Fun — Clickers draw on students’ use of other electronic media (cell phones, remote controls, . . . ). And friendly

competition often develops once students become more comfortable in their groups.

5. Encourages collaboration — By discussing a problem in their groups students hear other points of view. The

give-and-take discussion that we encourage helps them better understand the material.

6. Simple to use — Those who are technophobes need not fear. It takes ten seconds to learn how to use a clicker

and they are virtually indestructible.

6.9 What Faculty Say

There are two full-time faculty and one adjunct faculty who are currently teaching M116 using clickers. Our collective

impressions are:

1. Immediate feedback — Student responses allow us to continue with new material with a high degree of confi-

dence that they are “getting it” or provide fertile ground for discussion. In either case, we have a much better

sense of where our class is at any moment.

2. Richer course — Student responses allow us to think about writing sharper questions (and answers) that get

more to the heart of the material and also require students to think more deeply about the content. In fact,
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student scores on variations of exams we used several years ago have improved significantly since we started

using QEDs.

3. Much more interesting class for us — Using the QEDs and clickers we have noticed that class discussions

are more electric. Classroom energy is a two-way street and we have all felt energized by the level of student

engagement with the clickers.

4. Forces us to think more deeply about the course — With less time devoted to “lecture” we have to think hard

about the essential topics in each section and build our QEDs around these topics. There is always the concern

that we will not “cover” as much material as before. After two full years of using the clickers we have not had

to trim the content in any way. What we have done within each unit is remove repeated examples of the same

type which are aimed at assessing isolated skills and replaced them with one QED that covers multiple ideas.

6.10 Pros and Cons

With any technology there are some occasional problems. Initially, our computers had difficulty locating the Op-

tionPower receiver and the program occasionally froze or some slide didn’t register those who had voted. However,

these annoyances happen less frequently now. In addition, one of us has recently made the transition to Turning Point

clickers and they have also been found to be completely reliable.

In conversations with colleagues the biggest impediment to teaching with clickers is the investment of time required

to create interesting questions in a PowerPoint format. It is pointless to simply transcribe one’s notes in PowerPoint

and then add a voting question here or there. QED-like questions, which we are convinced is the way to go, require

time and thought to create.

Finally, there is a cost factor — $1,500 is large outlay of funds for many schools. But if they are used in multiple

sections over the course of several years, the cost per student is remarkably low.

With all this in mind, however, we simply wouldn’t teach M116 without clickers because of the close connection to

the students that they encourage and the richer course they enable us to present.

6.11 The Future

There are several initiatives we have for the immediate future. We plan to revise once again our QED’s using a variety

of questioning formats such as:

1. Which of the following is not . . .

2. Which of the following could not be . . . ?

3. True / False (A nice change of pace)

4. Which formula best models the problem posed above?

5. Which of several diagrams is correct or which doesn’t belong?

6. This answer could be the solution of which problem?

Second, we plan to videotape selected groups in the class to record the discussions students have in response to our

QED’s believing that will give us more insight into developing further QED’s. Finally we plan on using clickers in

more advanced math classes including real analysis. One manufacturer (Turning Point Inc) has introduced software

(Turning Point Anywhere) that allows questions to be posed in any open application. Because of the heavily symbolic

nature of upper level math courses, PowerPoint has not proved to be a useful medium in which to teach these courses.

Rather we have used Microsoft Journal on a Tablet PC which allows us to present cursively written notes. Turning

Point Anywhere can be introduced on the fly at any point in a class and thus allow for the same kind of results that we

have enjoyed in M116.
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7.1 Introduction

In 2003, the American Statistical Association (ASA) funded the Guidelines for Assessment and Instruction in Statistics

Education (GAISE) Project College Report [33]. This report makes recommendations for the teaching of statistics. Ex-

amining the evolution of enrollment in statistics courses, the report notes that statistics courses now serve much larger

numbers of students with a more diverse set of backgrounds, goals, interests, and attitudes. Courses are now offered

in a wide variety of departments including business, economics, educational psychology, engineering, mathematics,

psychology, sociology, and statistics. The content and teaching of statistics courses have also evolved in response to

the availability of technology as well as advancements in statistics as a field of study. Building on recommendations

put forth in Cobb [19], the GAISE report recommends that statistics education (verbatim from p. 1 of [33]):

1. Emphasize statistical literacy and develop statistical thinking;

2. Use real data;

3. Stress conceptual understanding rather than mere knowledge of procedures;

4. Foster active learning in the classroom;

5. Use technology for developing conceptual understanding and analyzing data;

6. Use assessments to improve and evaluate student learning.

At the same time that the GAISE report was being completed, the authors of this chapter were teaching introductory

statistics courses at the University of Oklahoma and had started talking about how useful it would be to have a set

of clicker questions for real-time assessment of student understanding. We realized that such questions could help

address (at least) GAISE recommendations 1. statistical literacy and statistical thinking, 3. conceptual understanding,

and 4. active learning. (The three other GAISE recommendations were addressed during our grant project years at the

discretion of individual instructors, but were not the focus of our project and are not addressed in this paper.) Our three

43
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courses used different textbooks, from three different publishers, and we couldn’t find clicker questions that we would

be willing to use in our classes. Thus, we decided to write our own, knowing that “composing these questions from

scratch constitutes perhaps the largest effort required to convert from a conventional lecture presentation to a Peer

Instruction format” [56, p. 26]. In addition, we thought that our efforts could be useful to other statistics instructors

because it is much quicker to shop through a set of existing questions than it is to write questions from scratch.

To that end, we sought and were awarded funding from the National Science Foundation’s Course, Curriculum, and

Laboratory Improvement Program (NSF CCLI-0535894).

We wrote, vetted, and piloted a starter set of annotated set of multiple choice questions (available at www.ou.edu/

statsclickers), distributed among eight broad topics: general concepts, descriptive statistics, probability, prob-

ability distributions, confidence intervals and hypothesis testing, sampling, tables, correlation, and regression. We

chose this topic structure to organize the items because we determined that these topics are what we, as instruc-

tors, would look for if we were shopping for questions to use in our classes. This set of topics is similar to the list

used to organize the items in the ARTIST database (Assessment Resource Tools for Improving Statistical Thinking,

https://ore.gen.umn.edu/artist/, NSF CCLI ASA-0206571).

Like most efforts to write good multiple choice questions, we drew on the expertise of experienced instructors

and on the literature addressing student misconceptions. Statistics education is a young research area [3]: the first

volume of the Statistics Education Research Journal appeared in 2002, replacing the Statistics Education Research

Newsletter that started in 2000 [64]. As noted above, statistics educators have documented that students lack conceptual

understanding. However, at this point, publications that identify specific misconceptions are limited in number (see, for

example, the CAUSE readings and publications list, www.causeweb.org). As examples, a few articles [13, 31, 32]

identify the following common misconceptions (among others): some students

� do not understand that a sampling distribution is a distribution for a sample statistic;

� believe that correlation implies causation;

� believe that groups must be the same size in order to compare them;

� believe that good samples must represent a high percentage of the population;

� believe that the average is the most common number;

� confuse mean and median and fail to consider outliers.

Moore [60] contains papers related to the teaching of statistics at the undergraduate level, including (among others)

a section about active learning, a section about assessment, and relevant bibliographies. Several references included in

the assessment section bibliography discuss the construction and use of multiple choice items.

Beatty, Gerace, Leonard, and Dufresne [5] identify effective designs for clicker questions: directing attention and

raising awareness, stimulating cognitive processes, formative use of response data, and promoting articulation discus-

sion. While many of the chapters in this volume emphasize the last design, our use of clicker questions also emphasized

stimulating cognitive processes and formative use of response data. To stimulate cognitive processes, Beatty, et al. rec-

ommend using “questions that cannot be answered without exercising the desired habits of mind” (p. 35). About

formative use of response data (via the bar graph of students’ responses), Beatty, et al, state: “To provide maximally

useful information to the instructor [and students], questions should be designed so that answer choices reveal likely

student difficulties [italics in original]” (p. 35). In almost every instance in our use of clicker questions, we had the

goal of identifying student difficulties so that we, as instructors, could determine how to proceed.

In the next four sections, we describe in more detail how we each used a question or question set to implement those

design objectives in our classes:

� Box-and-whisker Plot Lesson Plan — McKnight

� Hypothesis Testing Lesson Plan — Murphy

� Expected Value Lesson Plan — Richman

� Methods for Reporting Statistical Results Lesson Plan — Terry

Each lesson includes an indication of how we would classify the question or question set in the framework proposed

by Beatty, et al. [5]; each lesson also explains how the instructor used the response distribution to determine subsequent

pedagogical moves. For the example questions described in each lesson, we use an asterisk (*) to indicate the intended

correct response to a clicker question.

www.ou.edu/
http://www.ou.edu/statsclickers
statsclickers
http://www.ou.edu/statsclickers
https://ore.gen.umn.edu/artist/
https://ore.gen.umn.edu/artist/
www.causeweb.org
http://www.causeweb.org
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7.2 Box-and-Whiskers Plots Lesson Plan — McKnight

Even after students have learned the mechanics of making a box-and-whiskers plot, a topic included in many statistics

texts these days, they still have little intuition about what these plots tell them about the distributions of data sets or

random samples.

Context The students in this course are primarily juniors and seniors majoring in engineering, mathematics, sec-

ondary mathematics education, or a science (e.g., physics, meteorology). Calculus is a prerequisite for the course. The

course counts towards a minor in mathematics.

Objective Students will be able to determine what box-and-whisker plots reveal about the skew and spread of dis-

tributions or data sets.

Sequence This lesson is used after box-and-whisker plots are introduced but before continuous random variables and

their probability density functions (pdf’s) have been introduced. It foreshadows continuous pdf’s and a demonstration

of the utility of box-and-whisker plots.

Lesson content The lesson uses a set of pdf’s for normal distributions, student’s t distributions, chi square distri-

butions, and F distributions, drawn using Mathematica. For each distribution, the pdf is graphed and the graphs of

the different distributions are compared. I do this with a Mathematica notebook made into a slide show projected on

screen to the whole class. Figure 7.1(a) is an example of a pdf graph from the notebook (a chi square distribution in

this case); Figure 7.1(b) is another slide, comparing a normal, a student’s t, and a chi square distribution. The graphs

in the slides are color coded and labeled in the notebook although that is not shown here.

(a) A chi square distribution. (b) Comparing a normal, a student’s t, and a chi square distri-

bution.

Figure 7.1.

After briefly discussing this content, I show a modified box-and-whisker plot for each of the distributions above the

graph of the pdf for that distribution. Since these continuous distributions do not really have endpoints and outliers, I

use modified box-and-whisker plots with the whiskers extending to the 5th and 95th percentiles so that the whiskers

include the middle 90 percent of the distribution and the box includes the middle 50 percent of the distribution. Figure

7.2(a) is an example of a normal distribution and its box plot; Figure 7.2(b) is an example of a Chi-square distribution

and its box plot.

After introducing the box plots for each distribution and noting its skew and spread, I show a new series of graphs

with the pdf’s for two distributions graphed on the same set of axes and the box plots for each pdf shown above the

graphs of the pdf’s. Figure 7.3(a) is an example of a normal distribution compared to a Student’s t distribution; Figure

7.3(b) compares a normal distribution, a chi-square distribution, and an F distribution with their respective box plots.

From these graphs we can see how the spread and skew of the box and the whiskers can help us to picture which pdf

is involved.

Clicker Questions In the Beatty, et al., framework, the question set I used (Figure 7.4) can be classified as stimu-

late cognitive processes: interpret representations. I have used this set of questions in the same course over several

semesters. The clicker questions and resulting discussions take about twenty to thirty minutes in a typical class. Be-
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(a) A normal distribution and its box plot. (b) A chi square distribution and its box plot.

Figure 7.2.

(a) Comparing distributions and their box plots: normal and

student’s t.

(b) Comparing distributions and their box plots: normal, chi

square, and F.

Figure 7.3.

tween one fourth and one half of the class chose one of the incorrect answers, which generates discussion to address

the thus-identified difficulties. Progress through the set of questions typically shows increasing proportions of the class

getting the later questions right, regardless of the ordering of the questions in the set. If there have been persistent mis-

understandings among about one-third of the class, I typically generate some pdf curves on the board and ask students

to suggest the appearance of their box-and-whiskers plots (and at times to draw them on the board). I have occasionally

drawn two pdf’s on the board and asked students to discuss differences in the box-and whisker plots for the two graphs.

When there has been little persistent misunderstanding by students after the clicker questions, I typically regard this

discussion as finished and move on to the next topic.

(The clicker question shown in Figure 7.4(a) is an example of the annotations included in the questions we produced

through our grant project. In the interests of space, the additional examples of questions appearing in this paper do

not include the complete annotation. All of our questions with their annotations are available at www.ou.edu/

statsclickers.)

7.3 Expected Value Lesson Plan — Richman

Generally, students do not have an intuitive grasp of expected value, although they have the ability to merge two key

ideas to accomplish this task. By using the frequency definition of probability and adding the value of a number,

the probability-weighted values can be calculated. Examining how expected value changes as the values and the

probabilities vary is the key goal of this lesson.

Context The students in this course are primarily juniors and seniors majoring in Meteorology. Calculus is a prereq-

uisite for the course.

www.ou.edu/
http://www.ou.edu/statsclickers
statsclickers
http://www.ou.edu/statsclickers
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If a large sample were drawn from a normal distribution and accurately represented the population, which

of the following is most likely to be a box plot of that sample?

(A)

(B)

(C)

(D)

(E)� Two from (A)–(D) are correct.

(F) Three from (A)–(D) are correct.

(G) All from (A)–(D) are correct.

Explanations

(A) This response is one of two appropriate box plots; the other is (D). This box plot might represent a normal distri-

bution because it is symmetrical both within the box and with the length of the whiskers. The box in (A) is wider

than that of (D) indicating a larger standard deviation.

(B) A box plot for a normal distribution would be completely symmetrical. In this box plot, the median is not symmet-

rical within the box although the whiskers are of the same length.

(C) The whiskers are of different lengths so this represents a skewed rather than a symmetrical distribution.

(D) This response is one of two appropriate box plots; the other is (A). This box plot might represent a normal distribu-

tion because it is symmetrical both within the box and with the length of the whiskers. The box in (D) is narrower

than that of (A) indicating a smaller standard deviation.

(E) Correct — (A) and (D) are both box plots for normal distributions.

(F), (G) Only (A) and (D) are box plots for normal distributions.

(a) An example of a clicker question and its complete annotation.

This box plot is for a sample that accurately represents a normal distribution:

Which of the following box plots is for a sample that represents a student’s t-distribution with the same standard deviation

and sample size as the normal distribution above?

(A)

(B)

(C)

(D)�

(E) Two from (A)–(D) are correct.

(F) Three from (A)–(D) are correct.

(G) All from (A)–(D) are correct.

If a large sample were drawn from a chi-square (�2) distribution (with degrees of freedom � 10) and accurately repre-

sented the population, which of the following is most likely to be a box plot of that sample?

(A)

(B)

(C)

(D)�

(E) Two from (A)–(D) are correct.

(F) Three from (A)–(D) are correct.

(G) All from (A)-(D) are correct.

(b) A set — along with the question shown in (a) — intended to demonstrate what box plots reveal about distributions

(specifically normal, student’s t, and chi square).

Figure 7.4.
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Objective Students will use strategically engineered calculations to determine how these the expected value and

variance change under additive and multiplicative constants.

Sequence After I introduce expected value for the mean and variance, the equations, and the idea that these are

population estimates, I use a sequence of clicker questions that replaces what was formerly an instructor-centered

lecture of worked examples.

Lesson content This description and the results shown in Figure 7.5 are from Fall 2007 use. The lesson integrates

ideas about the mean, the variance, frequency, probability, and scale. Most of the students preferred to answer the

questions intuitively rather than using formulas, which led to some interesting results. Once the students proceeded

beyond the intuitive nature of the first pair of problems, logical faults in their perceptions emerged on some questions

and the distributions of the answers to the clicker questions widened.

Clicker questions The question set I use can be classified as stimulate cognitive processes: extend the context

[5]. In fact, many of the distracters in these items were drawn from actual student work on analogous open-ended

problems. The initial pair of clicker questions (Figure 7.5(1) and 7.5(2)) is straightforward and mirrors the example

that I present early in the lesson. Subsequent questions employ additive constants, multiplication of the range, and

1) Suppose that a random variable x has only two values,

0 and 1. If Pr.x D 0/ D 0:5 then what can we say about

E.x/?
(A) E.x/ D 0 4%

(B)* E.x/ D 0:5 86%

(C) E.x/ D 1

(D) Either (A) or (C) is possible. 10%

(E) Both (A) and (C).

(F) insufficient information

2) Suppose that a random variable x has only two values,

0 and 1. If Pr.x D 0/ D 0:5 then what can we say about

Var.x/?
(A) Var.x/ D �0:25

(B) Var.x/ D 0

(C)* Var.x/ D 0:25 100%

(D) Var.x/ D 0:5

(E) Var.x/ D 1

(F) insufficient information

3) Suppose that a random variable x has only two values,

3 and 4. If Pr.x D 3/ D 0:5 then what can we say about

E.x/?
(A) E.x/ D 0:5

(B) E.x/ D 1

(C) E.x/ D 3 5%

(D)* E.x/ D 3:5 95%

(E) E.x/ D 4

4) Suppose that a random variable x has only two values,

3 and 4. If Pr.x D 3/ D 0:5 then what can we say about

Var.x/?
(A)* Var.x/ D 0:25 100%

(B) Var.x/ D 0:5

(C) Var.x/ D 0:75

(D) Var.x/ D 1:0

(E) Var.x/ D 3:25

(F) Var.x/ D 3:5

5) Suppose that a random variable x has only two values,

0 and 2. If Pr.x D 0/ D 0:5 then what can we say about

E.x/?
(A) E.x/ D 0

(B)* E.x/ D 1 100%

(C) E.x/ D 2

(D) Either (A) or (B) is possible.

(E) Both (A) and (B).

(F) insufficient information

6) Suppose that a random variable x has only two values,

0 and 2. If Pr.x D 0/ D 0:5 then what can we say about

Var.x/?
(A) Var.x/ D 0

(B) Var.x/ D 0:25 5%

(C) Var.x/ D 0:5 33%

(D)* Var.x/ D 1 62%

(E) Var.x/ D 2

7) Suppose that a random variable x has only two values,

0 and 1. If Pr.x D 0/ D 0:4 then what can we say about

E.x/?
(A) E.x/ D 0

(B) E.x/ D 0:4

(C) E.x/ D 0:5

(D)* E.x/ D 0:6 100%

(E) E.x/ D 1

(F) insufficient information

8) Suppose that a random variable x has only two values,

0 and 1. If Pr.x D 0/ D 0:4 then what can we say about

Var.x/?
(A) Var.x/ D 0

(B) Var.x/ D 0:16 14%

(C)* Var.x/ D 0:24 86%

(D) Var.x/ D 0:36

(E) Var.x/ D 0:6

(F) Var.x/ D 1

Figure 7.5. A set of questions intended to help students practice with calculating expected values.
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probability weighting. Through this sequencing of questions, students can determine that the expected value is scale

dependent and that adding a constant changes the mean by a magnitude equal to that constant. Some results are not

as intuitive to some students as others and the sequencing of the questions can push students to think deeply about

relationships and connections. Students who gave answers that were not correct discussed their thinking with other

students and/or with me. In some cases, I presented a new example in response to the identified difficulties. By the end

of the question set, students discovered, for example, that the mean is the proportion of non-zero values.

Closure We spent the last few minutes of class creating a table of how scale impacts the mean and the variance.

This closing activity reinforced the idea that the mean is sensitive to scale changes under addition and multiplication,

whereas the variance is unchanged under additive constants but changed under multiplicative constants.

7.4 Hypothesis Testing Lesson Plan — Murphy

I teach with a set of notes typed into a course packet. The course packet includes example problems with space for

the students to work on them in groups during class. Clicker questions are not included in the notes but are used as an

additional in-class activity. One of my favorite sets of clicker questions (Figure 7.6) developed during the grant period

is intended to guide students through the process of conducting a hypothesis test. The questions in this set also provide

opportunities to compare and contrast one- vs. two-tailed tests and the z-distribution vs. the t-distribution.

Context. Same as McKnight’s box-and-whiskers plot lesson plan.

Objective. Students will make informed decisions about critical values based on problem context and the target

alternative hypothesis.

Sequence. With the goal of identifying persistent misconceptions and encapsulating ideas for students, I use this set

of questions during a class session after I have introduced hypothesis testing and students have worked together on

some problems in the course notes.

Lesson content and clicker questions. This description and the results shown in Figure 7.6 are from Spring 2008

use. As students walked into class, I presented the first question in Figure 7.6. Having a clicker question posed even

before class had officially started encouraged students to get immersed in content immediately — they got out their

notes and clickers to answer the question (Beatty, et al., design objective directing attention and raising awareness

[5]). Noting that none of the 16 students who responded to the question answered it correctly, but wanting to spend

more class time on other concepts, I explained that this particular question was intended to emphasize the importance

of distribution assumptions (Beatty, et al., stimulate cognitive processes: omit necessary information [5]). I pointed

out that the question stem does not specify that the population distribution is approximately normal. I emphasized

that in some statistical situations, it is acceptable to assume this property, but that assumption should be explicit and

conscious rather than neglected.

The subsequent three questions in this set all describe the population distribution as approximately normal, thus

allowing focus to shift to other ideas. In Figure 7.6(2), choices (A)–(D) are the critical values for the left and right

tails in the z-distribution and the t-distribution. Thus, students need to make two decisions: one vs. two tails and using

1) A random sample of 25 observations, with a mean of 44.4

and a sample standard deviation of 3.5, is drawn from a popu-

lation. If one sets up a hypothesis test that the population mean

is equal to 43 against an alternative that the population mean

is not 43, using ˛ D 0:05, what is the 0:05 significance point

(critical value) from the appropriate distribution?

(A) 1:96 38%

(B) 2:064 56%

(C) -1.96

(D) �2:064 6%

(E)* None of the above

2) A random sample of 25 observations, with a mean of 44.4

and a sample standard deviation of 3.5, is drawn from a pop-

ulation that is approximately normally distributed. If one sets

up a hypothesis test that the population mean is equal to 43

against an alternative that the population mean is not 43, using

˛ D 0:01, what is the 0:01 significance point (critical value)

from the appropriate distribution?

(A) 2:576 15%

(B) 2:797 35%

(C) �2:576

(D) �2:797

(E) Both (A) and (C) are correct. 5%

(F)* Both (B) and (D) are correct. 45%

Figure 7.6. A set of clicker questions intended to lead students through hypothesis testing.
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3) A random sample of 25 observations, with a mean of 44.4

and a sample standard deviation of 3.5, is drawn from a popu-

lation that is approximately normally distributed. If one sets up

a hypothesis test with population mean equal to 43 against an

alternative that the population mean is not 43, using ˛ D 0:01,

what is the value of the test statistic?

(A)* 2:000 76%

(B) 2:576 10%

(C) 2:797 14%

(D) 2:857

(E) 10:000

4) A random sample of 25 observations, with a mean of 44.4

and a sample standard deviation of 3.5, is drawn from a popu-

lation that is approximately normally distributed. If one sets up

a hypothesis test with population mean equal to 43 against an

alternative that the population mean is not 43, using ˛ D 0:01,

does one reject the null hypothesis and why?

(A) Yes, the test statistic is larger than the

tabled value.

(B) No, the test statistic is larger than the

tabled value.

5%

(C) Yes, the test statistic is smaller than the

tabled value.

10%

(D)* No, the test statistic is smaller than the

tabled value.

86%

(E) insufficient information

Figure 7.6. cont. A set of clicker questions intended to lead students through hypothesis testing.

the z-distribution vs. using the t-distribution. That 35% of the 20 students responding chose (B) and another 45%

chose (D) indicated that students were correctly opting to use the t-distribution (correctly based on the guidelines

provided in their textbook, namely n < 30). I made that observation to the class and then asked them to discuss the

difference between (B) and (D), giving students the opportunity to discuss the implications of the alternative hypothesis

HA W � ¤ 43 (Beatty, et al., stimulate cognitive processes: compare and contrast [5]). The question in Figure 7.6(4)

can help students distinguish between the critical value (or critical point) from the test statistic. Instructors tend to use

these terms in explanations, but it isn’t clear that students make the correct connections for those terms.

7.5 Methods for Reporting Statistical Results Lesson Plan — Terry

Once students have learned the basic elements of drawing inferences, they often remain confused regarding the appro-

priate method to be used for reporting statistical results. This may not be surprising as many disciplines often develop

unique styles for representing data analysis results. In point of fact, the American Psychological Association (APA)

Task Force on Statistical Inference [85] ultimately concluded that confidence intervals should be the preferred method

for reporting statistical results rather than simply p-values and effect sizes. Because students are hopefully aware at

the end of the course of these different ways of reporting statistical results, this lesson is intended to give a sense of

which of three methods are preferable with regard to presenting the most information.

Context. The students in this course are primarily freshman and sophomores entering the course with an algebra

background but without calculus. Whereas the course serves as a quantitative literacy requirement within a College

of Arts and Sciences, the students are mostly health-related majors (pre-nursing, pre-physical-therapy, pre-med, etc.).

The course focuses on conceptual understanding over mathematical rigor and computational solutions.

Objective. Students will consider the information conveyed by reporting p-values only, p-values C effect size esti-

mates, and confidence intervals. Students will recognize which method of reporting statistical results is preferable in

terms of information content and will understand why confidence intervals are often preferable to p-values.

Sequence. This lesson is used in the next-to-last class session of the semester. The students are introduced to con-

fidence intervals within the first unit of the course on sampling. Next, students are introduced to p-values during the

third unit of the course on experimental design, with the emphasis on testing for statistical significance and the p-

value as a way to rule out sampling error as a possible cause of an observed difference between treatment and control

groups. In the next three units, students are introduced to various effect size measures: the standardized mean differ-

ence in descriptive statistics, relative risks and odds ratios in tabular association, and r and R2 measures in correlation

and regression. Finally, the last unit attempts to integrate the process of making statistical inferences via p-values,

confidence intervals, effect sizes, and sampling distributions.

Lesson content. The lesson begins with a presentation of the clicker question, which is designed with the Beatty, et

al., objective of stimulate cognitive processes: compare and contrast [5]. Figure 7.7 reports the Spring 2008 results.

Noting that there is a wide of variety of responses to this question, as expected and intended, I ask the students
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strategically engineered questions to create a Socratic dialogue between myself and the students. The first of these

questions attends to option I and asks: If you know there is a mean difference between the Aleve and Tylenol groups,

and you know the variability within each of the groups, can you compute an effect size? Once the students convince

one another that this can be done, I then ask the next question: Can you eliminate chance as a possible explanation for

the observed effect? Once students are comfortable with the idea that only with sample size information can this be

done, we move to questions about option (A).

The next question is then: If the result is statistically significant, is it necessarily the case that it must be clinically

significant? I have found that it is important to develop a set of examples demonstrating that statistical significance

can be obtained but with little clinical impact, preferably with real data, such as the relation between cell phone use

and brain cancer. With the proper dataset (e.g., large sample size), the students begin to understand that statistical

significance may not mean clinically important differences, especially with large sample sizes.

Finally, to examine option (B), I ask if a very small p-value (e.g., p < :001) implies a large effect size. This is

always a difficult concept to get across to students because it intuitively seems that very improbable results must be

important. Again, using real examples as recommended in the GAISE Report [33], I demonstrate how p-values are as

much a function of sample size as of effect size.

By now most students have determined that none of the options (A)–(C) give them exactly what they want to know.

Using graphical tools, the students — in groups — work on interpreting several actual studies that use confidence

intervals to present results. By the end of the lesson, students should recognize that the use of confidence intervals

present at least three important pieces of information: 1) whether sampling error can be eliminated as a plausible

explanation for an observed effect; 2) a direct estimate of the effect size located in the middle of the interval; and 3) a

visual representation of the uncertainty as found in the lower and upper bounds of the confidence interval.

Robert is asked to conduct a clinical trial on the comparative efficacy of Aleve versus Tylenol for relieving the pain asso-

ciated with muscle strains. He creates a carefully controlled study and collects the relevant data. To be most informative

in his presentation of the results, Robert should report

(A) whether a statistically significant difference was found between the two drug effects. 16%

(B) a p-value for the test of no drug effect. 21%

(C) the mean difference and the variability associated with each drug’s effect. 5%

(D)* a confidence interval constructed around the observed difference between the two drugs. 58%

Figure 7.7. A clicker question that generates good class discussion.

7.6 Concluding Remarks

As with other groups of teachers talking about classroom practice, we each learned about our own teaching by having

conversations about how we were using the clicker questions. We found that we were using the questions in ways that

literature suggests that instructors across disciplines use it:

� Pre-testing prior to instruction.

� Pre-testing prior to instruction, followed by post-testing.

� Testing concurrent with instruction.

� Post-testing subsequent to instruction.

� Testing for the specific purpose of generating class discussion.

� Testing, followed by peer-discussion, followed by re-testing.

In addition, the multi-disciplinary aspect of the grant project (undergraduate mathematics education, meteorology,

psychology) had an unpredicted, but positive, outcome: our own teaching evolved as a direct result of discussing such

facets of statistics as definitions, approaches, procedures, decision-making, and discipline-specific culture. The project

group met at least weekly to discuss the clicker questions — priority topics; typical misconceptions that could be turned

into meaningful, informative distracters; experiences with class-testing the items. We ended up producing fewer items

than we had intended because these conversations were richer and lasted longer than we had anticipated. Differences

in perspective can be partially attributed to the department housing the course and the socio-cultural expectations for

the course. Some observations that we considered include:
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� Whereas in mathematics the level of absolute truth (i.e., a proof or a counterexample) is high, in statistics the

level of discipline-specific judgment and personal preference is high. As an example, not all of the authors on

this paper agree on the “correct answer” to the clicker question in Terry’s lesson plan above.

� Many mathematics problems can be applied to specific context, but can also be context-free (mathematics can be

powerful specifically because of the level of abstraction), whereas in statistics the context for the data is critical

for producing a valid, meaningful conclusion.

� Different disciplines emphasize different aspects of statistics: an introductory course in psychology may em-

phasize sampling ideas, such as random assignment to treatment groups, that are not necessarily appropriate in

science, such as meteorology, but a course in meteorology may emphasize a number of probability distributions

that are not needed at the introductory level in psychology.

� There is not always agreement among statistics practitioners about the meaning of certain terms or the im-

portance of certain topics, as evidenced by the number of questions that students asked during class that were

brought to project meetings and generated discussion among the project team members or the number of in-

stances of questions that one person would write that another person would claim not to understand.

Just as students learn from discussing concepts with each other, so we also learned by discussing those same concepts

with each other.
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Using Clickers in a Statistics Classroom
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This paper provides three lesson plans to demonstrate how clickers were used in an introductory statistical methods

course. One of the lessons was used in the lecture setting, one was part of an exam review session, and the third shows

an example of how clickers were used in a smaller lab setting. In each case advice relevant to implementing the lesson

will be provided.

8.1 Background about the Course

Statistics 350 is a 4-credit course taught every semester (14 week term) at the University of Michigan. Most stu-

dents are undergraduates taking this course to fulfill a requirement for their major or to fulfill a quantitative reasoning

requirement that is necessary for graduation from the University. Course topics include descriptive statistics (numer-

ical and graphical summaries), probability and sampling distributions. Extensive attention is also given to inference

procedures, including confidence intervals and hypothesis testing for proportions (one- and two-sample), means (one-

sample, paired, independent, and one-way analysis of variance), simple linear regression, and chi-square analyses.

Students attend three hours of lecture and one 1.5 hour computer lab each week. There are six lecture sections that

range in size from 60 students to over 400 students. The schedule of lectures also varies: There are sections offered

each week as three one-hour sessions, two ninety-minute sessions, and one three-hour session. During any given week,

however, the same basic material is covered in all lecture sections. Lab sections are more uniform in terms of size and

structure. There are 50 lab sections, most of which have either 21 or 27 students. The same activities are covered during

each 90-minute lab section. The goals of the labs are to reinforce concepts presented in lecture and provide hands-on

data analysis experience using the statistical analysis package SPSS. Occasionally, some new material is covered in lab

before it has been presented in detail during lecture. In a typical lab session students either work through data analysis

activities or complete word problems with the guidance of their graduate student instructor (GSI). Despite the overall

variation in size and structure in the course, we have successfully incorporated clickers into both lectures and labs.

8.2 Clickers in our Course: Historical to Current Use

Clickers have been used in Statistics 350 since September 2006. Initially the TurningPoint personal response system

(www.turningtechnologies.com/) was used, which only allowed for multiple choice clicker questions. The

department provided one small set of remotes which were used in the laboratory sections of the course just during exam
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weeks for review. With this model of clicker use, the students did not need to purchase their own remote, however a

system for the distribution and collection of the remotes did need to be developed.

Starting in May 2007, a new clicker system was introduced to Statistics 350, with the capability for students to input

numeric responses as well as respond to multiple-choice questions. This system — Qwizdomr (www.qwizdom.com)

— was adopted as the official personal response system of the College of Literature, Science, and the Arts at the Uni-

versity of Michigan. The college provides technical support to both instructors who choose to use clickers and to

students, who may use the same clicker remote for several classes throughout their college years. Students were re-

quired to purchase and bring their own remote to class, which allowed clickers to be used in every lecture and lab

session of the course.

There are many pedagogical goals that can be accomplished through a clicker question that have been described

extensively elsewhere (e.g., [4, 5, 28]). The pedagogical goals of clicker questions most commonly focused on in

Statistics 350 were:

� Checking student understanding of, or ability to apply, material recently covered;

� Addressing common misconceptions or pitfalls; and

� Collecting data about students for analysis, or to illustrate statistical phenomena.

For each of these goals, we provide an example lesson plan to demonstrate how clickers were used in our teaching of

Statistics. When appropriate, the correct answer choice(s) for a clicker question is(are) shown in italics.

8.3 Lesson Plan I: Using Confidence Intervals to Test Hypotheses

Checking student understanding of, or ability to apply, material recently covered

The following is an example of a lecture lesson on using confidence intervals for hypothesis testing. For this lesson, the

instructor presents several guidelines on the topic to students (see Figure 8.1). Immediately following the presentation,

students are asked a series of four questions that required them to apply the principles. Each question had two parts

that students responded to with clickers: The first part provided a specific hypothesis to test using a confidence interval

and the second part asked students to explain their previous response. Note that for each question, the hypothesis

and/or significance level changed while the confidence interval remained the same. The background information for

the problem and the specific clicker questions are given in Figures 8.2 and 8.3. As can be seen, the first two questions

(parts a and b) are straightforward applications of the lesson, while the second two questions (parts c and d) require

students to extend the principles presented.

There was one semester where the second author had a particularly successful experience with this lesson. Most

students in the class selected the correct answers to the clicker questions for parts a and b. However, when students

� A confidence interval (CI) provides a range of plausible (reasonable) values for the parameter.

� The null hypothesis gives a null value for the parameter.

� If the null value is one of the reasonable values found in the CI, the null hypothesis would

not be rejected.

� If the null value was not found in the CI of reasonable values for the parameter, then the null

hypothesis would be rejected.

Notes:

1. (1) The alternative hypothesis should be two-sided. Sometimes you can reason through the

decision for a one-sided test.

2. (2) The significance level coincides with the confidence level (e.g., ˛ D 0:05 with a 95% con-

fidence level). Sometimes you can reason through the decision if these don’t exactly correspond.

3. (3) The relationship holds exactly for tests about a population mean or the difference between

two population means. In most cases, it will hold for tests about a population proportion or the

difference between two population proportions.

Figure 8.1. Summary of using confidence intervals for testing hypotheses.

www.qwizdom.com
http://www.qwizdom.com
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Try It! Cockroach Sugar Levels

In a biology study the measured response was the sugar levels absorbed in the

hindguts of cockroaches.A 95% t confidence interval for the population mean

amount of sugar (in mg) was 4:2 ˙ 2:3 ! .1:9; 6:5/.

Look at each set of hypotheses and determine whether you would reject

H0, fail to reject H0 , or you cannot tell.

Figure 8.2. Background information for the cockroach example.

Part a. Test H0 W � D 7 vs Ha W � ¤ 7 at ˛ D 0:05

(A) Reject H0

(B) Fail to reject H0

(C) Can’t tell

Continuation of Part a. Why reject H0?

(A) Since the value of 7 IS in 95% CI for �

(B) Since the value of 7 is NOT in 95% CI for �

Part b. Test H0 W � D 6 vs Ha W � ¤ 6 at ˛ D 0:05

(A) Reject H0

(B) Fail to reject H0

(C) Can’t tell

Continuation of Part b. Why fail to reject H0?

(A) Since the value of 6 IS in 95% CI for �

(B) Since the value of 6 is NOT in 95% CI for �

Part c. Test H0 W � D 6 vs Ha W � ¤ 6 at ˛ D 0:01

(A) Reject H0

(B) Fail to reject H0

(C) Can’t tell

Continuation of Part c. Why fail to reject H0?

(A) Since 99% CI would be wider

(B) Since 99% CI would be narrower

(C) Since 99% CI would still contain 6

(D) Since 99% CI may not contain 6

Part d. Test H0 W � D 6 vs Ha W � ¤ 6 at ˛ D 0:10

(A) Reject H0

(B) Fail to reject H0

(C) Can’t tell

Continuation of Part d. Why can’t we tell?

(A) Since 90% CI would be wider

(B) Since 90% CI would be narrower

(C) Since 90% CI would still contain 6

(D) Since 90% CI may not contain 6

Figure 8.3. Eight clicker questions for the cockroach example

answered the first clicker question for part c, the class was evenly split between Fail to Reject H0 and Can’t Tell.

Without any instruction from the teacher, and before seeing the second clicker question, students were told to discuss

the answer with a neighbor. They were then given the opportunity to answer the clicker question again, and every

student chose the correct answer. Students were obviously impacted by this shift in their collective responses — there

was a murmur of surprise over the drastic change in responses, and one student even commented (from the back of

the room) that seeing the change was “so cool” and that “this is so much fun.” On the follow-up clicker question for

part c (where students were allowed to select more than one answer choice) and the similar clicker questions for part

d, nearly all students selected the correct response(s).

The pedagogical technique of answer-discuss-answer (used for part c) is known as Peer Instruction [23, 56]. One

of the primary benefits of using clicker technology is the ease and flexibility with which Peer Instruction can be

implemented. An instructor can decide instantly whether the discussion and re-answer steps of Peer Instruction are
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necessary. In the Cockroach Example, initial student answers to part c indicated confusion that was resolved by the

subsequent small-group discussions, while answers to the remaining questions indicated that additional discussion

was not needed. In cases where a large proportion of student answers are incorrect even after Peer Instruction, whole

class discussion or additional instruction could be used to improve understanding. Viewing the instant tally of student

responses provided by the clicker software can help direct the instructor to the most appropriate course of action.

8.4 Lesson Plan II: How to Look at your Data

Addressing common misconceptions or pitfalls

Many Statistics courses spend time discussing appropriate ways to look at and summarize data. For quantitative data,

we often use a histogram to show the distribution and numerically summarize the center with a mean. Another aspect

we emphasize in our class is that the data are often collected over time, in which case a time plot of the data would be

important to examine. Students, however, often skip graphic exploration and immediately compute summary measures

like a mean and standard deviation — even if there are features in the data (e.g., a trend over time or a bi-modal

distribution) which might imply these would not be appropriate to compute.

To help students avoid this pitfall and get them thinking about the proper order of data exploration, the following

clicker question was used in a review session for the first exam. The review took place a few weeks after material on

how to turn data into information was covered in lectures and labs. As part of this review, the instructor recapped some

of the main ideas covered in the course to date. One of the charts specifically addressed the tools for looking at and

summarizing data (see Figure 8.4). After other concepts were recapped, a series of review questions were covered.

Some of the questions were posed with clickers, others were not. For one question, the students were first given a brief

background about some data that had been collected (see Figure 8.5). The slide shown in Figure 8.6 posed the clicker

question asking students to determine the correct order in which to produce several graphs. This clicker question

requires students to think about what they would do, but not to actually do it — a technique for writing effective

clicker questions referred to as strategize only by Beatty et al. [5]. The correct order involves first examining a time

plot, as this production data was gathered over 60 days. Then, only if the time plot showed evidence of stability, should

the next tool be used — a histogram to look at the overall production distribution. Finally, if the histogram showed a

Figure 8.4. Summary of how to look at data.
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A small manufacturer produces cups used by coffee store chain for serving cof-

fee. Some changes to the current production process are proposed that might put

the workers on an initial learning curve, but it would involve minor equipment

changes at a very low cost, and could lead to a higher mean production level.

It was decided to set up this new production process and run an experiment.

Data for a 60-day production run under this new process have just come in

(number of cups produced daily).

Figure 8.5. Background information for the “How to look at data” clicker question.

An employee has entered the data into SPSS and needs your assistance as to what

to do next. These summaries should be performed in a particular order, moving

to the next summary provided the previous summary indicates it is appropriate

to do so. CLICK IN the correct order. . .

1. Compute the sample mean production level for 60 days

2. Make a time plot of the production levels

3. Make a histogram of the production levels

(Correct response: 2 3 1)

Figure 8.6. How to look at data clicker question.

reasonably homogeneous set of observations, with no strong skewness or outliers, then computing a mean production

level would be reasonable. While some students selected each of the six possible combinations, just over 50% selected

the correct sequence and about two-thirds correctly identified the need to examine the time plot first. After viewing

these responses, the instructor was then able to lead students through the reasoning behind the correct sequence.

While the ability to enter response sequences may not be available with every clicker system, this question could

easily have been converted to a multiple-choice format where the answer choices represented all possible sequences.

8.5 Lesson Plan III: Testing about a Population Proportion

Collecting data about students for analysis, or to illustrate statistical phenomena.

Many statistics courses spend time on inference procedures such as confidence interval estimation and hypothesis

testing. For some courses, a smaller weekly lab section provides the opportunity for students to review and apply these

procedures. Students often become more interested in these applications when the research question is something they

can relate to, or that they generate themselves. In the lab following the lecture presentation on how to test hypotheses

about a single population proportion, students were given the opportunity to come up with a theory regarding the UM

student population and clickers were used to gather the data for testing this theory. An outline of this task was provided

as a handout to the students in lab. The full handout is provided in the appendix.

The lab instructor first did a brief review of the steps for testing hypotheses about a population proportion and then

distributed the handout. With the guidance of the instructor, students proposed and came to an agreement on a question

of interest regarding the UM student population. The general form of the question was: “Do a majority of UM students

?” Once the question of interest was set, the question was posed as a clicker question (see Figure 8.7). This

session was run in the anonymous mode so the responses could not be traced back to particular students and students

would feel more comfortable responding. The students in the lab used their clickers to respond and the results were

immediately displayed, providing the total number of yes and no responses in this sample.

The students then formed small groups and carried out the analysis using the data just collected. The instructor

moved around the room to address questions as the group work commenced. In some labs, small groups were formed

first and each group came up with a question of interest. For these labs the clicker presentation had a set of slides, each

Yes or No

� Do you/Have you ?

Figure 8.7. Collecting data clicker question for in-lab project.
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like that in Figure 8.7, so the collection of data to address a number of theories was just a few clicks away.

With some clicker systems, numeric responses can be entered (e.g., height, number of text messages sent in a day,

number of friends on Facebook), which would expand the types of data that could be collected and the types of analyses

that could be conducted by the students on data that is of interest to them.

8.6 Final Thoughts

Several lesson plans involving clickers that were successfully implemented in an introductory statistics course were

presented here. However, as with any new technology or pedagogical technique, clickers may not be effective if they

are not used in a well-planned, purposeful manner. In particular, clicker questions need to be an integral part of the

course that help students think about concepts and confront common misconceptions. Clickers can also be used for fun,

to quickly and easily collect data about the students. This can be especially useful in a statistics course, for students to

practice the procedures we teach.

8.7 Appendix: In-Lab Project Handout —

Testing for a Population Proportion

Note: More space was provided in the actual handout for answering the questions but was condensed here for inclusion

in this appendix.

Name: Section: Group:

In this project, we are going to investigate using the sample proportion to test a theory about the value of the

population proportion. For the purpose of this activity, we are going to assume that the lab section is a representative

random sample of the UM student body. Follow the steps below to practice using this test.

1. Determine a question to investigate by filling in the following question.

“Do a majority of UM students ?”

Based on your question, write down the appropriate null and alternative hypotheses:

H0: HA:

where represents:

(symbol) (verbal description of parameter)

2. Once the question has been determined, the instructor will pose the question to the class using the clicker system.

Record the results below.

Number of students responding:

Number of student who responded “yes”:

Sample proportion of student who responded “yes” :

(symbol and value)
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3. This test is often simplified by using a normal approximation for the binomial. Provide the checks necessary to

see if this approximation may be made:

4. Now, calculate the appropriate test statistic. (Ask yourself if you are making an approximation or doing an exact

binomial test.)

What is the distribution of the test statistic under the null hypothesis?

5. Use your test statistic in part (4) to calculate the corresponding p-value.

6. What is your decision at the 5% confidence level? Also write out your real world conclusion in the context of

the problem.

7. Suppose instead of testing to see if there was a majority, you were testing to see if at least 90% of UM students

. Would you be able to use the normal approximation? Why or why not?
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9.1 Introduction

In this paper, I describe my use of a classroom response system to engage students in the probability and statistics

course I teach for undergraduate engineering students. The system makes it possible for me to expect each of my

students to think about and answer the questions I pose to them in class, leading to greater participation and engage-

ment. The system also provides me with immediate feedback on all of my students’ learning, allowing me to tailor my

class sessions to the learning needs of my students. Furthermore, I have found that asking multiple-choice questions

of my students in this way helps them develop conceptual understanding of important ideas in statistics. Conceptual

understanding is the primary learning goal in this course, and it is one that can be difficult to achieve with students

who are often focused on procedures and computations. Thus, clickers help me to create an active, responsive learning

environment during class in which students are engaged with important course content.

9.2 Course Overview

The one-semester probability and statistics course in which I use a classroom response system is designed to introduce

undergraduate engineering students to fundamental concepts and procedures frequently used in engineering applica-

tions. The course typically enrolls between forty and sixty students, most of whom are juniors or seniors. Although

many of them have taken a probability or statistics course in high school, few of them bring any great interest in

probability or statistics to the course. As a teacher, I feel I have a responsibility to introduce my students to interesting

and useful ideas and techniques and to do so in a way that engages them in the learning process.

To that end, in the syllabus I introduce students to the “enduring understanding” [83] of the course:

Few processes in manufacturing or other contexts produce consistently reliable results. Instead, we expect

some level of variability in the results of these processes. Statistics is the science of quantifying this kind

of variability, and it allows one to make informed decisions in the face of such variability.

The idea that variability can be quantified in such a way as to facilitate decision-making is one that we return to time

and again in the course. I feel that students who develop an understanding of this idea will not only understand course

content more deeply but will also have a framework with which to approach statistical phenomena in their future

careers.

61
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I find that “less is more” in this course and with these students. By focusing on a handful of important distributions

and statistical methods, I am better able to develop the students’ conceptual understanding of these topics. I feel that

students who understand, for example, two-sample hypothesis test methods as more than just “black boxes” that take

in data and spit out P -values will be better able to use those and similar methods appropriately in future applications.

The textbook I use, William Navidi’s Statistics for Engineers and Scientists [61], helps me take this kind of streamlined

approach to this course.

In order to achieve these learning goals, I have my students spend about half of each day’s class responding to and

discussing clicker questions as described below. In order to make class time available for this active learning, I ask my

students to read their textbooks before class. In order to motivate them to do so, I have them complete short, online

reading quizzes before most class sessions. Since these quizzes are due a few hours before class begins, I am often

able to review student responses to the quiz questions before class and modify my lesson plans to respond to their

expressed learning needs. Furthermore, since students encounter the course material in their textbooks before class, I

am able to spend more class time helping students make sense of course content through clicker questions instead of

introducing them to that content. Students are given the chance to refine and test their understanding of course content

through problem sets due every other week.

Summative assessments in this course consist primarily of midterm and final exams. The first two times I offered this

course, these exams consisted almost entirely of free-response, computationally-oriented questions. Since I wanted to

know if my students could successfully apply the statistical techniques featured in the course and since these were the

kinds of questions the students completed in their problem sets, it seemed sensible to ask these kinds of questions. The

third time I offered the course, however, I changed the format of these exams. Enrollment in the course was higher than

usual (fifty-six students up from thirty-six students the previous year) and I was worried about the time required to

grade so many free-response exam problems. I decided to reduce the number of free-response, computational questions

on the exams and add several multiple-choice, conceptual understanding questions to each exam.

Although this shift was initially made out of an interest to save myself time grading, it occurred to me as I prepared

the first midterm exam that asking conceptual questions was consistent with my course goals and with the kinds of

activities — conceptually-oriented clicker questions — in which the students participated during class each day. When

my students performed very well on the computational questions on the second midterm exam but rather poorly on the

conceptual questions on that exam, I was glad that I had included the conceptual questions. They helped me assess my

students’ conceptual understanding independently of their ability to solve computational problems, and the results of

the second midterm made clear to me that students could meet one of these learning goals without meeting the other.

In this case, my students could compute confidence intervals and P -values but had trouble with the concepts behind

those computations. By spending more time on those particular concepts during the remainder of the course, I was

able to help the students improve their performance on the multiple-choice questions on the final exam.

I now devote approximately forty percent of my exams in this course to multiple-choice, conceptual questions.

Often these exam questions are refined or enhanced versions of clicker questions asked earlier in the semester. To

help students prepare for these conceptual exam questions, I post all clicker questions along with an answer key to the

course Web site before each exam.

9.3 Generating Small-Group and Classwide Discussion

Following Mazur’s “peer instruction” teaching method [56], when using a classroom response system I typically pose

a question and have my students “vote” their answers individually and independently. Depending on the question,

this first vote can take anywhere from ten seconds to three minutes. I do not use the countdown timer feature of my

classroom response system; instead I wait until most of the students have responded according to the response counter

tool included in my system and then announce “Last call!” to the class, giving stragglers a few more seconds to submit

their responses.

After the first, individual vote, I decide how to proceed based on the results visible in the bar chart the system

produces in an effort to practice “agile teaching” [5]. On those occasions when most of my students answer a clicker

question correctly on the first try, I will say a few words about the question, then quickly move on to the next topic.

Doing so allows me to spend more class time discussing topics students find challenging. In most instances, however,

I ask questions about which I expect there to be some confusion since such questions are often valuable learning
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opportunities for students. For example, Figure 9.1 shows the results of such a clicker question. In this case only 17

percent of my students responded with the correct answer, choice 3. When writing clicker questions, I usually aim

to have thirty to forty percent of my students answer them correctly on the first try. I find that this success rate is an

indication that the question is pitched at a useful level of difficulty. In these cases, I instruct my students to discuss

the question in groups of two or three. My engineering students usually participate well in this small-group discussion

given their frequent participation in group work in out-of-class assignments in their engineering courses. However,

occasionally I have to prompt a student to find a small group to join. I usually tell the students to discuss their reasons

for their answers in their small groups and to try to come to a consensus within their small groups regarding the correct

answer to the clicker question at hand. I often point out to my students that if they all agree on the answer to a question,

they may all be wrong and so it is important for them to discuss their reasons regardless of their level of consensus.

After this peer instruction time, I have the students re-vote, possibly changing their answers based on the small

group discussion. Often there is some convergence to the correct answer in this second round of voting. See, for

example, the results in Figure 8.1 in which the percentage of students responding with the correct answer, choice

C, for Sample Question 1 increased from 17 to 39 percent between the first and second votes. Sometimes there is

even greater convergence toward the correct answer. Results such as these set the stage for a productive class-wide

discussion of the question.

Sample Question 1 Consider the continuous random variable X D the weight in pounds of a randomly

selected newborn baby born in the United States during 2007. Let F be the cumulative distribution func-

tion for X . It is probably safe to say that P.X < 0/ D 0 and P.X < 20/ D 1. Which of the following is

not a justifiable conclusion about F given this information?

A. F.x/ D 0 for all x < 0.

B. F.x/ D 1 for all x > 20.

C. The area under the graph of F between x D 0 and x D 20 is 1. [Correct]

D. F is a non-decreasing function between x D 0 and x D 20.

Figure 9.1. Results of two rounds of voting on sample question 1

Sometimes during the class-wide discussion that follows a second vote, I have volunteers provide reasons for choos-

ing the more popular answer choices. Other times I will ask for students who changed their minds to explain why they

did so since these students are often ones who resolved common misconceptions during the peer instruction time. I

use the results of the second vote to guide the discussion. Popular incorrect answers show me where students’ mis-

conceptions lie, and I focus discussion on these misconceptions. In Figure 9.1, for example, the fact that no students

selected choice A and 30 percent of students selected choice B indicates that the students are more confused about the

right-hand side of the graph of a cumulative distribution function than they are about the left-hand side. Unpopular
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correct answers, particularly on the second vote, show me that students likely need further instruction in the topic at

hand. In Figure 9.1, for example, the fact that only 39 percent of students answered the question correctly, coupled

with the popularity of answer choice B, indicates that a majority of students are likely confusing the definitions of a

cumulative distribution function and a probability density function. This kind of analysis of results informs subsequent

discussion of the question.

Sometimes the further instruction following a clicker question takes the form of a mini-lecture; other times a few

hints are all that is necessary to help students make sense of the question. Occasionally, I will have the students discuss

the question in their small groups and vote a third time after providing them with some hints. I typically keep a “poker

face” about the correct answer during the class-wide discussion, preferring to let the correct answer become apparent

to students as reasons for and against each of the answer choices are shared during the discussion.

9.4 Creating Times for Telling

One particularly compelling use of a classroom response system is to create “times for telling” [73] in which students

are primed to listen to an explanation of a particular concept or technique. For instance, I adapted Sample Question 2

from Gelman and Nolan [34] and used it to create a time for telling. Since I asked my students this clicker question

after they had read the section on Bayes’ Theorem in their textbook but before we had discussed the theorem during

class, most students did not understand the theorem well enough to apply it to solve this problem. As a result, only

23 percent of the students answered the question correctly. The incorrect answers 90% and 75% were more popular,

chosen by 28 and 38 percent of the students, respectively.

Sample Question 2 Through accounting procedures, it is known that about 10% of the employees in a

store are stealing. The managers would like to fire the thieves, but their only tool in distinguishing them

from the honest employees is a lie detector test that is only 90% accurate. That is, if an employee is a

thief, he or she will fail the test with probability 0:9, and if an employee is not a thief, he or she will pass

the test with probability 0:9. If an employee fails the test, what is the probability that he or she is a thief?

A. 90%

B. 75%

C. 66 2
3

%

D. 50% [Correct]

Following the suggestion of Gelman and Nolan, I then conducted a classroom experiment in which the students

generated random numbers and simulated the situation described in the clicker question. Each student chose two

numbers at random from a sheet of random numbers between 0 and 9. Students who chose a 0 for their first number

were told they were thieves; other students were honest employees. Students who chose a 0 for their second number

were told that the lie detector test gave an incorrect reading for them; other students had accurate lie detector test

readings. I then asked for a show of hands from students who were reported as thieves by the lie detector test — those

who were thieves and had accurate test readings along with those who were not thieves but had inaccurate test readings.

I counted these students, then asked the students who were not actually thieves to put their hands down. Roughly half

of the students put their hands down, demonstrating to the students that 50% was likely the correct answer to Sample

Question 2. This experiment certainly cast doubt on the accuracy of the two most popular answers to this question,

90% and 75%.

At this point, having seen that most of the students had likely submitted incorrect answers to Sample Question 2, the

students were ready for me to explain the solution to this problem to them. The students were “ready” in a motivational

sense because their curiosity about this problem was piqued and thus they wanted to listen to my explanation. The

students were also “ready” in a cognitive sense since they had spent several minutes trying to understand the question

at hand and thus they had thought enough about the question so that my explanation was likely to make sense to them.

Sample Question 3 is another example of a clicker question used to create a time for telling, one that does not

involve a classroom experiment. I asked this question after the students had read the textbook section on least-squares

lines but before we spent any class time discussing this topic. As a result, many students did not select the line that
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best fits the data in the least-squares sense. Note that the question asks students to determine which of the four given

lines is the best fit. None of the four given lines is the actual least-squares line, however.

After the students voted on this question, I asked several students to share reasons for their answers with the class.

These students generally had sensible reasons for their answers, but the lack of consensus argued for the need for a

definition of a line of best fit on which we could all agree. As a result, this clicker question and the discussion that

followed helped ready students to hear the precise definition of a least-squares line. Note that the correct answer (in

the least-squares sense) to Sample Question 3 is perhaps not the most intuitive answer. This, too, helps students focus

on the definition of a line of best fit, particularly the sum of squares component of that definition.

Sample Question 3 Each of the following scatterplots represents the same set of bivariate data, but each

features a different proposed line of best fit. Which of the proposed lines fits the data best? (Please pay

attention to the scale on the vertical axes below.)

A. B

C. D. (correct)

Using a classroom response system to create a time for telling in the ways described here is particularly effective

for a number of reasons. Since clickers can be used to encourage all students to respond to a question — not only

those who are willing and able to volunteer responses verbally during class — all students can be engaged in a process

that prepares them for learning. Responding to such a clicker question requires students to commit to one response

or another, and this act of commitment engages students more fully in the question at hand. This in turn means

that they will be all the more surprised to find out that they are wrong, which helps motivate them to listen to an

explanation of the correct answer. Furthermore, a classroom response system can be used to display the distribution of

student responses to the students. Finding out that most of their classmates answered a question incorrectly can further

increase students’ interest in the question and its explanation.

9.5 Developing Conceptual Understanding

Since conceptual understanding is a key learning goal for my probability and statistics course, many of the clicker

questions I use focus on this learning goal. One useful approach in writing such clicker questions is to isolate concep-

tual and procedural knowledge in distinct clicker questions. For instance, in a class on hypothesis testing, I worked an

example for the students in which the P -value turned out to be 0:2743, indicating that there was little evidence that

a new high school mathematics curriculum improved student performance on standardized tests. I then asked Sample

Questions 4 and 5. Question 4 is designed to assess students’ ability to interpret P -values, an example of procedural

knowledge. Question 5, however, assesses students’ conceptual knowledge of P -values, requiring students to under-

stand the definition of a P -value and highlighting a common misconception about that definitionthe misconception

that the P -value is the probability that a null hypothesis is true. These questions allow me to assess my students’

procedural and conceptual knowledge independently, which is important because the one does not imply the other.
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Sample Question 4 In the previous example, suppose that one of the following P -values was calculated

from the sample data instead of P D 0:2743. Which one would most strongly indicate that the new

curriculum works?

A. P D 0:02 [Correct]

B. P D 0:09

C. P D 0:14

Sample Question 5 Suppose that in the previous example, we had found that the P -value for the sample

data was 0:04. What is the probability that the new curriculum has no positive effect?

A. 2%

B. 4%

C. 8%

D. We have insufficient information with which to answer this question. [Correct]

As another example of isolating conceptual and procedural understanding, consider Sample Questions 6 and 7 on

the topic of computing probabilities associated with standard normal random variables. The first time I asked clicker

questions on this topic, I only asked Question 7. Although students were somewhat confused on the first vote, after

peer instruction time, every single student answered this question correctly. (That does not happen often!) However, I

quickly realized that all this meant was that every student could accurately use the table of standard normal random

variable values in the back of their textbook. Doing so is an important skill and one I was glad to know my students had

mastered. However, equally as important is an understanding of the connection between probabilities such as these and

areas under the standard normal curve. Question 7 alone did not allow me to assess my students’ understanding of this

connection. The second time I approached this topic, I first asked Question 6 and asked my students to refrain from

using the table of values in their textbook when answering this question. This forced them to consider the graphical

interpretation of this question, allowing me to assess their understanding of this interpretation. Only after discussing

Question 6 did I move on to Question 7 to assess my students’ ability to use the table of values.

Sample Question 6 Let Z be a standard normal random variable. Which of the following probabilities

is the smallest?

A. P.�2 < Z < �1/

B. P.0 < Z < 2/

C. P.Z < 1/

D. P.Z > 2/ [Correct]

Sample Question 7 Let Z be a standard normal random variable. Which of the following probabilities

is the smallest?

A. P.0 < Z < 2:07/

B. P.�0:64 < Z < �0:11/

C. P.Z > �1:06/

D. P.Z < �0:88/ [Correct]

Sample Questions 8, 9, and 10 focus on the definition of a confidence interval. They followed an example in which

a 95% confidence interval for the mean of the population of birth weights of babies born in the United States in

a particular year was found to be .6:85; 7:61/. These questions address several misconceptions students commonly

have about the meaning of confidence intervals. In one semester, the percentages of students answering these three

questions correctly were 75%, 73%, and 67%. These data indicated to me that about a fourth of my students were

definitely confused about the definition of a confidence interval. Since each of these three questions has only two

answer choices, it is probable that a number of students answering the questions correctly did so by guessing, so the

portion of students confused on this topic was likely even higher.
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Sample Question 8 Given the confidence interval just constructed, is it correct to say that there is a 95%

chance that � is between 6:85 and 7:61? Is this statement correct?

A. Yes

B. No [Correct]

Sample Question 9 Given the confidence interval just constructed, is it correct to say the following?

“If the process of selecting a sample of size 30 and then computing the corresponding 95% confidence

interval is repeated 100 times, 95 of the resulting intervals will include �.”

A. Yes

B. No [Correct]

Sample Question 10 Given the confidence interval just constructed, is it correct to say that 95% of all

birth weights will be between 6.85 and 7.61 pounds?

A. Yes

B. No [Correct]

Independence is another concept with which students often struggle. Sample Question 11 assesses students’ un-

derstanding of this concept. This question also illustrates a particularly useful strategy for writing clicker questions. I

posed this question as a free-response question on the pre-class reading quiz the students completed the night before

the class session on independence. The morning before that class session, I reviewed my students’ answers to this

free-response question and adapted three of their responses into answer choices for the clicker version of this question.

These three responses were all incorrect to a degree, so I added a correct response as a fourth answer choice. Utilizing

this strategy meant that the wrong answers to this clicker question were based on my students’ actual misconceptions

about independence and not on my assumptions about their difficulties with this topic. It also allowed me to point

out to the students that some of the answer choices for this clicker question were drawn from their responses to the

pre-class reading quiz, which in turn increased their motivation to take future reading quizzes more seriously. This

strategy works particularly well for questions in which students are challenged to explain ideas clearly and precisely.

Sample Question 11 Suppose A is the event that it rains today and B is the event that I brought my

umbrella into work today. What is wrong with the following argument? “These events are independent

because bringing an umbrella to work doesn’t affect whether or not it rains today.”

A. These events are not independent, because one’s decision of bringing an umbrella is dependent on the

likelihood of rain. (However, rain is definitely not dependent on one carrying an umbrella, although

Murphy’s Law might prove the opposite.)

B. Although bringing an umbrella to work doesn’t cause it to rain, given that you’ve brought your

umbrella to work, the probability that it’s a rainy day is higher than the chance of rain on any

random day. [Correct]

C. These events are independent because the probability of bringing an umbrella to work doesn’t affect

the probability of the event its rains today and vice versa.

D. It is false because the fact that it is raining today means that it was probably predicted to rain. If you

checked that prediction then you would be more likely to bring in an umbrella making the events

linked.

Another type of conceptual understanding questions is what is sometimes called a ratio reasoning question. Sample

Questions 12, 13, and 14 are examples of this type of question. Question 12 asks students to determine whether

the relationship between two quantities is direct or indirect, assuming all other relevant quantities are held constant.

Question 13 also asks about the relationship between two quantities, but this question asks students to be more precise

about that relationship than Question 14. Question 14 goes a bit further and asks students to analyze the relationship

between more than two quantities. Ratio reasoning questions such as these work particularly well in a statistics course

since many topics lend themselves to such questions, answer choices for these questions are relatively easy to construct,

and they help develop students’ intuitions about statistical relationships.
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Sample Question 12 In the high school mathematics curriculum example, we found that if a sample

of n D 86 students scored an average of 502, then the P -value was 0:2743. If a random sample of 860

students scored an average of 502, would this raise or lower our P -value?

A. Raise

B. Lower [Correct]

Sample Question 13 In the previous polling example, a sample size of 50 resulted in a particular margin

of error. Approximately what sample size would you need if you wanted to cut the margin of error in half?

A. 25

B. 100

C. 200 [Correct]

D. 400

Sample Question 14 Suppose you construct a 95% confidence interval from a random sample of size

n D 20 with sample mean 100 taken from a population with unknown mean � and known standard

deviation � D 10, and the interval is fairly wide. Which of the following conditions would NOT lead to a

narrower confidence interval?

A. If you decreased your confidence level

B. If you increased your sample size

C. If the sample mean was smaller [Correct]

D. If the population standard deviation was smaller

9.6 Gathering Data

Since it is often motivating to students to see statistical methods applied to data sets of personal relevance to them,

I sometimes use my classroom response system’s ability to pose free-response questions to my students to generate

such data sets. For example, during our discussion of simple linear regression, I collected my students’ shoe sizes

and heights in inches using the classroom response system. Importing these data into a computer spreadsheet program

allowed me to illustrate basic linear regression methods using these data. Without a classroom response system, I

would have needed to gather these data before class through an online survey of some sort or by passing around a

sheet of paper during a previous class. The clickers saved time and allowed for an immediacy to the activity that

increased student engagement.

9.7 Conclusion

I find that using clickers to generate small-group and class-wide discussions about interesting and relevant questions

and to create “times for telling” increases attendance, participation, and engagement. Since individual student re-

sponses to clicker questions can be tracked, clicker questions can be used as an objective class participation grade.

Holding students accountable for their class participation in this way increases attendance. Classroom response sys-

tems also allow me to expect all of my students to respond to the questions I pose, not just those who are willing to

volunteer to share their responses verbally in front of the class. As a result, more students participate regularly dur-

ing class. Since I ask my students to respond individually to my clicker questions, students are given the chance to

think independently about clicker questions prior to any group discussion. This helps engage them in the sometimes-

difficult process of making sense of course content. Also, since classroom response systems are capable of displaying

a summary of the responses to a question posed to students, I find these systems useful for practicing “agile teaching,”

an approach to teaching that responds during class to expressed student learning needs. Furthermore, displaying the

results of a clicker question to my students can often motivate them to engage more deeply with a question. Knowing

that their peers are split between two or more answers or that many of their peers answered a question incorrectly

can interest students in a question and create a time for telling. These and other aspects of teaching with clickers are

explored further in my book, Teaching with Classroom Response Systems [10].
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Given my interest in developing my students’ conceptual understanding of probability and statistics and in creating

an active learning environment in my classroom, classroom response systems provide me with an effective way to

engage my students.
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10.1 Introduction

Most introductory statistics instructors consider understanding of important concepts to be one of the course learning

goals. Teaching students how to blindly apply statistical methods to obtain results that they do not understand is not

usually what instructors are striving for, although that is sometimes the unintended result! It is now understood that

the development of conceptual understanding is facilitated by student engagement in class and by meaningful class

discussions. This paper describes how the thoughtful use of clicker technology can be employed to enhance student

engagement and inform instruction in an introductory statistics course.

This paper is organized into sections that address the following: a brief description of the context in which click-

ers were used (the university and the course), the motivation for incorporating clickers into the introductory statistics

course, how the use of clickers was implemented in the course, what was learned about writing effective clicker ques-

tions, and the results of an informal experiment to assess the effect of clicker use on student learning and engagement.

10.2 Description of California Polytechnic State University and of the Course

California Polytechnic State University, located in San Luis Obispo, California, is a public, primarily undergraduate,

comprehensive university with approximately 19,000 students. As a polytechnic university, there are large programs in

engineering, agriculture, architecture, mathematics and the sciences, but as a comprehensive university there are also

strong programs in business, education and the liberal arts.

The course in which clicker technology was integrated was Stat 217, Introduction to Statistical Concepts and Meth-

ods. This course is a 4-hour course that is taught over a 10-week quarter. Topics included in the catalog description

are sampling and experimentation, descriptive statistics, confidence intervals, one and two-sample hypothesis tests for

means and proportions, Chi-square tests, linear regression, and an introduction to multiple regression and to analysis

of variance. There is only minimal coverage of probability in this course — just enough to support the ideas of sam-

pling distributions and statistical inference. Students in this course are primarily majoring in one of the liberal arts or

in kinesiology. This course also satisfies the university general education requirement in quantitative reasoning. Class

size for this course is usually between 35 and 48 students.
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10.3 How I Chose to Incorporate Clickers and Lessons Learned

After spending a quarter experimenting sporadically with the use of clickers, I decided to incorporate clickers into

the Stat 217 course. (My question set is available at mathquest.carroll.edu/resources.html.) Because

I wanted to be able to use the student responses to the clicker questions to inform instruction, it was important to me

that students make an honest attempt to answer the questions posed. To ensure this, I decided that some of the clicker

questions would be scored, allowing students to earn a “quiz point” for a correct answer. Even though these quiz points

were not a large part of the overall course grade, they did motivate students to try to reason out the correct answer.

In a typical class period (1 hour and 50 minutes), I incorporated 5 or 6 clicker questions, three of which were quiz

questions. When a question was posed, students did not know whether or not it was a scored question until after they

had responded. My hope was that this would motivate students to make a serious attempt at each question, so that I

could make good instructional decisions based on what the responses told me about students’ understanding.

During the course of my work with clickers and also through observing others who were experimenting with this

technology, I made three important observations. The most important is that it is critical to ask the right kind of

questions and that writing good clicker questions is not an easy task. Writing good clicker questions is addressed

in the following section. The second observation is that it is possible to overuse clickers. I found that incorporating

about 3 clicker questions per hour was about right given the content of the introductory statistics course. The third

observation is also one I think is very important to consider, and may seem obvious but is still worth mentioning:

Don’t ask clicker questions unless you are willing to use the responses to inform instruction. You need to be willing to

move on if the responses show that students understand the concept—don’t explain it again. And, even more important,

don’t just move on if the responses reveal a lack of understanding. Students respect and appreciate an instructor who

is willing and able to adapt instruction to their needs. And if that isn’t the case, using clickers will only make this even

more obvious to students!

10.4 Writing Good Clicker Questions

Clicker questions are best able to inform classroom instruction if they can be used to assess conceptual understanding

and if they lead to fruitful classroom discussions around student misconceptions and misunderstandings. As a conse-

quence, clicker questions that merely ask for recall of facts, check on knowledge of definitions, or evaluate ability to

perform computations are not of much use. These are things that can easily be assessed and reviewed in other ways

and there are better uses of class time.

In writing a clicker question or choosing a clicker question from a question bank, you should begin with a clear

idea of what the purpose of the question will be. In choosing the possible responses, it is equally important that you

anticipate likely misunderstandings and points of confusion. The wrong answer choices should tell you something

about where student thinking is going awry. I have found it useful to ask myself “What will I do as an instructor if

students choose this response?” for each of the possible wrong responses.

For example, consider the following clicker question:

In a random sample of 2013 adults, 1283 indicated that they believe that rudeness is a more serious

problem than in past years. Which of the test statistics shown below would be appropriate to determine if

there is sufficient evidence to conclude that more than three-quarters of U.S. adults believe that rudeness

is a worsening problem?

1.
p � :5

q

.:5/.1�:5/
2013

2.
p � :75

q

.:75/.1�:75/
2013

3.
Nx � :75
q

s
2013

mathquest.carroll.edu/resources.html
http://mathquest.carroll.edu/resources.html
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The correct answer is choice 2. If students choose answer 1, I know that they are falling into the trap of thinking

that any test of hypothesis about a proportion has a null hypothesis of H0 W � D :5, and we can address this through a

class discussion. If students choose answer 3, I know that they were unable to distinguish between a question about a

proportion and a question about a mean. I could then spend a bit more time talking about how to distinguish between

such problems, focusing on numerical versus categorical data. In each case, I know what student error I am trying to

correct.

As a second example, consider this clicker question:

Each individual in a random sample of 40 cell phone users was asked how many minutes of air time he

or she used in a typical month. The data was then used to construct a 99% confidence interval for the

mean monthly number of minutes of air time used. The confidence interval was .207; 293/. Which of the

following could be the 95% confidence interval constructed using this same sample?

1. .200; 300/

2. .218; 282/

3. .227; 313/

The correct answer is choice 2. If students choose answer 1, I know that they do not understand that the confidence

interval will be narrower when the confidence level is lower. If they choose answer 3, I know that they do not under-

stand that both the 99% confidence interval and the 95% confidence interval will be centered in the same place. In

either case, I know how I will respond. And, of course, if nearly all students answer correctly, I can move on without

spending further class time.

The best advice I can give about writing questions is to focus on the reasoning behind the answer choices that you

select and to anticipate the way that students might reason — both correctly and incorrectly — when formulating

questions. And, use this same kind of thinking to evaluate questions when choosing from a bank of existing questions.

Ask “What will this question tell me about student understanding of something I think is important?” And if the

answer is little or nothing, don’t waste class time with it! Think carefully and make deliberate choices when writing

or selecting questions.

10.5 An Informal Experiment — Student Perception and Impact on Student

Performance

During winter quarter 2007, I decided to conduct an informal experiment to gauge student opinion and to assess

impact on student performance. Of course, in an educational setting it is rarely possible to do anything resembling

a randomized controlled experiment, but useful information and insights are possible even from less than optimal

experimental settings. In winter quarter, I taught two sections of Stat 217, one meeting on Tuesday and Thursday from

2:10 – 4:00 P.M. (the no clicker section) and the other meeting on Tuesday and Thursday from 5:10 to 7:00 P.M.

(the clicker section). There were 49 students enrolled in the no clicker section and 44 students enrolled in the clicker

section. The two sections were comparable in terms of gender and majors represented. Information on SAT/ACT

scores or on students’ prior academic experience was not readily available, but it is not likely that the two sections

differed substantially with respect to these variables.

In the clicker section, approximately 6 clicker questions were incorporated into each class meeting. Three of these

were “quiz questions” for which the students could earn a quiz point for each correct answer. The other questions were

not scored. Quiz questions and non-scored questions were interspersed throughout the class and students did not know

whether or not a particular question was a scored question until after they had responded to the question. In the no

clicker section, students received the same three quiz questions as a written quiz at the end of the class period, and

quizzes were scored and returned at the next class meeting. The non-scored clicker questions used in the clicker section

were also used in the no clicker section, but these were posed in a traditional format where the question was posed

and then answered by a student in the class. At the end of the quarter, the students in the clicker section responded to

a survey that asked about their opinion regarding clicker use. Student behavior and performance in the two sections

was compared with respect to several variables, including a measure of attendance, quiz scores, final exam score and

overall course grade.
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Student opinion was quite favorable regarding the use of clickers. Eighty-nine percent reported that they enjoyed

using the clickers in class, 93% said that they found the immediate feedback on quiz questions helpful, 68% said that

they thought that use of the clickers influenced class attendance, and 100% recommended that the use of clickers in

the course be continued. Some typical student comments were:

� “It was really easy to use and we could talk about the correct answers immediately.”

� “I liked them overall, and I think that they helped me pay attention more in class, because I knew I would have

to respond eventually.”

� “Consider using them as part of the midterm exams. Using them for exams would be cool.”

� “They were fun to use and make you feel like you are on Who Wants to Be a Millionaire.”

� “They were interesting. Good to know immediately if your answer was right.”

Only one concern was expressed by two students who indicated that using clickers made them a bit nervous at first

and that they felt some pressure to answer quickly when they saw other students responding.

Student attendance, as measured indirectly by the mean number of missed quizzes and in-class lab assignments and

by the proportion of students with at least one missed lab or quiz, was higher for the clicker section than the no clicker

section.

Number of Missed Quizzes and Labs per Student

N Mean Standard Deviation

No Clickers 49 1.67 0.39

Clickers 44 1.05 0.26

P -value D :095

Proportion of Students with at

Least One Missed Quiz or Lab

N Proportion

No Clickers 49 .59

Clickers 44 .41

P -value D :039

The clicker section also had a higher mean score on the final exam and final exam scores were less variable than for

the no clicker section.

Final Exam Score

N Mean Standard Deviation

No Clickers 49 68 19.14

Clickers 44 73 13.87

P -value D :079

The clicker section also had a higher mean score on the both midterms (P -values of :079 and :092 for midterms 1

and 2, respectively), as well as significantly higher mean quiz totals and lab totals (although this is partially due to the

fact that students in the no clicker section had more missed quizzes and labs). Mean overall total points earned, which

was used to determine course grade, was also higher for the clicker section (236:3 for the clicker section, 226:0 for the

no clicker section, P -value D :077).

Of course, the results of this experiment must be interpreted with caution because it was not possible to assign

students at random to one of the two experimental conditions (clickers, no clickers). However, the two sections were

comparable in many respects. Both sections were taught by the same instructor, used the same textbook, had the same

homework assignments, quiz questions and exams, were taught in the same computer classroom, and had the same

meeting pattern of Tuesday and Thursday afternoon for 1 hour and 50 minutes. Time of day differed for the two
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sections in order to keep the instructor the same for both sections. Because Stat 217 is a required course for particular

majors, is typically taken in the sophomore year, and because California Polytechnic State University is a residential

campus with primarily traditional-aged full-time students, student demographics (major, year in school, gender, age)

were similar for the two sections. All things considered, I found the results regarding both student performance and

student attitude supportive of using clickers in the classroom.

10.6 In Closing

My experience with clickers has been a positive one. This technology has changed the way I interact with students

by allowing me to evaluate student understanding and adapt instruction accordingly. It has also changed the way that

students interact with the course. Clicker use can facilitate student engagement and lead to more involvement in the

learning process, as long as the questions are carefully constructed and the instructor is willing to modify instruction

based on student responses and use the student responses to motivate class discussion. Over the course of my teaching

career, I have experimented with a number of new technologies, finding that some were “keepers” and others were not.

For me and the students in my introductory statistics course, clicker technology is definitely a keeper!
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11.1 Introduction

It is often the case that beginning K–8 teachers emphasize basic skills and procedures in their classrooms, but rarely

probe more deeply for understanding and connections. This is not surprising, considering that this is what they prob-

ably experienced in their pre-college courses. Future teachers who themselves were students in classrooms that em-

phasized skills and procedures often lack deeper understanding or have developed basic misconceptions that make it

difficult for them to probe or to answer questions from their own students about concepts and processes. The MAA

Committee on the Undergraduate Program in Mathematics’ Curriculum Guide [54] and the National Council of Teach-

ers of Mathematics’ Principles and Standards [62] recommended goals and objectives include that students develop

the skill of understanding, representation, connections, and reasoning. This means that the curriculum should be seen

as related ideas and concepts that can be used to solve a variety of problems, not as a set of unrelated facts and

algorithms to be memorized.

Faculty teaching math content courses for teachers have a short window of opportunity to provide future teachers

with experience in a conceptually rich environment. Faculty in these courses should model not only higher levels

of questioning, but encourage higher level thinking. Unfortunately, often students find it difficult to know what they

do not know. That is, students are not even aware that they do not understand the concept to which they have just

been exposed or what they think they understand is actually a misconception. Listening to lectures or problem solving

in groups provides important experiences, but does not provide a real-time way to interact personally with all the

students. We have found that underprepared students working in groups do not recognize their misconceptions. Using

misconceptions within voting item options focuses their attention on misconceptions, particularly when they must vote

and reflect on their personal understanding. Teaching with personal response systems provides corrective feedback in

a timely manner when it would be most beneficial to the students in analyzing their own understanding.

11.2 Our Experience

In winter 2008, we began the use of conceptual based items in math content courses for future elementary and middle

school teachers. The model we implemented focused on the development and use of key conceptual items. We used
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a multiple choice format for questioning, incorporating common misconceptions as the alternative responses. Usually

one deep conceptual item was used at the beginning of class. This item was developed to help structure the major ideas

and representations that were to be discussed that day.

“Representations are the means by which data are recorded and analyzed [62].” Students used representations to

explain mathematical results. Tables, graphs, diagrams, lists, and equations are example representations that were

used to represent mathematical ideas.

Personal response systems were used to collect and display student feedback anonymously and to provide instructor

feedback as in the “just in time” teaching model. The class results from the first polling were discussed in small

groups, often followed by re-voting, and then discussion by the full class. An important dialog began to emerge related

to the misconceptions themselves. What was the reasoning of a student that selected response a? How can you explain

that response c is correct? What mathematical tools/representations do we have to answer this question? Are there

alternative methods of reasoning that may be used to arrive at the correct response? Why is this true?

This questioning and discussion methodology was used three to four times per week and often the discussion about

representations lasted 20 minutes or more. Since this discussion enveloped the mathematical content for the class

period, time actually may have been gained by addressing student misconceptions early. For the first time, in our

combined 60 years of teaching experience, students began to tell us that they now understood what they did not know

(due to the focus on misconceptions and voting with personal response systems for the first time in mathematics).

Their metacognitive understanding and self-monitoring improved. In the past, these students thought that because they

could watch others do mathematics and agreed with the processes, they understood the mathematical ideas themselves.

By watching and following the same process in their work they could obtain a solution, but did not understand what

led to that solution. Even worse, they were not even aware that they did not have this understanding. If they arrived at

an incorrect solution, they often did not realize it was wrong or why they had arrived at this incorrect solution.

When students learn that they have voted differently than their peers in class, they now reflect on the question

and their answers both individually and in small groups. Students use representations to model the concept or to

organize and analyze information. They ask questions of each other and try to determine what may be causing the

misconceptions.

A major challenge for future elementary and middle school teachers is evaluating reasoning presented by students.

Unlike some of the recent literature on peer teaching [56], we are finding that sharing reasoning in small groups does

not necessarily result in a more likely chance of voting for a correct response. Peer instruction often narrows the

choices by removing a selection based on a misconception. For our future elementary and middle school teachers,

part of the challenge is having a process for evaluating reasoning. Often in small group discussion if someone is

persuasive and shares reasons that are intuitive, the vote may be swayed toward this response whether valid or not.

Because our multiple choice format includes common misconceptions as the alternate choices and because each of

these choices is eventually discussed with the whole class, future teachers are provided with a method for evaluating

reasoning. This provides further evidence of the validity or not of the reasoning and also helps clarify the appropriate

mathematical approach for a specific argument. This increased emphasis on representation of the mathematics lends

itself to our students’ future teaching experiences. How will they help their future students explain and understand the

mathematics they are using to solve problems? What follows is a sample lesson incorporating clicker items along with

teacher annotations for a lesson focused on representations and reasoning in the analysis of probability experiments.

11.3 Sample Lesson with Instructor Annotations

Multicultural Games of Chance Applications of Multistage Experiments with Independent Events — Focus on Repre-

sentations

Learning Objectives

� Students will select and create a representation appropriate for solving probability problems based on multiple

independent events.

� Students will recognize multiple valid representations for solving such problems.
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� Students will evaluate suggested representations for their appropriateness and validity for the given probability

experiment.

� Students will find misconceptions and/or misrepresentations provided in examples of student thinking.

Prior Learning

Prior to this lesson, students have investigated experiments involving coins, dice, spinners, and marbles. They have

utilized representations that include organized lists of outcomes, tables, tree diagrams, and have used Pascal’s Triangle

for binomial probability situations. New games are investigated as a new context for probability applications.

Context 1

The Game of Igba-Ita, a game of Nigeria, involves the throwing of cowrie shells [87]. Each cowrie shell looks like

a small closed hand. One side is referred to as the open side and the other side is the back of the cowrie shell. The

variation of the game that we will study uses three cowrie shells. Points are only awarded for the throw that lands with

all three cowrie shells landing open side up.

The first item will be a springboard for discussion and analysis of all the provided responses as well as mathematical

thinking and representations that may be used to support each argument. Not only is this intended to strengthen

mathematical understanding in this math content course, but it is also scaffolding the foundation of math content

teaching knowledge for their future teaching. Our focus will be on the number of equally likely outcomes in the

sample space and the sample space itself to help answer questions like the following.

Clicker Item 1 The Nigerian game of Igba-Ita involves throwing 3 two sided shells, where each has an open side

and a closed side that are equally likely. The probability that all 3 shells land open side up is

A) 1=8

B) 1=6

C) 1=4

D) 1=3

E) 1=2

Note on the item: Another possible response is the fraction 1/9. Sometimes students develop a rote procedure of

using the number of objects and the number of equally likely outcomes for each artifact to find the number of outcomes

in the sample space without consideration of which would meaningfully be the base and which would be the exponent.

In this case that process would result in three squared rather than two cubed.

Each of these results has been provided by former students in open format assessments. At this point students work

on this problem individually for a few minutes, click on their answers, and the results are displayed for the entire class.

Thus far when this item has been used, the votes are diverse. No option receives a majority of the votes and several

options receive a significant number of votes. Students focus on the numbers inherent in the problem posed and may

be recalling a multiplication principle, procedural knowledge, and then narrowing their selection.

Now just as Mazur [56] utilized in his peer teaching, students work in small groups to argue for their result and

to provide mathematical support for their choice. Students then have an opportunity to revote [56], but often there

is still some disagreement over the answer to this question. Part of the difficulty, is that many of their peers have

plausible arguments at first glance. Students now share their reasoning with the full class. The focus of the discussion

which supports their “mathematical knowledge for teaching” [2, 43] is answering the question, what might a student

be thinking that selected choice A? B? C? D? and E?

The next clicker item summarizes the plausible reasons given for each of these results, even though there is only one

correct result of 1=8. The focus of the reasoning is to determine the number of equally likely outcomes in the sample

space. The following may be left as an open discussion, but is very informative when voting takes place again.
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Clicker Item 2 The probability that all 3 shells land open side up is

A) 1=8 There are 2 outcomes for each of the three shells, you find the product: 2 � 2 � 2.

B) 1=6 Each of the 3 shells has 2 outcomes, 3 � 2 will provide the number of equally likely outcomes.

C) 1=4 The shells may land with 0, 1, 2, or 3 shells landing with open side up. This results in 4 outcomes, and

only one of these has all 3 open side up.

D) 1=3 There are 3 game artifacts, this results in 3 equally likely results.

E) 1=2 For each of the game pieces there are only two ways a shell lands.

At this point, often students are confused as to what is the answer. The list of results often narrows to A, B, or C,

realizing that both D and E are incomplete arguments. For many students it is difficult to go beyond the recognition

of incomplete arguments. To many students the arguments for A, B, or C are very plausible, so we now move to

evaluate sample representations for each of the five approaches for further analysis. This process relates to our students’

experience in “appraising the mathematical validity of alternative solution methods” [43], and the ability to create and

“use mathematical representations” [2].

Focus on Representations

Now that students have discussed and voted on this clicker item, they are challenged to create a representation for the

argument they voted for. Doing this in small groups they are asked to develop representations for each of responses

A–C (or A–E depending on the voting that takes place). Students are asked to share different representations on the

board followed by one more vote. The instructor may directly ask specific students (groups) to share their result for

one of the methods to lend to the follow-up discussion. Students may find it difficult to create a representation for one

or more of the responses, so this follow-up clicker item may be used and modified utilizing the shared representations

that are discussed in class — a clicker item informed by student work on the board.

Optional Clicker item 3 The probability that all 3 shells land open side up is

A) 1=8 To represent this I created a tree diagram. The first level I

am labeling shell 1 and showing 2 paths/ways it may land,

either open side up, O, or the closed side up on the back of

the shell, B. No matter what happens to the first shell, the

second shell has the same possibilities, O or B, now there

are 4 paths or outcomes in my tree. Finally the 3rd shell

may land either O or B. Now you can see there are 2 � 2 � 2

or 8 outcomes for the 3 shells.
Shell 1

Shell 2

Shell 3

B

B

B

B

B

B

B

O    O O O

O

O

O

O

O

O

B) 1=6 To represent this I made a table of values as we did for cross

products. Along the top I list shell 1, shell 2, and shell 3.

Along the left-hand side I listed the two outcomes, open or

closed. Now looking at the cross-product you have 6 results.

You have shell 1 open or shell 1 closed, shell 2 open or shell

2 closed, etc. Each of the 3 shells has 2 outcomes, 3 � 2 will

provide the number of equally likely outcomes.

Shell 1 Shell 2 Shell 3

O Shell 1, O Shell 2, O Shell 3, O

B Shell 1, B Shell 2, B Shell 3, B

C) 1=4 To represent this I created a list of results. The shells may

land with 0, 1, 2, or 3 shells landing with open side up. This

results in 4 outcomes, and only one of these has all 3 open

side up.

Outcomes

All 3 shells land open sides up.

2 Shells land open sides up.

1 shell lands open side up.

0 shells land open side up.
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D) 1=3 I made a tree with the three shells listed. There are 3 game

artifacts, this results in 3 equally likely results.

Shell 1

Shell 2

Shell 3

E) 1=2 I made a listing of how shells may land. For each of the

game pieces there are only two ways a shell lands.

Outcomes

Shells land open up.

Shells land back up.

In debriefing this analysis, the students share with the full class the answer to this question: what are the miscon-

ceptions or reasons that the representations for all but one of these answers are not valid? This elicits a variety of new

questions. Why are you saying that D is incomplete? That C is looking at outcomes that are not equally likely? What

other representations for A may be used to support this conclusion? Which of these representations for A would have

meaning and show the result clearly?

Other representations that students have applied to this question are an outcomes list for part A or the row, 1 3 3 1,

of Pascal’s Triangle. This row of Pascal’s Triangle corresponds to the 1 outcome in the sample space that has all three

shells landing open side up, 3 outcomes that have two of the three shells landing open sides up, 3 outcomes that have

one of the three shells landing open side up, and 1 outcome that has all three shells landing back side up. The sum of

1 C 3 C 3 C 1 or 8 provides the total number of outcomes in the sample space and 1 of these outcomes results in all

landing open sides up, so the probability value is 1=8. Students using this representation are applying prior knowledge

of binomial probability situations such as coin tosses.

Optional Activity After clicker item 1, discuss a simulation of this game with available materials thereby creating

a probability experiment and use experimental probability to better understand the problem and perhaps narrow the

number of alternative results. The cowrie shells were used as currency for a time in Nigeria so tossing three shells is

very appropriate mathematically and as a different form of currency than we have available. Again assume the cowrie

shells are fair game implements.

Often the in-depth discussion of representations, reasoning, and probability for this context will take a class period

of 50 minutes. However, if time permits, start students thinking about a second context. For the second context use a

variation of a game that uses two dice each with 3 possible outcomes. In part, this is to again move them away from

automatic answers of multiplying the number of chance implements by the number of equally likely outcomes for each

implement. Also, if students surmised the result from the first game as focusing on 23 equally likely outcomes will

they reason carefully and not again say the same thing for this situation. Two medieval long dice of three-sides each

works well here as chance artifacts or dice game variations such as the following Vietnamese game shared in class by

a student with Vietnamese heritage. This game was played by her family for generations on Tet, New Year.

Context 2

In the Vietnamese Game, Bau cua ca cop, several six-sided dice are thrown. In this variation of the game, three different

symbols appear on each of two similar dice with each image appearing twice on a die. The images are the fish, crab,

and prawn. Find the probability that both dice land with the fish side up.

Optional Clicker Item 4 In this variation of the Vietnamese game of Bau cua ca cop, two six-sided dice are used.

Each die has the symbols fish, crab, and prawn appearing twice, one symbol to a side. Assume each of the outcomes

on a die is equally likely. The probability that both dice land with the image of the fish side up is

A) 1=3

B) 1=6

C) 1=8

D) 1=9

E) 1=36
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The correct answer to item 4 is D) 1=9. It is instructive to contrast the results, sample spaces, and the representations

used for the Igba-Ita game to the Bau cua ca cop game.

Final Note

These items focused on the situation where all the game implements landed the same way. These could be easily

adapted to other outcomes, particularly now that students have representations that may provide this information.

Since we find that often the representation and the number of possible outcomes in the sample space confuses our

students this was a fruitful beginning to these application problems.

Assignment Find the theoretical probability and explain your solution referring to a representation for each of these

problems. Assume all chance implements are fair.

1. In the game of Igba-Ita, what is the probability that only 2 of the shells land open side up?

2. In the variation of the Vietnamese game of Bau cua ca cop, what is the probability that only 1 of the dice lands

with the fish side up?

3. The ethnologist Stewart Culin studied hundreds of games played by Native Americans in the late 1800’s. One of

the games of chance he describes is the Zuni game, Thlaspatsa ananai. The chance game implements consisted

of 5 two-sided wooden dice (1:5 inches long and 1=4 inch thick), painted black with incised lines on one side,

the other side left unpainted or marked. Dice are tossed and scores are: 10 points and a win for all 5 black

sides up. 5 white up is 5 points. 4 white up is 4 points, 3 white up is 3 points, 2 white up is 2 points, one

white up is 1 point. To win 10 points must be achieved [25]. Assuming these are fair game implements, find

P.earning 1 point on a throw/.

4. Culin also studied games of the Hawaiian Islands, describing the game of Lu-lu. Four two-sided flat disks are

thrown. One side of each disk is blank. On the other side a different number of dots is painted. One disk has a

single dot, a disk has 2 dots, another 3 dots, and finally one disk has 4 dots. Points are awarded based on the

total number of dots on a throw of all 4 disks [26]. In this variation of the game, each player throws the chance

implements once on each turn. Find P.earning 10 points on a throw/.

11.4 Summary

Mathematical knowledge for teaching is an important emphasis of our coursework preparation in mathematics for

future teachers. This knowledge encompasses the mathematics concepts, principles, and skills, as well as reasoning

about mathematics based on representations and models. This knowledge looks deeply at student understanding and

explanations as well as methods used by students as they solve problems [2, 43]. The use of personal response systems

in this discourse reveals the level of mathematical understanding of students and provides a method for instructors

to review student analysis of plausible reasoning. Personal response systems help to launch the conversation about

misconceptions, misrepresentations, and what can be learned about reasoning of our students. Not only is this con-

versation directed at undergraduate learning, it also creates an environment where students learn about questioning

techniques for use in their future classrooms. The teaching moves of a faculty member may appear more transparent

and provide models of how they may learn from their own students in the future.
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12.1 Introduction

Much of the existing literature on the use of an electronic personal response system is in the context of increasing

participation in a lecture setting. In this paper, we give several examples of using an electronic response system,

or clickers, during a workshop for the professional development of in-service teachers. Clickers were used in three

distinct settings during the workshop: a) to analyze existing mathematical content knowledge, b) to promote awareness

of national mathematics testing data, and c) to conclude a mathematical experiment. In each case, the principal goal

of the use of this technology was the promotion of productive mathematical discourse. Participant comments and self-

evaluation of clicker use indicate that benefits similar to those found in the lecture setting were also realized in this

workshop setting.

12.2 Background

District teams of teachers in grades 3 to 9 including special education teachers participated in an eight-day summer

workshop to enhance their mathematical content knowledge. With the disparate mathematical backgrounds of the 48

teachers, ranging from teachers with one undergraduate mathematics course to those with an undergraduate mathemat-

ics degree, it was anticipated that strategies would be needed to promote productive discourse between the workshop

leaders and the teachers and among the teachers themselves. For this reason, the use of clickers in the workshop was

anonymous, that is, teacher identity was not associated with a clicker identification number. Springer and Dick [78]

describe a discourse move in a mathematics classroom as “a deliberate action taken by a teacher to encourage, facil-

itate, participate in, or influence the discourse.” Each of the settings in which clickers were used was deliberate and

indeed, with a primary goal of promoting discourse.

While there were situations when same-grade teachers were grouped together for planning and curriculum discus-

sions, the district-team grouping was maintained for most of the workshop, and in all three settings in which clickers

were utilized. The following quote from a workshop participant reveals that the purpose for grouping by district teams

was realized.
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Many times I say things like, “Oh, the fourth grade teachers will really be impressed that you know this.”

But I need to think beyond that. I need to think to fifth grade, middle school, high school, and even college.

If I instill a love and passion for math in third grade, my students will have a better chance of having love

and passion for math in their years to come! Thats powerful!

12.3 Content Knowledge

Figure 12.1.

Algebraic thinking and mathematical processes were weak areas for students

in nearly all of the participating districts as determined by a statewide ex-

amination. As a prelude to building content knowledge, clickers were used

as a scripted discourse move [48] to assess the teachers existing knowledge

base. Teachers voted to choose the correct property represented in an equation

such as the one illustrated (Figure 12.1). With the wide range of mathemati-

cal content knowledge among the participants, we predicted that few teachers

would have volunteered answers if the questions had not been posed with the

clicker technology. This is evidenced by the fact that just 52% of the teachers

correctly answered this question as the commutative property. The following

teacher reflection on using clickers with these questions summarizes many of

the comments made by other teachers and extends this workshop setting to an elementary classroom:

. . . with a classroom of more knowledgeable math teachers (just like some students have more math knowl-

edge) I would have hung back until others shared and I was SURE I had the right answer.

All the advantages of classroom voting as detailed in Cline [16] were present in this setting: a) each teacher needed

to ponder the question as an individual, b) the workshop leaders and the participants both received immediate feedback

concerning the concept, c) the results of the voting launched productive discourse, and d) the participants found the

activity entertaining.

When asked specifically, “Would you have volunteered to answer the operations-properties questions if they had

been posed in an open-fashion without clickers?” nine of the 28 teachers responding said yes, though five of those

were qualified with statements such as “but I would have been a bit more apprehensive” or “Yes, but not as freely. . . ”

Nineteen of the teachers gave a “no” reply, with two emphatic reactions, “NO WAY” and “NOT ME!”

12.4 Awareness

Figure 12.2.

An essential component of the professional development of teachers in-

volves a considerable discussion of assessment. The content choices for

the workshop were based on student performance on a state-wide ex-

amination. Teachers are always eager to learn of new sources of open-

response questions, performance tasks and other assessments to com-

plement their curriculum. In this second setting for clicker use, teach-

ers were first introduced to the National Assessment of Educational

Progress (NAEP) website of the U.S. Department of Education, Insti-

tute of Educational Sciences, National Center for Educational Statistics.

Following an exploration of released items, sample student responses,

and grading rubrics, the teachers voted on what percentage of eighth

grade students nationwide answered a particular question (Figure 12.2,

[81], 2005-8M3 No.:10, U.S. Department of Education) correctly. Referencing the possible results in Figure 12.3, the

number of teachers choosing the responses a, b, c (correct), d, and e were 5, 13, 11, 4 and 2 respectively.

As anticipated, this led to a discussion of what types of schools participate in this exam, and whether this data rep-

resents typical students for teachers in this program. The participating teachers are employed in rural districts and few

were aware of the NAEP exam. This discussion was followed by an electronic vote about where the largest achieve-

ment gap occurred. With many teachers voting for the city/urban/rural (7 of 31) or the eligible/not for free/reduced

lunch category (13 of 31), the results brought about an awareness concerning their preconceptions and achievement
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Figure 12.3. Figure 12.4.

gaps. Figure 12.4 shows the gap categories with the corresponding average total scores for the respective groups in-

dicated below the category. The setting for this clicker use is an example of a provisional discourse move, for if the

discussion had not migrated to one of participation on the NAEP exam, the workshop leaders would have initiated that

discussion before the clicker question on achievement gaps. As a result of this engagement, the teachers now have a

resource for assessment, and the ability to make valid statements based on research about achievement gaps.

12.5 Mathematical Experiment

The use of clickers to conclude a physical experiment is quite different from the use of clickers typically reported in

mathematics courses in a lecture setting. Groups of teachers were given a unique vase, a unit of volume measure, a cen-

timeter ruler and graph paper. Each group recorded the height of water in their vase with each additional unit of water

added to the vase, and then graphed the height of the water as a function of the volume of water in the vase. Mathemati-

cally, this is quite interesting, since most expressions relating volume and height (such as V D �r2h, V D 1
3
�r2h) are

written with volume as a function of height. Yet, to physically graph a relationship, it is far more natural to add units of

volume and measure the resulting height rather than add water to a specific height and then measure the corresponding

Figure 12.5.

volume. After all graphs were completed, each graph was

labeled with a letter, A–K and the vases were randomly

numbered I–XI. There was no apparent connection be-

tween graph labels and vase numbers. The graphs were

arranged on a wall and the vases lined up on tables in

no particular order and without the unit of measure. The

experiment concluded with participants viewing all the

graphs and vases, attempting to match the graphs to the

vases (Figure 12.5).

The use of clickers to determine the correct matches

was purely an improvisational discourse move [48] with

the decision to use clickers made within minutes of the

matching. With only choices a–e on the clickers, the vases

were grouped a) I, II or III b) IV or V, c) VI or VII, d)

VIII or IX and e) X or XI. The popular choice for graph

A was then confirmed as correct or not by the group that

constructed graph A. For every graph, the majority vote

did indeed identify the correct group of vases. Following

this vote, a secondary vote was taken based on the vases remaining in the group. Again, the group who had devel-

oped the graph confirmed the match and numerous participants volunteered to explain why the match was correct.

We believe that once the correct match was determined, confidence in their reasoning prompted the teachers to offer

explanations, as is seen in the following teacher comment on the vase problem and clicker usage:

. . . the clickers added interest because I was able to compare myself in a “secret” way with others. Maybe

it fed my ego! Maybe it built my confidence!
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With eleven vases, the voting was time-consuming, yet still engaging for the last few graphs. Participants noted in

a whole group discussion following the voting, that in a smaller setting, such as one the teachers would see in their

own classrooms, fewer vases would be used and the time for voting would not be an issue. The whole class discussion

generated ideas for using the vase problem at all grade levels. In third grade, the focus could be on measurement,

while in ninth grade, curve fitting of data was a suggested use of this experiment. Many of the middle grades teachers

thought an excellent extension would be to have students draw a vase to match a given graph.

12.6 Teacher Participant Reactions

The participating teachers were sent an email survey concerning the use of the clickers during the summer workshop.

Twenty eight teachers responded. When asked “Did the use of clickers in an anonymous fashion contribute to your

willingness to use the clickers?” 25 teachers said yes, one teacher had no preference and two replied no. One of the

no replies included the statement “I believe they would increase the willingness of young people incredibly.” The

following teacher quote includes many of the sentiments expressed by others.

Because it didn’t single someone out as being wrong or right. It felt safe, and helped me to see I wasn’t

the only one struggling with the question. Sometimes we think we are the only ones not getting it, and

then we get stressed, and that stress just interferes with thinking.

Another teacher extended his response to his own students, “I think many of my students are not willing to respond

because of risk of ridicule for being wrong, right, or the teacher’s pet.” The importance of anonymous use of the

clickers was referred to repeatedly in survey responses.

When asked whether seeing the results of their fellow teachers was of interest or not, one teacher felt it was not

necessary, one felt it was somewhat important, and one deemed the results were only important on the vase problem.

The remaining 25 teachers felt that seeing the results was important.

When asked whether the use of clickers promoted discussion with other teachers seated nearby, all but one teacher

responded positively. The teacher quote that follows confirms that the conversation was indeed productive for some

teachers.

I found the conversation enlightening—confirming my response, making me feel more sure that I was

correct, or giving me a different direction to think that I had not come up with on my own. I feel the

conversation was VERY beneficial to learning, and kept me on task and thinking about the problem even

after I voted.

One survey question considered whether these teachers, at elementary, middle and high school level would use

clickers themselves. Every teacher indicated that if made available, they would use clickers.

Absolutely yes. Every other teacher at my grade level would want to borrow them, too!

The use of an electronic voting system in the professional development of teachers was well received. The clickers

promoted engagement in the problem and prompted discussion among teachers with significantly different mathemat-

ical background. The teacher comment below summarizes many of the comments made by the participants.

Clickers are interactive, technological, they are fun, the pressure is off but the learning is on!

12.7 Summary

While the literature on the use of personal response systems in mathematics has been limited to the undergraduate

lecture, the benefits extend to the professional development of in-service teachers in a workshop setting. In addition,

our observations show that these benefits may extend outside of the lecture and into the lab, when clickers are used in

conjunction with a physical experiment. Furthermore, the literature on discourse moves applies to the teacher-directed

choices to utilize response system technology.

Acknowledgement The workshop described in this paper was funded through a Title IIB State of Wisconsin, De-

partment of Public Instruction, Math-Science Partnership Grant, Creating Mathematics Excellence, WI070906. Anne

Wallisch, Principal Investigator.
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Using ConcepTests in College Algebra

Mark D. Schlatter
Centenary College of Louisiana

I have been using ConcepTests since the fall of 2000 in a variety of mathematics classes. I use ConcepTests to engage

students, provoke discussion, and help lead the class through challenging material. In this paper, I will discuss how

I use these questions in my college algebra class. I will start with background on my course and the mechanics of

using ConcepTests, move to different uses of ConcepTests with examples, and then finally raise some challenges for

ConcepTests in college algebra.

13.1 Background

At Centenary, college algebra is one of three mathematics courses offered primarily for “core” — that is, students

take the course to satisfy the mathematics requirement for the college. While a few students will take the course in

preparation for precalculus, the vast majority takes the course as their last college mathematics course. Accordingly,

our version of the course focuses less on symbolic manipulation and more on modeling and data analysis. For at least

the last seven years, the department has used the Kime/Clark text [46], which is close in spirit to the Harvard calcu-

lus series. The text emphasizes different modes of thinking about functions (graphical, tabular, etc..) and places the

study of linear and exponential functions in a modeling context. In addition, the course covers some basic descriptive

statistics along with a section on regression.

Class sizes tend to be around 30 students with most of the students at sophomore level or higher. There are typically

a large number of majors in the arts (music, communication, etc) and the social sciences.

I almost always use the two cycle format of ConcepTests — that is, I present a question and hold one vote after about

thirty seconds of silent consideration, then encourage class discussion in small groups (often aided by my roaming

about), and finally take a second vote which ideally leads to some debate and discussion by the class as a whole. The

small group discussion between votes usually lasts anywhere from half a minute to several minutes. When I can tell

the discussion is flagging, I call for an immediate second vote. In short, I see the primary function of ConcepTests as

provoking student discussion for the purpose of clarifying understanding.

For that reason, I seldom give ConcepTests where the answers can be easily computed (e.g., solving an equation

algebraically or checking a graph with a graphing calculator). While those types of tests can be useful for students,

I prefer to simply give problems in class to check student skills. I also do not grade students on their answers to

ConcepTests; I do not want the anxiety surrounding grades to interfere with the discussion.

While the questions are shown to the class using PowerPoint slides, I do not use clickers to collect answers and

instead have relied on index cards given to the students. Besides being cheap, this approach allows students to vote
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for several correct answers. In class, after the thirty seconds of silent consideration, I ask all students to hold up their

cards. Some students do need prompting at this point. I can quickly look over the class and see a basic distribution of

the answers. When I ask students to hold up cards again for the second vote, I can see where students have changed

their votes. (For example, I may note that a group of students who voted across the board in the first vote have all

converged to one answer in the second vote — that may be a good group to call upon during discussion.) However,

with index cards, I cannot easily collect data on student answers, and students have less anonymity than they would

with clickers. The lack of anonymity sometimes causes students to look around and vote with the majority rather than

vote their own opinion.

13.2 Examples

In looking over my ConcepTests, I primarily use the tests in one of four ways: assessing different modes of expression,

testing valid inferences based on rules, assessing the interpretation of mathematics, and motivating new material.

13.2.1 Different Modes of Expression

In my class, I most often use ConcepTests to help students navigate the different modes in which mathematics can be

expressed (e.g., symbolically, graphically, numerically). For these tests, I will present some material using one mode

of thinking and then introduce the ConcepTest to challenge the students to think in different modes. I will illustrate

this using three ConcepTests from the section on linear functions.

Before the ConcepTest below, the class would have covered the slope-intercept form of the line and plotted some

lines to explore the effects of m and b on the graph of the line. In words, we would have described these effects (e.g.,

“if m is positive, the line is increasing”). I would then present this ConcepTest (which is similar to homework questions

in the text):

All four linear functions below are graphed in Figure 13.1. Which equation is the marked line?

A) y D 4 C x

B) y D 4 � 2x

C) y D 2 � 2x

D) y D 2 � 4x

Correct answer: B)

this line

Figure 13.1. Four lines

Note that I do not place a scale on the axes. I do not want students to provide a calculator-based answer, but an

answer based on the interpretation of the slope and intercept. A nice feature of this test is that students usually end up

identifying all four lines in the discussion phase of the ConcepTest. I can then use the class discussion after the second

vote to hear different students provide the reasons for different functions.

I use the next ConcepTest after we have discussed the idea that a linear function is one with a constant rate of

change. By this point, we have also used models to motivate linear functions, so my students have seen the idea that

equal changes in the input produce corresponding equal changes in output.
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(Multiple answers possible)

Which of the tables shows a linear function?

A) A.x/

B) B.x/

C) C.x/

D) None of the above

Correct answers: A) and C)

x A.x/ x B.x/ x C.x/

1 �1 1 1 1 3

2 �4 2 4 2 5

3 �7 3 9 4 9

4 �10 4 16 8 17

Most students have no problem answering A) — they see the equal changes in input producing equal changes in

output. However, the other two choices present some interesting discussion. Most students reject B) as an answer,

but the reasons for rejection are usually two-fold. Some students will recognize B) as the square function and reject

it because it does not follow the mx C b format. Others will calculate the average rate of change. I find it useful to

highlight both responses so students can think about the issue symbolically and numerically.

Many students have initial problems with C). They associate the nonlinear pattern in the input with a nonlinear

function. During the discussion phase, I will remind students to check the average rate of change. Almost always, we

have a class argument about C) with the result being that students gain a wider understanding of how a linear function

can be represented.

As one last example of using ConcepTests to help students think in different modes, let me give an example covering

direct proportionality. Before I have given this test, we have discussed the form of directly proportional relationships

(y D mx), the graphs (lines passing through the origin), and a test for directly proportional (output divided by input

must be constant).

(Multiple answers possible)

� Which of these functions do not show a directly

proportional relationship?

Correct answers: A), B), and C)

� Which of these functions are not linear?

Correct answers: B) and C)

x A.x/ x B.x/ x C.x/

1 �1 1 �3 1 �1

2 �4 2 �6 2 4

3 �7 3 �9 3 �9

4 �10 4 �10 4 16

I find this test valuable for several reasons. First, students approach the first question using a variety of tools. For

example, some students will “count back” to find the value when x D 0. Others will apply the “output divided by

input” test but not check all the data on function B.x/. I can then have a productive discussion after the votes on the

methods that work. Second, at this point, students typically start confusing linear functions and directly proportional

relationships. The second test helps students clarify the difference and help them understand the idea that the latter is

a subset of the former.

13.2.2 Valid Inferences

A second important way I use ConcepTests is to test whether students can make valid inferences based on the rules we

have introduced in class. I often use this kind of test when we are discussing symbolic simplification.

The next two ConcepTests are examples of how I assess student inferences using the laws of logarithms:

If you know that log a is about :301, which of the following statements is true?

A) log.100a/ is about 2:301

B) log.a2/ is about :090601

C) Both A) and B) are true

D) Neither A) nor B) are true

Correct answer: A)
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Suppose you know that ln.a/ equals :25. What can you say about ln.ae4/?

A) It equals 4:25.

B) It equals :25 C e4

C) It equals :254:

D) None of the above.

Correct answer: A)

The first test would be introduced shortly after discussion of the laws of common logarithms; the second test would

be used after the reintroduction of those laws with natural logarithms. In both cases, I am using problems that cannot

be simply evaluated on a calculator. (Note that students at this point are usually not fluent in solving logarithmic

equations, so very few of them solve for a.)

I want the students to evaluate reasoning, so in both problems, I raise the possibility of incorrect reasoning. In

particular, I often use the question structure of Both A) and B) and Neither A) nor B) to give the students practice on

following mathematical arguments. After the votes on both questions, I take the class through the different options and

ask for reasoning on each. These types of questions are easy to generate for all types of symbolic simplification.

13.2.3 Interpreting Mathematical Data

A third way I use ConcepTests in my class is to assess how my students interpret mathematical data. Given that this

will be most students’ only math class, I want to ensure that students can critique the use of mathematical language

and images.

For example, during the section on modeling with linear functions and after the introduction of the average rate of

change, I will use the following test:

Suppose the average rate of change of jobs in Caddo Parish with respect to time is 10; 000 jobs/year for

the period from 1995 to 2005. Which statement is accurate?

A) Each year, the number of jobs increased by 10; 000.

B) The number of jobs never decreased.

C) Both A) and B)

D) Neither A) nor B)

Correct answer: D)

Here I want students to appreciate the difference between the constant slope of a linear function and the much more

chaotic behavior of a real-life function. I find the class discussion to be particularly helpful here — the students often

do a better job of presenting counterexamples to A) and B) than I do! This test also reinforces the idea that the choice

of endpoints is crucial in linear modeling.

Another example of interpretation is the following ConcepTest, with the graphs shown in Figure 13.2 A)–C):

Which graph has the line with the largest slope?

Correct answer: All graphs show a line with the same slope.

While this is a trick question (and thus not the best choice for a ConcepTest), it is a ConcepTest students handle

quickly. By the time of the second vote, almost all the students have seen that all the slopes are equal. Here the benefit

of the test is the discussion — the test provides a starting example for discussion of bias in graphs and the fact that any

graph involves choices of scale.

13.2.4 Motivation of New Material

Finally, I use ConcepTests to motivate new material. Since the very structure of ConcepTests provokes students’

engagement, I find it useful to use a modeling example in a ConcepTest to start discussion.

For example, after the class has discussed linear modeling, I will use the next question to help introduce solving

systems of linear equations:



13.3. Conclusions and Discussion 91

A)

B)

C)

200

180

160

140

120

100
0 5 10 15 20 25 30 35 40

x

200

100

150

50

0
0 10 20 30 40

x

0 10 20 30 40
x

200

180

160

140

120

100

Figure 13.2.

You have been offered three different jobs: job R has a base salary of $55; 000 with annual raises of $2000,

job S has a base salary of $42; 000 with annual raises of $3200, and job T has a base salary of $48; 000

with annual raises of $2000. Assuming you will be working at this job for many years, how should you

rank the jobs according to the income you will receive?

A) R, S, T

B) S, R, T

C) R, T, S

D) None of the above

Correct answer: B)

While the students can answer the question using their knowledge of slope and intercept, the test helps them think

about the implications. Moreover, since some students will admit being uncomfortable with the vagueness of “many

years,” we can move to a discussion to exactly when each job will be better than another and introduce solving systems

of linear equations. Indeed, the question gives us a great opportunity to move from interpretation to graphical thinking

to symbolic manipulation.

Another example of how I use ConcepTests is in the introduction of logarithms. After discussion of exponential

functions, our text has a section on logarithmic time scales. The idea is to help students see logarithms as tools for

accurately placing events on these scales. The goal is to connect logarithms with the exponents on powers of 10. I use

the following question near the end of this section:

On your logarithmic scale of time, where does 500 years ago fit?

A) Closer to the 102 mark than to the 103 mark

B) Closer to the 103 mark than to the 102 mark

C) Exactly halfway between the 102 and the 103 mark

Correct answer: B)

Not surprisingly, C) is the most popular answer and sometimes wins even after the second vote. The students who

do best on the question are those who try and evaluate 102:5 on their calculator. While the question is frustrating for

some students due to the numerical content, it does model the type of thinking they need to successfully work with

logarithms.

13.3 Conclusions and Discussion

As in my other mathematics classes, I have seen greater engagement and discussion in college algebra as a result of

using ConcepTests. Students are more excited in class, and I am able to let students reach conclusions through the

voting process.
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I must mention one more challenge. While in my calculus classes, I often give one to two ConcepTests per class, I

typically give fewer tests in my college algebra class, usually one to two per week. I have already mentioned one reason

for the lower frequency (my penchant for giving problems in class), but I think another reason is the perceived lack of

concepts in a college algebra class. Even with a strong reform setting, I find it difficult to move away from the idea

that college algebra is meant to prepare students for symbolic manipulation in higher level (and more “conceptual”)

courses. As I have put more emphasis on where students have trouble with the material, I have found it easier to

develop tests, but I believe more effort is needed to get a strong understanding of the concepts of college algebra.
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An Example of Multi-Purpose Use

of Clickers in College Algebra

Lee R. Gibson
Indiana University Southeast

14.1 Introduction

College algebra is a course with a great many and well-documented teaching and learning problems, as well as a

great variety of proposed solutions. (See for example [35, 38, 75] and their bibliographies.) In what is likely the most

popular model for the course, students listen to the professor lecture and watch the recitation instructor work exercises.

Students, especially underclassmen, often poorly synthesize the information that they see and hear during class. The

corresponding failure to transfer knowledge and concepts is not easy for students to recognize – and even when they

do, there are often few viable activities available for them to bridge the gap. The bulk of the learning experience

becomes memorization of a few techniques which are judged most likely to appear on the exam. My journey toward

addressing some of these course issues has been strongly influenced by my involvement with the GoodQuestions for

Calculus project [58]. The goals of the course design presented below are

� to increase student attendance and participation,

� to provide students and instructors with instantaneous feedback regarding students’ basic skills,

� to address misconceptions by challenging intuition via conceptual questions,

� to improve reasoning, communications skills and classroom experience by including a peer-learning component

to the conceptual questions,

� to provide external activities which both prepare students before the classroom experience and assist them with

knowledge synthesis afterward.

To make explicit one final goal, it is crucial for the course design to intrude minimally on the instructor’s current time

and energy allotment for the course.

14.2 How This Class Works

At the University of Louisville, college algebra is taught cheifly in large lectures. Up to 150 students are enrolled in

each large lecture section of the course. The lecture portion of the course meets for two hours and thirty minutes each

week. Each student is also enrolled in a recitation section corresponding to their lecture section. The recitation meeting
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lasts for 50 minutes each week, and is conducted by a graduate teaching assistant in sessions of at most twenty-five

students. In a typical year, around 2,000 students will enroll in the course altogether. The activities described below

in the sample lesson plan were conducted during one of the large lecture meetings of the course. The following is an

excerpt from the course syllabus:

This class consists of several different kinds of activities in a recurring sequence.

1. Before each lecture when new material is to be covered there is a reading assignment from the course text, and

a corresponding pre-class warm-up assignment on-line. These questions are typically one or two of the most

basic exercises at the end of the assigned reading section in the book. The last question on each assignment is

created to be an opportunity for the student to submit a question concerning the reading assignment. Half of the

score for this component of the course is based simply on participation.

2. At the beginning of lecture, the class will respond to the questions from the warm-up assignment (as necessary)

and also answer a few other exercises from the section using the clicker. After students respond to each exercise,

we will work out the answer together as a class. To encourage pre-class preparation and in-class participation,

bonus credit on exams is awarded based on a combination of participation and successful answers to the clicker

questions.

3. After a brief lecture answering questions asked by students about the reading assignment and discussing the

ideas, the class will respond to a sequence of concept questions, leading up to the discussion question for

that class. The main discussion question is first answered by the students individually. After the students’ first

reactions are polled, time is allotted for discussion between pairs of students regarding why certain answers

should be correct and others incorrect. Next, the students’ answers are polled again. Finally, the instructor leads

a discussion of which answer is most correct, and why.

4. After working on exercises in small groups during recitation, students will complete an electronic homework

assignment covering this material. This homework is automatically graded by the computer system, and can

both explain the solutions to the exercises to the student in a step by step fashion, and generate new problems

for the students as often as needed. If a student is persistent and completes the assignments before the deadline,

he or she should always be able to obtain a perfect homework score.

14.3 Sample Lesson Plan

The following sequence of paragraphs represent an example lecture period from one of my classes, titled Linear

Relationships: Slope and Average Rate of Change. The italicized commentary includes the motivation for using each

activity. The large lecture meetings take place two times each week in a lecture hall with three large projection screens,

and last one hour and fifteen minutes. All of the items listed below appear during the lecture on the large screens via

data projection of pdf slides, and are annotated during the lecture through the use of a wireless bluetooth tablet.

Students have access to the annotated files for reference after the lecture is completed.

14.3.1 Reading question one

To check if a function is linear, we could just check that whenever the x-variable changes by 3 the y-variable always

changes by the same amount (not necessarily 3), regardless of which x-value we started with.

A) True B) False

14.3.2 Reading question two

What is the solution of mx C b D 0?

A) The y-intercept

B) The slope

C) The x-intercept

D) There is no graphical representation of this solution.
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This brief review of the reading questions helps us to remember what we read. When many students have struggled to

answer the questions correctly, the lecture plan can be adjusted immediately to allow more time for explaining basic

information. Typically the reading questions are more computational in nature than the ones used for this session.

14.3.3 Class Exercise one

Which is the graph of y D � 1
2
x C 3

4
?

A) B)

C) D)

Answer: A.

14.3.4 Class Exercise two

What is the equation for the line

A) y D mx C b

B) y D 2x � 3

C) y D 2x C 3

D) y D �2x C 3

Answer: B.

Each of these questions is first answered by the students by clicker, and then explained by soliciting suggestions for

proceeding from individual students. By the end of these explanations, most of the main ideas from this section of the

material have been addressed.
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14.3.5 Mini Lecture answering student questions

� Can you change the x-value of a linear function without changing the y-value and still have it be a linear

function?

� Do the graphs of non-linear equations always form curved lines?

� Why aren’t vertical lines functions?

� What exactly classifies an Identity function?

� How do you find the slope of the line containing the given points .z C q; z/ and .z � q; z/?

These questions are taken directly from the students on the previous evening’s reading assignment. This selection

(out of the 150 or so questions that might have been received) represents a combination of the most frequently asked

questions and the questions that are most “on-point” with the main ideas of the section. Not all of them are answered,

but just seeing what questions are asked helps students to improve their thinking while reading or preparing future

material. This section also gives the students a greater sense of ownership since their questions help determine what

we talk about in class.

14.3.6 First Discussion lead-in question

Suppose you have a line with slope 3. If the y-value changes by 6, how much does the x-value change?

A) 3

B) 2

C) 1

D) �2

Why doesn’t it matter what the initial y-value is?

Answer: B.

14.3.7 Second Discussion lead-in question

You have been traveling for a while at a constant speed of 50 miles per hour. If you need to travel 150 miles further

than you have traveled so far, how long should it take, if we continue to travel at the same speed?

A) 2 hours

B) 3 hours

C) 4 hours

D) It depends on how far you have gone so far.

How is this question the same as the previous one?

Answer: B.

These questions are very much the same from a computational standpoint, since both are linear relationships and

in each the variable which is typically taken to be the dependent variable (y in y D mx C b or D in D D rt) is

changed, determining a change in what is usually taken to be the independent variable (x; or t) . This is precisely

the same computation that is used to solve the following question, since the relationship between circumference and

radius is typically written as C D 2�r:
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14.3.8 Discussion Question

Imagine that there is a rope around the equator of the earth. Add a 60 foot long segment of rope to it. The new rope is

held in a circular shape around the equator so that it is the same distance off the ground everywhere.

Then the tallest of the following that can walk beneath the rope without touching it is:

A) An amoeba

B) An Ant

C) A Dog

D) Me (the student)

Answer: D.

The typical first response to this question is that a 60 foot increase in the circumference should not make any

appreciable difference in the radius. The students gradually come to understand both that the linear relationship

indicates that the change in the radius must be the same regardless of the initial value of the circumference (so that

the result would be the same if the earth were the size of a tennis ball) and that the height of a person is also not

appreciable with respect to the size of the radius of the earth. This process illustrates the power of understanding and

recognizing linear relationships between physical quantities in our world.

It should be noted that leading an effective full class discussion is a learned skill. In this model, students are more

encouraged to respond than would be typical in a large lecture course because they already know that a certain

percentage of the other students have agreed with their answer selection. Rarely is it necessary to call on students

who do not volunteer their response, but at times I have found it helpful to call on students whose ideas I have heard

and know to be profitable for the discussion while circulating about the class during the peer-discussion time. It is

however crucial for the instructor to both honor the value of every student response and to completely refrain from

injecting his or her own perspective on the problem until the students have exhausted their own resources. This keeps

students participating, since you clearly respect their thinking, and avoids short-circuiting the process, which occurs

when students believe that only the instructor’s perspective is of value. My personal technique for accomplishing these

goals is to repeat each student response to the entire class, e.g., “This is what I hear you saying: .. . . Is that what

you were trying to express?” It helps to keep in mind that each incorrect response that a student volunteers in a

large lecture setting usually represents an problem for many other students as well. In fact, these incorrect responses

are especially valuable because they help to highlight common misconceptions in a much more effective way than a

perfectly correct and complete response would.

14.4 Rationale and Effectiveness

14.4.1 Rational for each of the course components

By consistently reading before class, checking their comprehension by answering questions and by asking questions

about the points in the text which they find confusing, students will improve their ability to comprehend technical

material. The process of answering computational exercises using the clicker provides feedback to the students re-

garding how well they understood the reading assignment and how well they have learned how to work the exercises

during the lecture. The development of communication, language and reasoning skills through the peer-discussion of

the discussion style clicker questions will help students to become more confident when using mathematics through-

out the college curriculum. The group work which occurs during the recitation hour represents another opportunity

for peer-learning and for feedback regarding manipulative skills, as well as an opportunity to interact directly with

the recitation instructor. All homework exercises are graded automatically by the computer to give the student an

immediate response.
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14.4.2 Discussion of effectiveness of course design

The results listed here are a comparison with the previous iteration of the course taught by the instructor, in standard

lecture format, without using clickers.

Improved Attendance: Average attendance in lecture is 83% (up 13%).

Improved Performance: The rate at which students withdrew or earned a final grade of D or F (WDF rate) for the

course is down to 30%. This represents a 25% drop in the WDF rate.

Engaged Students: The computational exercises fit naturally with the clicker functionality to transform the student

from a listener to a doer during class. Combining the clicker with painstakingly designed discussion questions changed

the students from a group listening to a leader to a group of people who think, make decisions, and communicate with

each other to understand ideas. Although there might be other ways to accomplish this kind of transformation of the

large-lecture classroom, I have been hard-pressed to find a method as convenient and cost-effective as this one.

Helped Students to Help Themselves: In the Fall 2006 semester, I taught 2 sections of College Algebra to a total of

300 students. When asked whether or not they found the clicker questions helpful, 83% indicated that they had. When

asked how helpful these questions were, 95% indicated that the questions were a little helpful, somewhat helpful, or

very helpful. Following are some of their comments:

� “I felt that the interactive nature of the clicker exercises helped me to follow along with the material being

covered and gave me hands-on practice in working the problems while the material was still fresh.”

� “It’s nice to be able to answer questions without having to worry about points (although the extra credit is nice!).

It is also helpful to see how other people answered. If I missed a question that most of the class got correct I

know I probably missed something in the reading or in lecture. If a lot of people missed it I knew you would

spend more time on it.”

� “I was skeptical about the clicker when the class started, but I am completely sold on it. It was a huge help and

kept me engaged in the class. Usually I feel lost in such a big class. I thought it was great.”

� “Very helpful, allow you to put what you are learning to the test. A lot of times I think I know how to do

something, but the clicker exercises allow you to actually try a problem and be sure.”

14.5 Instructor Impact

Since a significant amount of the information distribution portion of this course takes place before class, the instructor

preparation activities are somewhat different than in a typical course. The instructor needs to:

� choose Pre-class reading assignment questions, check the overall success rates before class and collect a sample

of student questions from the reading.

� choose additional exercises which will guide the progression of the class toward answering the student questions,

and prepare multiple choice answers to these exercises (as is typically required by the clicker system).

� create a sequence of concept style questions leading up to the discussion question of the day.

Typically, the first two of these activities are not very time consuming, and in fact simply replace the usual time spent

creating lecture notes and choosing example problems to work. The third activity is rather more involved. Combining

one’s knowledge of students’ prior experience with the material with one’s own depth of understanding of mathemat-

ical concepts to create questions which challenge students’ intuition in a formative but not overwhelming fashion is

quite a delicate task. (See [59, 80] for more on this process). However, this is exactly the sort of creative task which

contains the power to rescue mathematics instructors with specialized training in mathematics from the wearying

routine of preparing and recycling non-interactive lectures.

In the absence of existing banks of well-designed and tested discussion questions, this method of teaching would

be a good choice for only those few instructors who can afford to spend significantly more than the usual amount of

time preparing for and teaching the course. On the other hand, creating one or two good discussion questions to go

along with a previously developed selection of questions can be a manageable and rewarding task for most instructors.

Banks of discussion or “GoodQuestion” style questions have been in development for some time now [59, 80], and
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my attempt to continue this development into the college algebra curriculum is available on the MathQuest website

at mathquest.carroll.edu/libraries/GoodQuestionsForCA.pdf. It is my hope that this collection

of questions will offer readers a starting point for exploration of this teaching style and will encourage instructors to

begin writing discussion style questions of their own to share with the community.

14.6 Conclusion

To elevate learning inside the classroom, more of the information distribution must occur outside the classroom.

This means that students must do something to prepare for class, whether it is reading, answering questions, asking

questions, or watching videos. I spent several years trying to figure out how to get students to participate in these

sorts of activities. What I discovered was that what happens in the classroom itself dictates whether or not students

participate in pre-class preparation. It is absolutely necessary to participate in pre-class preparation to take advantage

of the learning that takes place in an attractive classroom atmosphere. Learning is the great motivator—it feels good

to learn something, and when students experience that feeling in the classroom, they will want to come back, and they

will want to be prepared so they can experience the feeling again. The use of the clicker is an integral part of this

process since it is through the clicker questions that the students see most clearly how well they have learned.

Second, simply requiring students to buy clickers and tossing out clicker questions during class is not a guarantee

of success. It takes time to create and revise concept-based questions that challenge students’ intuitions in a profitable

way, and it also takes some experience to know how to respond to the results of clicker questions. It is very difficult

at times to know when to allow the student discussion to move forward at its own pace, and when to interject with

some extra information or direction for consideration—only experience can teach us the judgment and patience that

this requires. I would venture to say that even if you were given a complete set of perfectly ideal materials, it would

still take a full semester’s use of those materials to learn how to respond to student ideas in a way that will optimize the

positive conceptual learning outcomes. On the other hand, it is also the case that a tentative and imperfect inclusion of

clicker activities is likely to result in outcomes that are at least as good as those resulting from a lecture-heavy format.

This principle removes the barriers to trying new teaching strategies of all kinds.

Finally, keep in mind that the biggest learning gains come from allowing the clicker questions to become a teaching

strategy that transforms your classroom from an instructor-centered forum into a place where students are the central

participants and must become a cooperative group of learners. This requires a more significant commitment to spend

class time using clicker questions, to spend preparation time thinking about how the concepts in your course can

be addressed by clicker questions, and to spend more than one semester experimenting and learning how clicker

questions can be made to work best for you and your students. Once that commitment is made, however, the multiple

and significant benefits will become abundantly clear.

mathquest.carroll.edu/libraries/GoodQuestionsForCA.pdf
http://mathquest.carroll.edu/libraries/GoodQuestionsForCA.pdf




15
ConcepTests—Classroom Voting: A Catalyst

for an Interactive College Algebra Classroom

David O. Lomen
University of Arizona

This article will concentrate on the use of ConcepTests in a course on College Algebra and some reasons why I think

their use is effective in enhancing student learning. I use them as an aid in promoting student discussion and learning

of mathematical concepts rather than as a means of determining a student’s grade. It is really for formative assessment

— giving both the instructor and students a means of assessing how well the students are understanding a concept

or procedure. The ConcepTests used in the article are found in a ConcepTest Supplement to an algebra textbook,

Robinson, Lomen, et al. [70].

15.1 Method

Because of the variety of forms these questions may have, instructors can use them in a manner that fits comfortably

with their teaching style. Four possible ways are:

1. As an introduction to a topic. This works especially well if the topic is closely related to a previous lesson, or is

something with which most students have some familiarity.

2. After presentation of a specific topic. Here a ConcepTest may be used to see if the students have grasped the

concept, or if the topic needs more discussion or examples.

3. As a review of material that has been thoroughly discussed.

4. As a means of checking homework. Here students work on them outside of class, either individually or in groups.

Then in class, students can vote on their results and discuss the strategies used in obtaining their answers.

For the first three situations above, after a question is presented students are given a short time (one to four minutes,

depending on the question) to think about the question and then vote for the answer they think is correct. Providing

all of the students do not vote for the correct answer, students are then given a short period of time to discuss the

ConcepTest with adjacent students and then are asked to vote again. I then call on various students to explain the

reasoning they used to obtain their answer. Having students discover and hear a variety of reasoning methods used in

the solution is a crucial aspect of using this method. For the last situation, only one vote is taken before discussion

takes place. Most questions can be used in any of these four ways, provoking different discussions in each case.
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15.2 Examples

The first set of examples show possibilities of using ConcepTests as part of the introduction to a topic.

Polynomials

The following question would be given after a discussion of the process of adding and multiplying polynomials.

1. Given that p.x/ is a polynomial of degree 6, leading coefficient �4, and constant term 7, and q.x/ is a polyno-

mial of degree 5, leading coefficient 2, and constant term �3, what is the degree of p.x/ q.x/?

(a) 5 (b) 6 (c)� 11 (d) 30 (e) None of these

While (c) is the correct answer, students often choose (b) as they confuse multiplication with addition. A few choose

(d) as they remember that you multiply when dealing with exponents.

A companion question would be: What is the y-intercept of the graph of p.x/ q.x/? You then can repeat the question

for p.x/ C q.x/.

Vertical and horizontal shifts

A second example is a ConcepTest which is given after introducing vertical and horizontal shifts of a function, em-

phasizing their graphical aspects.

2. If .6; 2/ is a point on the graph of y D f .x/, then which of the following points must be on the graph of

y D f .x C 2/?

(a)� .4; 2/ (b) .4; 4/ (c) .8; 2/ (d) .8; 4/ (e) None of these

If students understand the graphical significance of horizontal translations, they realize that (b) and (d) cannot be

correct. After discussing why choice (a) is correct, the question can be rephrased to state “which choice “CANNOT”

be on this graph” and asked again. Because .4; 2/ is on the graph, the only point that can be excluded is .4; 4/, because

f is a function (single-valued). This shows how it is easy to use a current question to review previous topics, or how

the answer to one question can easily bring up others.

After this question is discussed, the following question is asked:

3. If .6; 2/ is a point on the graph of y D f .x/, then which of the following points must be on the graph of

y D f .x C 2/ C 1?

(a) .4; 1/ (b)� .4; 3/ (c) .8; 1/ (d) .8; 3/ (e) (8, 4)

The point of this question is to combine a horizontal translation with a vertical one, so the answer will be (b). Most

students answer this question correctly on their first vote. How many more questions like this would be asked depends

on how the class responded to these questions.

Scaling and translations

Later on in the course after discussing scaling inputs and outputs, the following could be asked.

4. How might the graph of y D 2x C 4 be obtained from the graph of y D x C 2?

(a)� Scaling the output by a factor of 2

(b) Scaling the output by a factor of 1/2

(c) Scaling the input by a factor of 2 and shifting result up 2 units

(d)� Scaling the input by a factor of 1
2

and shifting the result up 2 units

(e) Scaling the input by a factor of 1
2

In the initial vote, the majority of the students will choose a correct answer of (a). Then after discussion with peers, a

few groups will come up with the other correct answer, namely (d). Because I am especially concerned with developing

students’ reasoning abilities, for a question like this one I will have students discuss among themselves and formulate

reasons why they decided to eliminate choices (b), (c), and (e). For this question I am expecting graphical reasons.

The next question is in this same spirit.



15.2. Examples 103

5. How can the parabola on the left side of the figure below be obtained from the graph of the parabola on the right

side?

(a) Horizontal translation to the right

(b)� Horizontal translation to the left

(c) Reflection across the horizontal axis

(d)� Reflection across the vertical axis

(e) None of these

Students initially choose correct answer (b) more often than correct answer (d). After discussing this with peers,

almost all students understand why these are the only two possible answers. Using questions with more than one

possible answer encourages students to realize that developing their mathematical reasoning is just as important as

finding a correct answer.

Rational Functions

The next example shows a ConcepTest which could be used in the introductory part of a lesson on rational functions.

After a discussion on how to find zeros and asymptotes of rational functions and giving examples which had both, I

would ask

6. Consider the rational function y D .x2 � 4/=.x2 C 2/. Adding 2 to the numerator of this rational function

changes which of the following (more than one may apply)?

(a)� The x-intercept

(b)� The y-intercept

(c) The horizontal asymptote

(d) The vertical asymptote

(e) None of these

For this question, I ask the class “Who thinks that choice (a) applies?” and so on for the remaining choices. After

having students explain the reasons for their answers, I pose the same question for y D .x2 � 4/=.x2 � 2/, followed

by the same question with y D .3x2 � 4/=.x2 � 2/.

The following class session (after they have completed their homework assignment on this section) I would give

them two questions similar to those above and then ask:

7. Consider the rational function y D .x2 �q/=.x2 �2/. Increasing the value of q changes which of the following?

(a) The x-intercept

(b) The y-intercept

(c) The horizontal asymptote

(d) The vertical asymptote

(e) None of these
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The point of this question is to emphasize that the answers depend upon whether q is positive or not. If q is always

negative, only the y-intercept changes. (Many students think of parameters as having only positive values, usually

positive integers. This is actually an advantage here as the special case q D 2 will often be discovered.) If q is positive

and not 2, then increasing q changes both the x-intercepts and y-intercept.)

The previous questions illustrate their use as a part of the introduction of a topic. However, they could also be used

later on to check to see if the concepts had been mastered, or if more time should be spent on the topic. This is a means

for the instructor to obtain instant feedback on how students are doing and thus more accurately determine a proper

pace of developing material.

Review Questions

The three questions that follow I have used in reviewing a topic:

8. For what values of c is the vertical asymptote of y D ln.2x � c/ at x D 4?

(a) 1 (b) 2 (c) 15 (d)� 16 (e) None of these

The purpose of this question is to check understanding of domain and range for composite functions.

9. Consumer experts advise us never to pay the sticker price for a car. A rule of thumb is to pay the sticker price

minus 20% of the sticker price, plus $200. We have $18,000 budgeted for a car. What sticker prices are within

our budget? Which inequality best represents this problem?

(a) Let x represent the sticker price, x � 0:2 C 200 � 18;000

(b) Let x represent the sticker price, x � 0:2x � 18;200

(c)� Let x represent the sticker price, x � 0:2x � 17;800

(d) Let x represent the purchase price, x � 20% � 200 � 18;000

(e) Let x represent the purchase price, 18;000 � x � 0:2x C 200

This question seeks to check mastery of setting up word problems and the use of inequalities, two areas of difficulty

to many students.

10. A quadratic equation is given by y D ax2 C b, a ¤ 0 and b ¤ 0. Which of the following are true? Doubling

the value of a

(a) shifts the graph of this equation up by a factor of 2

(b) shifts the graph of this equation down by a factor of 2

(c) changes the value of the x-intercept

(d) changes the value of the y-intercept

(e) none of the above

If a and b have the same sign the answer is (e), if they have opposite signs the answer is (c). Students can also discuss

what happens if a D 0 or b D 0.

15.3 Implementation

Instructors at the University of Arizona have implemented “classroom voting” in a room which has a built in Personal

Response System (similar to that used on “So You Want To Be A Millionaire”). In an ordinary classroom with each

student using an electronic, hand-held “clicker,” votes can be instantly displayed as a histogram on the instructor’s

computer. Students can also vote with no technology at all, by holding up colored index cards (A = red, B = blue, C =

green, etc.), or by simply raising their hands so that the instructor will get a good understanding of the results just by

glancing around the room. After the final vote, the instructor can then call on various students, asking them to explain

what they voted for and the reasoning they used to reach their conclusion.

I have displayed questions using Power Point, an overhead projector, and writing them on the board, and have

used clickers, colored cards and raising hands for voting outcomes. The method I feel is most effective for me in

a class of about thirty-five students is using an overhead projector and having students raise their hands. Because I
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determine how much time to spend on a topic by student response to the questions, it is much easier to manipulate

several transparencies than manipulate questions using Power Point. Also, if some misunderstanding is discovered, I

can quickly use a transparency I was planning to use later, or write a new question on the board which addresses this

situation. Having students raise their hands to vote eliminates the time required to hand out and collect clickers before

and after class. It also creates an informal setting and helps emphasize reasoning rather than answers. Since students

need to use paper and pencil for some questions, not having clickers to deal with as well is also a plus.

15.4 Results

It is almost common sense to realize that students learn best when they are doing the mathematics for themselves,

rather than passively following the instructor’s work. If you call on individual students during a lecture to ask them

a question, you can create a more interactive classroom, but that still leaves the remainder of the students passively

observing. However, with classroom voting you can ask a question and receive a reply from every single student,

requiring them all to grapple with the key issues which allows all the students to be involved with answering the

question. The more deeply students are involved in the lesson, the more they will understand, and they more they will

remember.

Chickering and Gamson [15] list the following Faculty Inventory for good teaching practices:

1. Encourage Student–Faculty Contact

2. Encourage Cooperation Among Students

3. Active Learning

4. Give Prompt Feedback

5. Emphasize Time on Task

6. Communicate High Expectations

7. Respect Diverse Talents and Ways of Learning

The very nature of classroom voting as described above clearly results in achieving items 1–5 above. As far as item

6 is concerned, I find that the inherent competitive nature in many students gives the class an unstated, but real goal

to do as well as possible, even though their answers are not recorded for a grade. Allowing students to both work by

themselves and with peers and then explaining different procedures for obtaining an answer addresses item 7.

I have found that since using ConcepTests and “classroom voting” very few students drop my class, and most

students have perfect attendance. They say that they look forward to coming to class because there they can use their

brains and discuss ideas and procedures instead of simply listening and taking notes. Student evaluations of my courses

mention that voting makes class more interesting, the material more understandable, and they have less difficulty with

their homework. If given a choice, they would choose a class that uses voting rather than one that does not.

15.5 Conclusion

Using ConcepTests and “classroom voting” in a mathematics class can be very effective for several reasons: Students

learn from their peers, who understand the common mistakes that may no longer be obvious to the instructor. Further,

students learn to “talk math” with each other on a regular basis, verbally expressing their own mathematical reasoning

and learning to evaluate the reasoning of others. Every individual gives their own vote, so there is a real motivation for

each person to figure out what’s right, and to not just copy the votes of their peers. Also students often explain correct

mathematical reasoning that would never occur to the instructor, but makes very good sense to a student who would

not understand the instructor’s explanation. The key element is to have students think and communicate Mathematics

in class.





16
Using Clickers to Encourage Communication

and Self-Reflection in Precalculus

Erick Hofacker Kathryn Ernie

University of Wisconsin River Falls University of Wisconsin River Falls

Sherrie Serros

University of Wisconsin Eau Claire

16.1 Introduction

While it is imperative that future teachers of mathematics are able to have a profound understanding of mathematical

ideas [53], so they are able to communicate effectively in a K–12 classroom, it is equally important that all college

students communicate mathematics in an articulate and proficient manner. Future business leaders or lab technicians

may use spreadsheets to do much of the heavy lifting in regards to mathematical computation in the business world,

yet must still be able to convey their mathematical understanding of those numeric outputs to others on their team

or the clients that employ their services. A common theme among recent documents published by the Mathematical

Association of America [54], the National Council of Teachers of Mathematics [62], and the American Mathematical

Association of Two-Year Colleges [1], is to provide classroom situations where students have thought-provoking and

interesting conversations about mathematical topics and concepts. We have found that clickers allow us to break down

some of the invisible classroom walls set up by students’ discomfort communicating in front of their peers. In place of

these walls, we have found students who are responsive and willing to share their thoughts and feelings about their own

personal understanding of a mathematical concept. We attribute this to the fact that each student has taken a personal

ownership of an answer, because of the inherent forced participation on the part of the clicker.

Although mathematics is typically not thought of as a discussion course, through use of clickers we are able to

generate more classroom discussion and have students explain their reasoning for selecting a specific solution. We try

to choose questions that do not heavily emphasize computation or drill, as those questions will be covered through

other classroom activities. Instead we choose questions for use with clickers which focus on conceptual understanding.

Thus a student will not take on a single identity towards the mathematics they study, and will find a true balance in

their mathematical understanding [75]. Our choice for clicker items are often questions where answers can be modified

based on parameter changes within the model of the scenario presented. We often say to students that as a result of the

discussion, they should either, A: convince someone else in your group that your answer is the correct one, or B: you

will be convinced by someone else in the group that their answer is correct. We emphasize that reasoning behind their

solution choices is more important than simply voting for the correct answer with no knowledge of why it is correct.

An important byproduct of having students engaged in rich discussion is that misconceptions students might hold
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about mathematical topics are challenged. According to the National Research Council [63] there is evidence that

suggests that metacognition develops gradually and is as dependent on knowledge as experience. It is difficult for

students to engage in self-examination and reflection in areas where one does not have a full understanding. Thus

students need to experience situations where their incorrect beliefs and misconceptions are challenged. It is often

easy for a student to sit through a lecture and nod in total agreement with what the instructor says or directs them to

do. By asking students to vote on a question, it gives them a personal investment in the problem. When a student’s

conception is challenged, it makes them more interested in what others have to say about the concept, to understand

why a particular belief is incorrect. By engaging in rich discussion, students may reprocess thoughts about a topic

which they may have mistakenly thought they had previously mastered.

16.2 The Course

During the spring semester of 2008 we began using a personal response system in a precalculus course. The course

was taught in a manner where conceptual understanding was emphasized as equal to teaching procedural skills [75].

Due to the timing of the university ordering the clickers, they were not available to our students at the beginning of the

semester. Once they became available, we used them on average one to two times per week, typically at the beginning

of the hour. We normally gave the students four to six clicker items during that day, which could typically take up 50

to 60 percent of the allotted classroom time during that class period.

As mentioned earlier, the types of questions you use with your personal response system are very indicative of the

type of conversation you might hope to elicit from the class. During this semester of using the personal response system

our textbook [21] was accompanied by a database of conceptest questions that were written to coincide with the text.

We chose to use many of these items as our clicker questions that semester. Where necessary, we made modifications

to the items or wrote additional questions that would help us focus on specific areas where we anticipated our students

would have misconceptions. In the following section we will discuss three questions that were used in this class. We

detail how we used the questions in our class, as well as the types of reasoning and communication that would be

expressed by our students when engaging in discussion and self-reflection about the given topic.

16.3 Clicker Questions

The first example clicker question [21] is one that was used near the beginning of the semester to assist students in

using terminology associated with functions, as well as to assist in the interpretation of graphs.

Clicker Question #1

The figure below shows the velocity of a cyclist traveling due east from home.

velocity (mph)

25

30 60
time (minutes)

Part a) Since v.15/ > v.30/, the cyclist is further from home at t D 15 than at t D 30. Answer a-true or b-false.

Part b) There is a t-value where v.t/ D 10. Answer a-true or b-false.

The correct answer to part a is false. v.15/ > v.30/ implies that the biker is traveling at a greater velocity at time

t D 15 minutes, compared to time t D 30 minutes. The correct answer to part b is true. There are multiple locations

on the graph where v.t/ D 10, as you can draw a horizontal line at y D 10, and the line would intersect the graph at

four different t-values on the domain Œ0; 60�.

In this series of questions associated with the given graph, the main goal is to assist students with their under-

standing of functional notation. In part a, students will discuss the graphical interpretation of the two notations being
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compared. They must also be aware of the fact that the function represents velocity, and not distance. It often takes

some discussion among the large group to convince some of the students in the course why their thinking is incorrect.

In part b, students will struggle with the understanding of the meaning of function. Students will often struggle

with the interpretation of how this question differs from asking what does v.10/ equal. These are great questions for

students to repeatedly think about and discuss with their peers. It gives them a chance to internalize through class

discussion, what features of the graph are being expressed by the equation. In example questions like this, it gives the

instructor an ability to open up the question to further interpretation. You might ask a student to discuss the practical

meaning is of the equation. Thus they must link back to the context associated with the functional notation.

The second example clicker question [21] is one that was used in the middle of the semester when discussing

quadratic models and their graphs. The function being graphed is based strictly on parameters, and does not make

use of actual numbers in the equation choices. This forces students to think about underlying concepts associated

with the model, rather than being able to fall back on simply substituting in numbers, or making use of their graphing

calculators to assist them in answering. They must also think about the meaning of different forms for writing quadratic

models, and how the different parameter values affect the function’s graph.

Clicker Question #2

Which of the following are possible equations for the function whose graph is given in the figure?

a) y D .x � b/2 C d

b) y D .x � b/2 � d

c) y D .x � a/.x � c/

d) y D ax2 C bx C c

e) None of the above

y

d

a b c
x

The correct choice is c, since this equation correctly represents the zeros of the graph. As the students discuss

the choices associated with this question, it gives them an opportunity to think about different forms associated with

quadratic models.

Solution a will often lure many students towards it, because they will see Cd as being associated with the y-

intercept. Students can be asked to describe what happens to the equation if x D 0. They will quickly find that y does

not simply equal d , when x D 0.

Solution b is one that is chosen by those students thinking about the vertex form of a quadratic equation. A clever

student might try to argue that this model does fit the graph, going under the assumption that the person drawing the

graph has done a poor job of scaling the negative y-axis. The student might believe the vertical component of the

vertex is d units below the x-axis. Although this is not the intended solution, a student giving that argument is using

some creative reasoning to fit the situation, and brings forth the notion of how important it is to scale and label axes

appropriately when drawing graphs.

Solution c, the correct choice, does allow for further explanation besides stating it is correct. We would want the

students voting for this choice to further the discussion about the zeros of the function. We would want to hear these

students explain how the graph would be modified if the function choice were y D .x C a/.x C c/. We would also

want them to be able to discuss why the graph is concave up, and how the expansion of the mathematical expression

ties to this fact.

For many students that might have chosen d as the solution, there is the opportunity to discuss the fact that just

because the value of c is three tick marks to the right of the origin, does not necessarily mean that it is scaled the

same as d , which is three tick marks above the origin. Since actual numbers are not used in this question, it allows for

freedom to return to the discussion of the effect scaling and labeling of the axes can have on the graph.

Although solution e is not the intended choice, there is valuable discussion that can come from a student choosing

this option. A student might disregard choice c on the basis that when you expand the expression, the constant term

ends up being ac rather than d . Although there is the possibility that ac D d , the fact that these issues are not simply

cut and dry to the student, nor to the problem, can lead to rich mathematical discussion.
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The third example clicker question [21] is one that was used near the end of the semester when discussing trigono-

metric functions. The question asks the students when two trigonometric functions are equal to one another. What

the question does not provide is a specified domain. The specified domain plays an important role with trigonomet-

ric equations due to their periodic nature. This is done intentionally so we are able to gain a sense of how students

are able to handle a situation which could present them with a different number of potential solutions, based on the

modification of the domain.

Clicker Question #3

For how many angles of x, does cos x D sin x?

a) 1

b) 2

c) 3

d) 4

e) Not enough information is provided

Because no domain is specified, the best answer would probably be that there are an infinite number of angles for

which these functions are equal. Of the answers provided, the best answer is e. However, the purpose of the question

is to provoke thought and dialogue, and by using the question as structured we have been able to gain some valuable

discussion when asking students why they may have voted for one of the other four solutions. Based on homework

problems students may have done, they may become locked in to thinking that all trigonometric questions focus on

the domain Œ0; 2��. At the same time, a student that might have answered that there is only one angle that makes this

equation true, may have their eyes opened to the fact that not everything is restricted to simply the first quadrant. This

allows for some good discussion of thinking about the trigonometric situation strictly in terms of right triangles, or if

students should expand their thinking into a unit circle convention. It is interesting to find that some students thinking

about the unit circle convention might believe that if an answer is possible, it should be an even number of solutions,

since cosine and sine are equal to one another at exactly two points on the unit circle. Thus it is important to facilitate

conversation where students will come to a conclusion that the domain could be limited to simply half of a revolution

around the unit circle.

This is a clicker question where each answer gets a share of the students’ votes. It is important to point out to

students that their answer could be correct, based on how we define the domain of the problem. This reinforces the

importance of communication to the student, and how defining a problem for someone to solve is important. Without

the correct parameters of the problem, it is easy to answer a different question than the one posing the question may

have intended.

16.4 Purposes and Models

The clicker unit we currently use is the i-clicker. As students vote for an answer, the instructor base unit records the

student votes. Students are able to change their answers as many times as they like until the instructor closes the

voting period. The base unit has an LCD screen which informs the instructor of the percentage of students voting for

each answer. We find this quite useful, as it allows us time to formulate a direction of conversation once the voting is

complete. Once the instructor closes the voting session, we are aware of the class results, but not individual results.

Individual results can be viewed in a spreadsheet format, but this is often cumbersome to do during class. This is best

done outside of class. If we choose to, we can display a bar graph to the class which represents the number of students

that chose each answer. We do this occasionally, but not all the time. Typically we ask for volunteers to defend an

answer. If we are able to move around the room and listen to student conversations, then we are able to select groups

of students to initiate the conversation depending on what we hear them discussing.

Our goal for using the questions encompasses three different purposes, with no particular ordering to them. One

purpose was to introduce a topic students might have studied previously in a mathematics course to see what they

remembered about the topic. Clicker Question #1 was used for that purpose since it contains a contextual situation that

students could relate to and use their real-life knowledge to assist them in reasoning and answering. Another purpose
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was to ask questions which coincided with material that had been discussed during the past week of class sessions.

We used Clicker Question #2 for that purpose. Quadratic models were discussed earlier in the week using definitive

parameters. The clicker question asked the students to think about the models and graphs in a more generalized manner

using parameters instead of numbers. A third purpose was to elicit a reaction from students about problems which are

dependent on gaining more understanding before a clear solution can be chosen for the problem. Clicker Question #3

was used for that purpose. Many students become cognizant that they need a specified domain for the equation before

a specific answer can be given.

A positive aspect of using clickers is the fact that they give students a sense of anonymity, yet at the same time

allowing them to participate in the class activity. We try to move one step beyond that. As students feel safer par-

ticipating in the conversation, we often begin asking them to defend their answer to the entire class. We have found

anecdotally that by using the clickers to stimulate conversation, it often carries over into classroom sessions that do not

make use of the clickers. Students become excited to share their thinking and reasoning behind what they believe to be

correct about the concept at hand. This could be attributed to the newness factor of using them, but we thought it was

encouraging that students were excited to engage in discussing mathematics. It is important though, that the classroom

environment is set up in a way which encourages this, and makes students feel safe about sharing their thoughts.

We tend to use a variety of different models for discussion during the voting session. The choice of models is

sometimes dependent on the results of the initial vote. One model we use with students is to ask them to vote singularly,

without any discussion with their peers. Once everyone has had a chance to vote, we show the students the results

of the voting. An ideal situation is when multiple answers get a share of the vote. Depending on the distribution

of the vote, the instructor has the flexibility of choosing how they want to engage the class into conversation. If a

majority of students have chosen the wrong answer, we find it advantageous to hear from a student who voted for the

incorrect answer. This is not always possible, as students are asked to share by volunteering, and sometimes they are

not comfortable being the first volunteer. Typically if there isn’t a choice that receives a majority of the vote, students

are more likely to share their thoughts and reasoning. By leading with students that have flawed reasoning, it gives

those with the correct solution an understanding of where their classmates may have an incorrect understanding.

We have found some of the most useful discussions to occur when almost no one votes for the correct answer. This

doesn’t happen often, but the discussions become very powerful and meaningful for the entire class. In situations like

this though, students will quickly learn that they should not always go with the majority rules attitude. It helps to

strengthen the declaration that students should not believe that the majority is always correct when discussing future

questions.

A second model we often use is to ask students to first answer the question by themselves. We then show the voting

results to the class and ask them to discuss the question with their pre-assigned group members. After that, they come

back and revote on the question. After the revote, we show the students how the vote has changed. When using this

model, it is nice to encourage those students that might have changed from an incorrect choice to a correct answer

after conferring with classmates. Again it is useful to try and spend some time walking around the classroom to listen

to the conversation going on in the groups. That way we gain an understanding of which groups of students it would

be beneficial to ask to volunteer during the discussion time. If a member of a group that has changed their thinking is

willing to share, this allows the entire class to hear about the metacognitive process that was employed, and how the

misconception was challenged in the student’s own line of thinking. At the same time, it gives the student a chance to

verbalize a new understanding of the topic, thus confirming for the student if he/she understands what the others in the

group stated about the correct solution.

A third model implemented in our class happens when we have the class vote split between two different answers

during the initial vote. We show the class that the vote is split, and then ask for volunteers from each of the solution

groups to give an explanation of why they chose their particular solution. After each solution has been defended, we

ask students to do a revote, without discussing it with anyone else. Depending on the results of the revote, we gain

a sense of whether or not those choosing an incorrect solution were able to re-evaluate the situation and come to a

correct conclusion based on something that was shared by the correct respondent. If this does not happen, then we

continue the discussion asking for each of the choices to once again be defended to see if anyone has now chosen

to select a different answer. It is this group of students, those changing from an incorrect to correct answer, who are

important for convincing their peers who stick to their misconception, why their misconception is incorrect.

Although beneficial, clicker questions can use a significant amount of class time. During this particular precalculus
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course, we chose to use clickers approximately once a week. On the day we used clickers, we would typically ask

four to six questions during the 50-minute class period. Depending on the depth in that day’s questions, they could

typically take 30 or more minutes to discuss and answer.

16.5 Summary

While much of the literature on the use of personal response systems in mathematics has been geared towards just-

in-time teaching, we feel an exemplary use of clickers is to facilitate discussion amongst students, while challenging

them to self-reflect on their mathematical understanding of topics. We have found that by using appropriate questions,

structured in an appropriate manner, students are able to express their understanding and misconceptions to not only

the instructor, but also to themselves. Through these types of situated cognitive learning experiences, students will have

these discussions to fall back on and review in their minds the next time they are presented with similar situations.
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17.1 Introduction

There are an increasing number of classroom voting question sets already available. This paper is a guide on how to

utilize existing questions, how to write a few new questions and how to put them to use during a lesson. The example

lesson “New Functions from Old” is from the third day of class of review for a Differential Calculus course. This lesson

was used in two different sections of the course, each taught during a 50-minute period. Lesson goals: recognizing

even and odd functions; identifying invertible functions; finding the equation for the inverse of an invertible function;

composing functions, and graphing vertical and horizontal shifts and stretches, reflections about x- and y-axis and

across the line y D x. The functions that have been studied so far are lines and exponentials but the students should

also be familiar with quadratic, cubic and trigonometric functions through prerequisite courses.

17.2 Organization and preparation

For the following lesson example, I used the voting questions as a follow up for each portion of the traditional lecture

instruction. The lesson plan was used on the same day for both a morning and an afternoon section of Differential

Calculus. My notes on the lesson reflect this tendency to lecture then vote in small time increments, which keeps the

class at a comfortable pace. If the voting questions are used at the end of class as a kind of catch all, it is often the

case that time is an issue and it ends up that no voting questions are used instead of at least a few of them sprinkled

throughout the lesson. The set of questions that I used for this course are from the bank of questions developed by

Carroll College (mathquest.carroll.edu) and the resources accompanying the Harvard Calculus text. Course

packets of the entire semester’s worth of questions are purchased by the students from the bookstore at the beginning

of the semester.

Votes were collected either by a show of hands, labeled index cards, or by using electronic personal response units.

The afternoon section had so few people in the class that the students eventually opted to just shout out their answer

when the vote was called for instead of registering their votes electronically, as such I have less consistent data for

that class. The drawback for this method is that it is easy for a student to wait to vote until they hear their neighbors’

response. However this did not seem to be a major issue since the discussion is what really counts, and it becomes

immediately apparent who just guessed. For the electronic voting method, there is a set of “clickers” in each classroom

along with the appropriate receiver and computer software. Each student has his or her own clicker assigned to them.
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The question is “opened” and then students register their votes as they complete the question. Once all but a few of the

students have registered their votes, I make a last call for votes and then “close” the vote. A pie chart of the distribution

of votes is projected on a screen for the students to see. Seeing how everyone voted seems to be what students enjoy

most about the electronic voting.

I collect information on how long it takes for all the students to vote on the question as well as the percentage

of votes each answer receives. This is to help me further determine which of the questions are “good questions.” It

is important to keep in mind that the voting is nothing more than a gimmick to get the students to focus, make a

decision and then engage in classroom discussion. It is easy to get distracted and focus only on the voting part instead

of the discussion part. To this end, I also jot down notes in the margin of my instructor’s edition of voting questions

of how the discussion went, whether there were any unexpected issues or if the discussion was particularly rigorous

and illuminating. These notes serve to remind me, or someone else who might use the questions in the future that this

particular question was especially valuable or perhaps should be avoided.

In organizing the voting questions for use, I use the order that they are printed out in the course packet as a rough

guide, but put them in the order that flows the best with my lesson plan. The students don’t seem to mind that the

questions are presented out of order; in fact it seems like there is more focus if questions are out of order. I prefer to

give the students a hard copy of the questions, rather than a power point presentation or overhead transparencies, so

that students can take notes in the margins of the questions as well as use the questions for later review.

Prior to writing out my lesson I prepare by looking over the chapter in the textbook, viewing the online homework

questions that are assigned and by previewing the available voting questions. Once I have a clear idea of the goals for

the lesson as well as which of the available questions I will probably use, I go about the process of thinking about what

other questions I could create to supplement the lesson. I view writing these voting questions as two slightly separate

steps: writing the questions and writing the answers. A good question can be ruined by not having good, plausible

distracters and vice versa. A rough guide to writing my own question/answer sets usually includes the following self

questions:

� What specific lesson goal am I trying to serve?

� Is there notation that could be used that will further the course goals?

� Is there some extension of a current idea that will tie into a later concept?

� What is the correct answer? Unless the choice of “none of the above” is provided, the correct answer should be

included as a possible choice.

� Is there more than one way to represent the correct answer, maybe a representation that would allow for students

to make a common simplification in order to get to that final form?

� Is there a common computational error that students make? If so, what would be the answer if that mistake were

made?

� Is there some “common knowledge” answer or something that students might partially remember from a past

course that could be easily confused with the answer to the current problem?

� If all else fails, is there some way that complete nonsense can be phrased to sound really technical and therefore

serve as a plausible distracter?

Once I have sketched out a few questions and played around with writing the answers, I select the few that I want to

use and then I test them out in class.

17.3 Lesson: New Functions from Old

This lesson used 6 voting questions and was given in both a morning and an afternoon section of Differential Calculus.

For the first 5–10 minutes, we took care of any old business such as homework questions and a follow-up voting

question from the previous class’s lesson:

1. Which of the following is an exponential function which has a y-intercept of 4 and goes through the point .2; 9/?

a) f .x/ D 4 � 1:25x

b) f .x/ D 4 � 1:5x
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c) f .x/ D 4 � 2:25x

d) f .x/ D 2 � 1:25x

e) f .x/ D 2 �
�
p

9=2
�x

f) f .x/ D 2 � 1:5x

The correct answer is (b), as indicated by the bolded percentage in the vote distribution. Vote distributions were, in

order: 6/16/63/15/0/0 taking 3:25 minutes and 0/75/25/0/0/0 taking 2:17 minutes. Note that the morning class only had

a small percentage of votes for the correct answer, whereas the majority voted incorrectly. The afternoon section had

the majority vote for the correct answer but a significant number had still voted incorrectly. This question had great

discussion and as a class we realized that another option should be included. 4 � 2:4x was a common mistake, since 2:5

is the slope of the line through the given points.

For the main part of the day’s lesson we discussed how to modify a basic function and create an entire family

of functions. For example take y D x2 as a basic function, then the family of functions can be represented by

y D ax2 C bx C c, for a, b, c real values or in vertex form y D a.x C h/2 C k, with a, h, k real values. The following

function modifications were lectured on, by giving a brief definition and graphical example:

1. Stretch/shrink: a � f .x/ or f .a � x/ , for varying values of a.

2. Shift vertically: f .x/ ˙ k, for varying values of k.

3. Shift horizontally: f .x ˙ h/, for varying values of h.

4. Reflect across the x-axis: �f .x/.

5. Reflect across the y-axis: f .�x/

In order to illustrate a combination of these function modifications and facilitate discussion, we used voting question

#2:

2. A function is given in Figure 1.10 below. Which one of the other graphs could be a graph of f .x C h/?

a) I

b) II

c) III

d) IV

Time: 1:20

Distribution: 14/78/8/0 and 25/50/17/8
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The correct answer collected the majority of votes in both the morning and afternoon sections. The time needed to

complete the voting process was identical for both sections even though the morning section has about three times the

number of students in the class. Students discussed how they eliminated options (I) and (III) since those looked like

x-axis reflections rather than horizontal shifts. Then another student argued that really (I) would have to be a vertical

shift, not a reflection. Then the students debated between (II) and (IV), where (II) was finally the winner since it was

noted that in order for the graph to cross the y-axis at 2, it would have had to undergo some sort of stretch. Had the

discussion not gone as well as it did, the follow-up question was planned to be “what kind of modification happened

to produce each given graph?”

The next question was one that I had written to show students how to write a formula given a certain list of function

modifications.

3. Take f .x/ and in order:

Shift right h units

Reflect across the y-axis

Reflect across the x-axis

Shift up k units.

What is the formula for the new function?

a) f .x C h/ C k

b) f .x � h/ C k

c) �f .�x � h/ C k

d) �f .�x C h/ C k

Time: 1:30

Distribution: 0/0/83/17

This question produced great discussion! I only used this question with the afternoon section and wished that I

had presented this question to the morning class too. The majority of the students voted for option c) which would the

correct answer if the first two modifications had switched order. This highlighted the importance of order of operations.

After the discussion we went through the process step by step in order:

First “Shift h units right”: f .x � h/

Then “y-axis reflect”: f .�.x � h//

Then “x-axis reflect”: �f .�.x � h//

Finally “shift up k units”: �f .�.x � h// C k

Simplifying gives the final answer: �f .�x C h/ C k

When we got to the end, the students got that “light bulb” look on their faces that told me that this was a good thing to

review in detail.

In the next segment of class we discussed even and odd functions. I gave a graphical description in terms of reflec-

tions as well as the definition using function notation: A function f .x/ is even if f .x/ D f .�x/. A function is odd if

f .x/ D �f .�x/ or similarly f .�x/ D �f .x/. We immediately used a voting question to discuss what functions are

in each category:

4. True/False All functions are either odd or even.

Time: 31 seconds

Distribution: 83/16

Students made their decision very quickly on this question, and most of them held the common misconception that

a function is either odd or even. I asked a student at random how they voted, and they happened to be one of the few

students who voted correctly. The student gave the counterexample of ex which is neither even nor odd. I followed up

with a sketch of .x C 3/2, asking if it was an even function. Again, most students thought that it was since it is in the

x2 family. Once both the y-axis and then x- and y-axis reflections were sketched, students were able to see that just

because the function was in the “even powered family” there was something special about the basic function that the
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whole family did not necessarily share. We used the power functions x2n and x2nC1 to show that the names “even”

and “odd” are helpful reminders of examples of each type of function.

The next portion of the lesson was on invertibility. We discussed the horizontal line test, how to solve for an inverse

function, using inverse function notation, and how to graph an inverse by reflecting over the line y D x. I immediately

used a voting question to give students a chance to put these ideas into action:

5. Which of the following functions IS invertible:

a) f .x/ D �x2 C 7

b) g.x/ D e3x=2

c) h.x/ D cos.x/

d) k.x/ D jxj

Time: 2:00, distribution: 9/91/0/0 and Time: 1:51, distribution 4/56/33/7. Note that the time needed to collect votes

from a large class and a small class only differs by a few seconds.

The discussion ran along the lines of “the graph passes the HLT” verses “the formula passes the HLT.” The follow-

up questions were to 1) compute the inverse of the invertible function and 2) graph the function, its inverse and the line

y D x on the same axis. Note that the composition with natural logarithm to find the inverse of e3x=2 is not something

that has been directly discussed in this course, but would be something that the students had seen in a prerequisite

course. We did not talk about inverse cosine and how to restrict the domain appropriately, but this was brought up in a

later lesson.

The final idea presented was function composition. We discussed alternate notations and how f
�

g.x/
�

reads “f

of g of x” which helps us remember that we are inputting an entire function, g.x/ in for the independent variable in

the other function, f .x/. I decided to go about this in a way that lends itself to utilizing the chain rule once we get to

differentiation:

6. Write h.x/ D e3x=2 as a composition of functions, f
�

g.x/
�

. In order f .x/, g.x/:

a) ex, 3x
2

b) 3x
2

, ex

c) x
2

, e3x

d) e, 3x
2

Time: 1:50

Distribution: 56/7/37/0

While the majority were able to reach the correct answer, those that did make a mistake made the error in the order of

“inside” and “outside” functions. The follow up question on this was to have the students determine the following: 1)

given the functions f and g for each part a–d, what is f
�

g.x/
�

? and 2) Given h.x/ D e3x=2, what is the composition

needed (if possible) for the given f and g in each part a–d? Note that both (b) and (c) are g
�

f .x/
�

.

At this point, we had used up 49 minutes of our 50 minute class. I assigned them voting question #7 to look at on

their own. At the beginning of the next class period I would choose a random student to defend his or her answer and

reasoning. Since this question was prepared by students outside of class time, distribution data was not collected.

7. P D f .t/ D 3 C 4t , find f �1.P /.

a) f �1.P / D 3 C 4P

b) f �1.P / D P �3
4

c) f �1.P / D P �4
3

d) f �1.P / D 4.P C 3/

e) f �1.P / D P C3
4
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17.4 Lesson Reflection

I find that immediately after the lesson is the best time to determine what voting questions should be cut or modified and

what questions are “good questions.” One way to modify a voting question is to recognize that there was a “common

mistake” option that was not included in the given answers. I determine this by asking the class if there was an answer

that was not included in the options that they came up with in their problem solving. Interestingly enough, students

like to share their mistakes with the class. While things are still fresh in my mind I like to jot down a few notes on

ideas for voting questions to fill in any gaps. In my notebook for voting questions I’ve got sticky notes that say things

like “we need a question here that is about. . . ” so that even if I can’t come up with the good question for that idea

right then, I have a reminder when I teach the class the next time. It seems a lot easier to write a good question when

the material is fresh and there is access to the misconceptions or mistakes that have been brought up in class. It is

possible to write some questions way in advance, but I find that difficult to do out of context. All of these notes, voting

times, voting pattern distributions, and modifications are to build a set of “good questions.” The criteria that I use to

determine a “good voting question” is based on the following:

� Did it illustrate the lesson goal it was written for?

� Does the question illuminate a common misconception?

� Is the length of time needed to vote on the question justified by the amount/level of information that the students

receive?

� Was there interesting/illuminating discussion?

� What was the distribution of votes? Was it fairly uniform or was there one question that got more votes than

others? If so, was it the right answer or a common misconception?

� Did the students like the question? Did they feel they were being “tricked” by the question/answers?

� Were correct grammar and punctuation used in the writing of the question?

� Did some unexpected positive or negative aspect come up with this question?

For this particular lesson on New Functions from Old, my reflections included the following:

Note on function modification vertical shift:

Insert question: “Given the graph of x2, with point .2; 4/ marked, what are the new coordinates of the

function shifted down m units?”

a) .2; 4/

b) .2; �m/

c) .2 � m; 4/

d) .2; 4 � m/

e) None of these

The idea here is that instead of doing an example on the board, a voting question can be used so that the students are

the ones thinking about the problem at hand, not just the teacher. I drew an example on the board and went through this

exact same process, but I was the one feeding the thought process to the students, instead of allowing them to think

through on their own what “shift down m units” means in terms of a single point. I had a similar note for horizontal

shift.

My next note was on one of the supplemental questions that I had carefully prepared and planned on doing during

class but changed my mind during the lesson:

Let f .x/ D x C 1 and g.x/ D 3x2 � 2x. What is g
�

f .x/
�

?

a) 3x2 � 2x C 1

b) .3x2 � 2/.x C 1/

c) 3x2 C 4x C 1

d) 3.x1/2 � 2x

I decided against doing this question and only did #6. I was concerned about the time commitment to have the students

complete the necessary algebraic simplifications to arrive at the correct answer. Perhaps a different version with less

involved algebra would have been better. I also could have given this question as a second take home question.
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17.5 Conclusion

As in any course, with any teaching method, trying to have a ground covering course that is not also in danger of being

“a mile wide and an inch deep” seems unattainable at times. As can be seen in this single lesson plan, some of the

planned voting questions could not be used due to time constraints. So the important lesson here is to choose the few

best questions to use so that the most can be gleaned from each moment spent on the voting and discussion. This is

why I collect the time/distribution data as well as make any notes about how the discussion went; I want to have the

set of distilled questions that are the best of the best. My recommendation is to just jump in and try writing a question

or two. In the beginning, there will be “mistakes” where the question just flops: the time spent is not balanced by

the amount of understanding or the students are just confused by what is being asked, or the question isn’t phrased

correctly to lead them to the level of understanding desired. But then again there are the occasions that the new voting

question works better than could have been imagined.

I find that the creative process involved in writing these questions is enjoyable and also deepens my own under-

standing of the subject and how students think about the material. The time I spend reflecting on the day’s selection

of voting questions help smooth out the voting/discussion process and builds a more powerful question set. As a fairly

new teacher, I feel that the reflection time really helps me focus and become a better teacher with a deeper understand-

ing of students’ misconceptions. As I become more comfortable with the method, the good questions come easier

and quicker, which means that my voting question prep time for a 50 minute lesson is usually not more than 10–20

minutes. This is, of course, partly due to having the bulk of the questions already written and organized by someone

else; “stealing” is always easier than creating something from scratch! If however, a set of questions is not available,

it is still possible to write a question or two for use in the classroom and slowly build your own voting question bank.

The hardest and most important step is to just get started. Happy Voting!
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Enhancing Student Participation and Attitudes

in a Large-Lecture Calculus Course

Angela Sharp
University of Minnesota, Duluth

18.1 Introduction

Good communication is essential in every relationship. This includes the relationship that I cultivate with my students

as individuals and with my class as a whole. A personal response system, “clickers,” is a tool that I have employed to

aide communication.

While there are a variety of options for engaging students in the classroom, I specifically chose this technology

because my students are part of the Millennial generation and I believed clickers would be a means to engage them

using a digital form of communication. They’ve grown up with technology playing a role in nearly every facet of

their lives, with this likely to increase as time passes. A May 2008 report from In-Stat predicts “a steady growth rate

culminating in the number of US millennia’s subscribing to mobile social networking reaching nearly 30 million by

the year 2012 [46].” Many attributes of the clicker emulate my students’ current social networks. At the simplest level,

my students become members of a group by enrolling in the course. However, the ability to efficiently ask the entire

class for input on a topic, followed with the means to immediately share the overall results with them, actually allows

them to communicate with each other, as well as with me.

18.2 Background

I teach at a regional university with an enrollment a little over 10,000 which offers 77 different majors, and graduate

programs in 22 different fields. It is a medium-sized campus of a major university that views itself as an alternative to

both large research universities and small liberal arts colleges. The Department of Mathematics and Statistics consists

of 26 faculty members ranging from instructor to full professor and 25 graduate students pursuing a Master of Science

in Applied and Computational Mathematics degree. Often the introductory courses are taught by the instructors, who

all have earned a master’s degree in mathematics.

The majority of calculus courses are taught in a large lecture format in which 150C students meet three times a

week with the instructor and twice a week in discussion groups of approximately 25 with a graduate student. Clickers

are not used by all instructors; those who use them only use them in the large lecture meeting. All of the following

discussion is based on experiences I have had in a large lecture calculus course. The population wIthin the class is

typically over 85% freshmen students.
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18.3 Behind the scenes

The preparation done behind the scenes is critical if one is to have any success using the clicker. This includes (but

is not limited to) learning to use the system, making decisions about how the grades will be integrated with the

current grade-keeping method, pedagogical decisions on learning outcomes, and preparing questions. Problems will

undoubtedly arise and I’ve found it important to not only have the resources to help the student solve the problem, but

to also make a concerted effort to remain upbeat while determining the solution.

I will not include a full description of the clickers here, because the general system has been described extensively

elsewhere [12, 40, 42]. However, I want to mention the importance of clearly explaining the system to the class at the

beginning of the semester. I find they are interested in how it works. In turn, their understanding helps them know how

to use the clickers correctly. Some general rules that I follow are: keep the format of the question slides the same, start

the countdown to end the question only after half the class has responded and encourage the students to talk to each

other while solving the problem.

Since this system is new to many students, I suggest making use of a numbered response grid. In the system that I

use each number corresponds to a specific student and when the student answers a question the background of their

grid square turns light blue. This only indicates to the student that an answer was received, but gives no indication

of the accuracy of the answer. In large classes it is best to use a rotating grid, displaying 2530 numbers at a time.

Distributing clicker numbers with such a large class could be arduous. I have chosen to use a web-based grade posting

program and enter their clicker number as their first assignment. Naturally this number is not used in the computation

of the student’s overall grade.

In the grade breakdown for the semester the points acquired from clicker questions come under the heading of

“Participation.” Participation points cannot be made up due to absence. Questions are not asked every day, but typically

there are thirty questions asked during a semester with only one per day. However, at the end of the semester, I drop

the points from the three lowest clicker questions to help mitigate the volume of complaints and excuses (some being

valid reasons) for missing class. The portion of the points allocated for attendance and those given for the accuracy of

the solution is up to the instructor. For example, in my classes each question is worth two points with one point granted

for participating and the second point for determining the correct solution. Overall, participation is worth roughly eight

percent of the course grade.

Finally, I find many benefits in using a Tablet PC for lecture delivery. A Tablet PC is a laptop equipped with

touchscreen technology, which allows the user to operate the computer with a stylus or a fingertip, instead of a keyboard

or mouse. The biggest benefit is the seamless switch between delivery and inquiry whenever I want to pose a clicker

question. My lectures are handwritten during class using Microsoft Office OneNote and the clicker questions are

prepared ahead of time using a vendor program imbedded within Microsoft Office Power Point. I prefer to use a

program like OneNote for teaching because the students are able to see the mathematics as it is constructed and a

Tablet PC allows me to do this. Also, I find I prefer to face my students when I am teaching. Additionally, although I

choose not to use the feature, many available programs on the Tablet PC typically used for writing with a stylus can

easily convert files to a format which can be made available to students online.

18.4 In front of the class

I usually ask questions at the beginning or at the end of the hour. The questions are typically a review of the material

learned in the previous few meetings. I have found that this has the effect of requiring the students to focus on calculus.

An additional benefit is students arrive to class on time. While most of my questions are prepared ahead of time, it

is important to know how to write questions on the fly because students have requested that I ask a clicker question

to help settle a classroom discussion. Occasionally I ask questions that are non-content based to get a feel for the

students’ thoughts on recent individual performance or for input regarding scheduling a review session prior to an

exam. By doing this, I can easily get a pulse on what is going on with my students and in turn they recognize that I

care about their thoughts and opinions beyond their ability to answer a mathematical question correctly. Finally, I post

the question and solution online the following day so students can review the concepts at their leisure. The rapid turn

around in feedback is a crucial component of the overall usefulness of clickers as a learning tool. Commonly called

“The Value of Feedback,” rapid assessment is the first step in combating students’ illusions of knowing. It involves

confronting them on a regular basis with evidence of their knowing or lack of it [79].
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In order for students to see value in the system beyond an attendance-taking mechanism, it is critical to have really

good questions. The main criteria I use to determine if a question is good is to first consider whether the concept is one

that students are challenged by. Then I assess whether the question is written in a way that will determine if a student

is at least one level beyond just knowing how to do a specific calculation and actually has a good understanding of

when and why to do said calculation. For example, instead of asking “Find the value of c, that is guaranteed to exist

by the Mean Value Theorem for f .x/ D x2 � 4x on the interval Œ0; 2�,” one could ask:

A car is initially traveling 30 miles per hour and after a half hour it is traveling 65 miles per hour with an

average speed during the half hour of 45 miles per hour. What is the speed that is guaranteed to exist by

the Mean Value Theorem ?

a) 30

b) 45

c) 50

d) 55

e) 65

The correct choice is 45 miles per hour. It is more important to me that students understand the concept of the Mean

Value Theorem rather than just being able to “plug and chug” their way though a memorized and regurgitated formula.

I strive to write questions that illuminate common misconceptions. It is important to note that the software for the

clickers I use only allows for multiple choice questions, which poses some constraint on question design, but can also

be a great learning tool. In the answer choices, I often include an answer that can only be reached by falling prey to the

misconception. While this sounds like a trap or trick, getting it wrong in class with very minimal point consequences

helps prevent students from making the same error on the subsequent assignments or exams. For example, when we

first start to learn the power rule for derivatives, I ask:

Find the first derivative of f .x/ D �2.

a) 0

b) 2

c) 2�

d) 2x

The correct answer is 0, but students will often choose 2� . This provides me with an opportunity to stress the

difference between differentiating a constant and differentiating a variable. I think the beauty of this problem is the

simplicity of it. I’m interested in reminding them of a very simple concept that is often initially misunderstood and I

intentionally chose a question that did not contain anything more than computing the derivative of a constant which is

written as a constant raised to a power.

Also, when we cover the method of partial fraction decomposition as a technique of integration, I am careful to

include an integral where the integrand has a higher degree in the numerator and thus requires long division. Many

reach an answer without using long division, but hopefully for the last time. At the very least, this gives me a chance

to remind the entire class that this is a common error.

Another example of a question I ask in which I include multiple distracters that play to common errors is:

If the rate, R (grams/sec) of a chemical reaction is dependent on the temperature, T (in degrees Celsius),

such that R.T / D 5.�0:03T 3 C 10T C 10/ determine the temperature that produces the greatest reaction

rate.

a) 10:5

b) 18:7

c) 101

d) 401
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The correct answer is 10:5. The other answers are reached by misunderstanding or miscalculation. For example,

18:7 is the zero (or root) of R.T / and 401 is the maximal rate achieved with a temperature of 10:5 degrees Celsius.

In order to generate interesting discussions, I occasionally like to pose a question that has multiple correct answers.

For example, during our discussion of numerical integration, we cover the following methods: Left, Right and Midpoint

Rules, Trapezoidal Rule, and Simpson’s Rule. I ask the following:

Which of the rules provides the best approximation of the integral of the absolute value function from

negative two to two using four subintervals?

a) Right Hand Rule

b) Midpoint Rule

c) Trapezoidal Rule

d) Simpson’s Rule

Many, many students automatically choose Simpson’s Rule because, in general, it is an improvement over the

others. However, Simpson’s Rule uses parabolas and, due to the linearity of this particular function, all the other

methods approximate the integral exactly. The question provides students with the opportunity to really think about

how these approximation methods work geometrically.

I strive to write questions that really focus on one specific concept and pose the question in a manner that digs deep

to see that they truly understand that concept. For example, when discussing the use of a tangent line to approximate

a function a typical question that I ask is:

If a tangent line is used to approximate 1=4:1, will the approximation be an over or under estimate?

a) Overestimate

b) Underestimate

c) Neither

d) Huh?!

In this question the function is f .x/ D 1=x and the ideal point of tangency is 4. The correct answer is underestimate,

but students will often choose overestimate because 4:1 is larger than the ideal point of tangency at 4. I’ve found that it

helps to show a simple graph of the function and the tangent line on the answer slide. This is a visual means of driving

home the importance of whether the tangent line lies above or below the curve. You can even take this opportunity to

discuss concavity, if you wish to explore a little further.

I find that my ability to test the depth of their understanding of a concept increases if I make an effort to minimize

my use of actual functions and present more general cases. When we are discussing concavity a question that I often

ask is:

If f is positive, increasing and g D 1=f , then g is . . .

a) Increasing

b) Decreasing

c) Neither

d) Umm . . . what?!

The correct answer is decreasing. This can be determined using the Quotient Rule and in addition to checking

their ability to use the rules of differentiation, the question probes a little deeper to assess their understanding the

relationship between derivatives and words like positive, increasing, etc.

It is equally important for me to prepare ample discussion as a follow-up to the question. The amount of time I

spend on this discussion portion depends on results. I always explain the question and the reason that I included it. If

the majority of the class has answered correctly, after a three minute or so explanation I congratulate them and move

on. On the other hand, if the majority of the class did not answer correctly, I still congratulate them and explain that

now we all have a great opportunity to learn. I follow with a more in-depth explanation.

Often during the discussion portion of a clicker question, I invite the class to participate by explaining how they

arrived at the correct choice or how they went astray. Voluntarily participating in a large lecture class room would
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typically be very intimidating for most students, but I start setting the climate in the classroom to encourage discussion

on the very first day of classes by organizing an icebreaker activity taking place in their discussion group that requires

each of them to talk to another student or students for a few minutes and then present their findings to the larger group

of twenty-five. Speaking in front of a large group is not something that some students will ever be comfortable with.

To mitigate any fear they may have, I make it clear to them at the beginning of the semester that they can always “pass”

on answering a question with no fear of repercussion. Occasionally, I find that there are some students who want to

answer everything including questions directed to other students. I’ve handled these cases by sending the student an

email letting them know that while I am impressed with their grasp of the material, I would appreciate them pausing for

a moment or two before raising their hands. I explain that I do not want the other students to become either complacent

in knowing that someone else will answer or become discouraged and in either case not even try to solve the question.

Finally, I have used the clickers to conduct a post exam survey to initiate discussion about the class results of an

exam. I ask my students to answer the question:

How do you feel your performance was on the Exam?

a) Better than I expected.

b) About what I expected.

c) Worse than I expected.

d) Way worse than I could have imagined.

I follow this with questions about whether they believe their score accurately reflects their level of understanding of

the material and an inquiry into how they prepared for the exam. Each question is designed to encourage the students to

reflect on their contributions to learning. Furthermore, the discussion following each question provides students with

the opportunity to comment on the exam. It’s not unusual for a student to express that they really never understood a

topic and were hoping not to see it on the exam or that they expected a particular topic that did not appear.

18.5 Results

I have used the clickers to poll five of my classes, asking them what they think of learning with clickers. Nearly 750

students have been polled. The poll I have used is, in general, to determine the student’s opinion of all the instructor

technologies I use in my courses. The topics range from the class webpage to the few lectures I give using PowerPoint

to an overall view of technology. Overall, my classes have been very positive about clickers. When asked the question,

“What do you think of clickers as a learning tool for this class?” on average, 67 percent of the class responded that they

either like or strongly like and 22 percent responded that they dislike or strongly dislike the system with the remainder

of the class undecided. In addition, when asked, “Did the clickers help you with learning in this class?” on average, 59

percent of the class responded that the clickers helped them a little or very much and 6 percent responded that clickers

hindered their learning a little or a lot. At this time, I have made no attempt to measure learning gains, but I plan to

construct a study in the future.

Student attitudes about clickers have changed since I started using clickers in 2004. Initially there were very few

faculty members using them, so students often complained about the cost. They were also much more critical of any

problems with the system and were quite vocal with doubts about the usefulness of clickers. The support system

provided by our Information Technology Department has increased the number of faculty using the clickers, aided in

ample training, and in turn, has drastically reduced the students’ negativity.

I have found some downsides to using clickers. In particular, I have noticed an increase in behavioral issues. I

attribute this to students who are really not interested in attending class and are now compelled to attend by the points

associated with the clicker questions. The disruption is typically talking, using cell phones for text messaging, or using

laptop computers. I have even encountered situations where students have given their clicker to another student to

“click in” for them. This problem is easily remedied at the outset of the semester by having a teaching assistant count

the number of students physically in the class and discussing that the discrepancy between that and the number of

clicker responses is as much an incidence of cheating as looking at another person’s exam.
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18.6 Conclusion

In conclusion, I have found clickers to be an efficient and effective means of engaging my large lecture calculus course.

My students are favorable about clicker use and seem to be benefiting. I firmly believe that the support provided by

both the Information Technology Department and fellow faculty members has played a large role in the success that I

have experienced.
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Good Questions for Mathematics Eduction:

An Example from Multivariable Calculus1

Maria Terrell
Cornell University

Mathematics eduction? Aren’t I missing an “a” in the middle of that word? No, I mean eduction, a process by which

good questions educe, or

� draw out latent understanding of how the world works,

� lead students to build a deep foundation of fundamental understanding,

� engage students in bringing order to, or making sense of, complex phenomena from basic given facts.

In this article I present some examples of educing questions that were developed and tested via clicker technology

through the Good Questions Project2. I will summarize some of the student feedback, and the research on teaching

and learning that provides a framework for understanding why “educing” questions may be effective.

The Good Questions project grew out of an effort to introduce young instructors to the benefits of teaching by

asking. It was inspired by Cornell mathematician David Henderson’s rich knowledge and experience of teaching

geometry [40] by posing questions that lead students to construct and refine mathematical concepts based on their own

experiences. We were also inspired by the success of Harvard physicist Eric Mazur [55] in using ConceptTests and peer

instruction to teach physics. We wanted to develop questions to stimulate thoughtful discussions of key concepts in

calculus, and put them in the hands of instructors in their formative years as TAs and postdoctoral fellows. We wanted

to know if discussing the questions would lead to better student understanding and better performance in a traditional

freshman calculus course. With support from Cornell and the National Science Foundation we wrote a collection of

questions and tested them using clicker technology in the Fall of 2003. A paper describing the project and some of

our results in more detail was originally published in PRIMUS [58] and is included in this collection. The data from

that project suggested that regular use of questions that engaged students in deeper discussions, might be related to

stronger overall performance as measured by a comprehensive final examination. That result encouraged me to look

at the “deep” questions and to see if there was some research that would illuminate why some questions seems to be

more effective at helping students learn than others.

1This paper is based on a paper of a similar title that was presented at the invited paper session “Inquiry Based Learning” at Mathfest, August

10, 2006, Knoxville Tennessee.
2 Support for the Good Questions project was provided by the National Science Foundation’s Course, Curriculum, and Laboratory Improvement

Program under grant DUE - 0231154.
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Research on learners and learning, and teachers and teaching summarized in How People Learn [8] identifies three

key findings on teaching and learning that are derived from a solid research base and that have strong implications for

how we teach mathematics. I’ve copied them below. I use some specific examples to illustrate how these findings are

reflected in what I have come to call educing questions.

Key findings:

1. Students come to the classroom with preconceptions about how the world works. If their initial under-

standing is not engaged, they may fail to grasp the new concepts and information that are taught, or they

may learn them for the purposes of a test but revert to their preconceptions outside the classroom.

2. To develop competence in an area of inquiry, students must: (a) have deep foundation of factual knowl-

edge, (b) understand facts and ideas in the context of a conceptual framework, and (c) organize knowledge

in ways that facilitate retrieval and application.

3. A metacognitive approach to instruction can help students learn to take control of their own learning by

defining learning goals and monitoring their progress in achieving them.

A clear implication of the first finding is that teachers should draw upon and engage students’ prior or latent un-

derstanding. How can clicker questions be used? Let us consider an example. The concept of flux in vector calculus

is essential to building models of fluid flow and for the statement of the divergence theorem. What do students know

about flux from their everyday life, that could help them develop a deeper understanding of the definition we use in

calculus? Here is a simple question I have found particularly useful in engaging what students know and introducing

them to the mathematical concept of flux.

Suppose the velocity of the particles of water flowing down a pipe is 3 meters per second, and the cross

sectional area of the pipe is 5 square meters.

How much water flows out of the pipe per second?

[Answer: 15 cubic meters per second]

Most students (as well as the proverbial man on the street) are very quick to respond that water is flowing out of

the pipe at the rate of 15 cubic meters per second. Of course they are correct. This is a simple multiplication problem,

area of the base times the height of a column of water. This is what I would call the first stage of an educing question,

engaging what students already know and what they understand about how the world works.

The second stage of an educing question engages students in building a solid foundation of factual knowledge by

eliciting misperceptions, partial understanding and uncertainty, and by employing precise mathematical thinking to

illuminate and resolve the conflict.

Here is the second part of the question:

Now suppose our pipe is cut on the diagonal.

At what rate is water flowing out of the pipe?

a) 15 cubic meters per second,

b) More than 15 cubic meters per second.

c) Less than 15 cubic meters per second.

d) It is impossible to determine the rate.

[Answer: a)]
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When I ask this question with anonymous polling I find that 20% of students choose a), 70% choose b), essentially

no one chooses c), and 10% choose d). What does this reveal about students’ understanding of flux? Students who

answer 2) see that the area of the opening is greater than 5 square meters. Since the water is flowing down the pipe at

3 meters per second, they reason that the volume of water crossing that opening in one second is greater than 15 cubic

meters. At this point I change the phrasing of the question.

Suppose you put a bucket under a garden hose, does the rate at which the bucket fills up depend on whether

or not the end of the hose is cut on the diagonal?

[Answer: no]

Almost all students say no, cutting the end of the hose on the diagonal does not affect the rate at which the bucket

fills up, and hence does not affect the rate at which water flows out of the hose. How does the mathematical definition

of flux accommodate an elementary understanding of flux, as the area of the surface times the velocity of the fluid

crossing the surface, and at the same time resolve the apparently conflicting numerical answers? By examining the

question of how much water crosses the surface of the opening in one second, students see that the that question

is equivalent to the problem of computing the volume of a cylinder given the area of its base and its slant height.

Students see that they can compute the volume that flows out in one second in two ways. One way involves finding the

component of the slant height that is perpendicular to the base; the other involves finding the component of the area

that is perpendicular to the slant height. Either way, the dot product of two vectors–one representing the speed and

direction of the fluid and the other the area and orientation of the cut face–does the job.

To recap so far, and to connect this example to the key findings in How People Learn [8], the first phase of educing

draws out what students know and understand about the world. The second phase of educing is the “leading” phase,

it engages students in examining and refining their understanding in a way that resolves conflicts and misconceptions

and fosters a deep foundation of factual knowledge that is part of conceptual framework of formal mathematical

understanding.

The third phase is the reflective and interpretive phase, the metacognitive phase, in which students monitor their

understanding of the concept and extend or transfer it to other settings. A good question to foster metacognition about

flux is:

Assume that it is raining and the droplets all fall straight down with the same speed. You want to minimize

how wet you get.

a) It is better to walk through the rain.

b) It is better to run through the rain.

c) It doesn’t matter if you walk or run, you will get just as wet either way.

[Answer: b)]

This question is quite a bit of fun to discuss with students. They readily see that flux is an applicable concept. I usu-

ally suggest that students simplify the problem by computing how much water would pass through a horizontal planar

region (representing head and shoulder area), and a vertical planar region (representing the frontal area). Students dis-

cuss their ideas about whether they think you get wetter when you run into the rain or whether it just seems that way

because you are accumulating water over a shorter period of time. The answer to the walk versus run question requires

computing the flux across the horizontal plane and the flux across the vertical plane. In setting up the computations

it becomes clear that the amount of water that crosses the horizontal plane during the trip depends on the length of

time you are out in the rain. The amount of water that crosses the vertical plane during the trip is independent of the

length of time the trip takes, and depends only on the length of the trip. In the end students see what common sense

tells them: It is better to run.

This third phase of educing consists of reflecting on how one knows what one knows, and fostering the ability to

transfer or use that knowledge to deduce results in new situations. This is part of the metacognitive process of learning.

A major goal of teaching mathematics is to prepare students to use and adapt what they have learned to solving

new problems in diverse settings. The ability of students to transfer what they have learned requires that students have

a solid understanding of basic concepts and have opportunities to apply them to interesting and engaging problems.

Transfer of classroom math knowledge to everyday environments is an important indicator of how well students can
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use what they are learning. Clicker questions, especially those that educe, that draw out, that lead, and that promote

sense making, can be a powerful pedagogical tool.
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Integrating Classroom Voting Into Your

Lectures: Some Thoughts and Examples from a

Differential Equations Course

Christopher K. Storm
Adelphi University

20.1 Introduction

One of the largest barriers to adopting a new teaching technique is the startup costs in time invested. In this article, I

share the ways in which I prepare for a class that uses voting questions as an integral part of the class. I believe it is

possible to prepare for class in roughly the same amount of time it would take to prepare a standard lecture for a class

that you are teaching for the first time.

One of the largest obstacles to overcome in using voting questions in the classroom is preparing a lecture which uses

them and works well in the classroom. Effectively using voting requires a serious time investment in the classroom, so

it is not possible to take a traditional lecture and simply add voting questions at pertinent points. We must rethink our

methods for preparing lectures. The best strategy for me was to start with the voting questions that I wanted to use and

then to fill in any additional points.

Let me begin by giving my experience with clickers — clickers add technology to voting, but everything I say seems

just as applicable without the technology component. I am a new faculty member and just completed my first year of

full-time teaching in the Spring of 2008. I discovered clickers halfway through the Fall semester in 2007 as a way to

spice up a linear algebra class that met twice a week for 1 hour and 40 minutes. I used clickers primarily as concept

checks and to provide a forum for students to be active and work examples. They were essentially an add-on to the

course to promote student activity. In the Spring semester, I made clickers an integral component to both a Calculus II

and an Ordinary Differential Equations course from day 1.

When I chose to use clickers in the classroom, I resolved that I would not sacrifice any content that I would normally

cover. Instead, I wanted to keep the same content and add a deeper conceptual understanding by forcing the students

to actively engage and discuss the underpinnings of what was happening in class. This meant, for me, that I used my

voting questions in two distinct ways: to break the ground on new ideas and open a discussion of them as well as to

guide students through involved examples.

20.2 Preparing for lecture

At the beginning of the Spring semester, my lecture preparation took a very long time. I wrote a full traditional lecture

and then cut back examples for voting questions and previewed concepts with more conceptual voting questions. This

131
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method of lecture preparation was insupportable. It took far too long to prepare a normal lecture and then to figure out

what the right clicker questions were to go with it and how to integrate them. Even worse, by doing things this way, I

almost guaranteed that I would not have enough time in class to do everything I planned. It also led to a distinct lack

of fluidity in class.

As the semester progressed, I evolved a much different strategy. I began with the clicker questions. This is the strat-

egy that I will discuss here. If your goal is to prepare an effective lecture without sacrificing too much in preparation

time, it is very helpful to have access to a large database of clicker questions, such as the ones maintained by Carroll

College1, Cornell2, University of Oklahoma3, and others. These resources include databases for precalculus, calculus,

linear algebra, differential equations, and statistics.

To illustrate my strategy, I will show how I developed two lectures for my differential equations course. The course

met for one hour and fifteen minutes twice a week and had an enrollment of 26 students. I usually used the one-vote

method; however, for particularly conceptual problems that divided the class during discussion, I would spontaneously

ask for a second vote to cement the discussion. The first lecture I will discuss was what I would consider a “normal”

day. The second lecture was an experiment in which I taught the entire class period based on the discussion generated

around voting questions.

20.2.1 A normal lecture example

The class was on the forced harmonic oscillator differential equation. This class immediately followed one in which

we had classified the behavior of all types of unforced harmonic oscillators.

I began my class preparation by deciding what ideas I wanted to communicate: 1) the strategy for solving the forced

harmonic oscillator (and how it was similar to solving first-order non-homogeneous differential equations), 2) how to

pick a suitable guess and then solve for the particular solution, 3) what parts of a solution are constants that can be

adjusted for initial conditions and what parts should be solved for, and 4) how forcing affects things qualitatively. Then

I went to the Carroll College Project Math QUEST questions for “Second Order Differential Equations: Forcing.”

I would begin the lecture with the following question:

1. The functions plotted below are solutions to which of the following differential equations?4

(a) d2y

dx2
C 2 dy

dx
C 4y D 3 � 3x

(b) d2y

dx2
C 2 dy

dx
C 4y D 3e2x

(c) d2y

dx2
C 2 dy

dx
C 4y D sin 2�

9
x

(d) d2y

dx2
C 2 dy

dx
C 4y D 2x2 C 3x � 4

(e) None of the above

1http://mathquest.carroll.edu/
2http://www.math.cornell.edu/˜GoodQuestions/
3http://www.ou.edu/statsclickers/
4Solution to 1: (a)

http://mathquest.carroll.edu/
http://mathquest.carroll.edu/
http://www.math.cornell.edu/~GoodQuestions/
http://www.math.cornell.edu/~GoodQuestions/
http://www.ou.edu/statsclickers/
http://www.ou.edu/statsclickers/
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This question focused on the effect of forcing in the differential equation and introduced forcing as opposed to the

unforced equations we had studied. It also made it immediately clear that we were dealing with something different

and new. I decided to give very little preparation for this question and had the intention of circling back to this question

at the end of class to emphasize geometrically what forcing can look like.

After choosing the first question, I chose a series of questions to highlight the process of producing the general

solution of a forced harmonic oscillator:

2. The general solution to f 00 C 7f 0 C 12f D 0 is f .t/ D C1e�3t C C2e�4t . What should we conjecture as a

particular solution to f 00 C 7f 0 C 12f D 5e�2t?5

(a) f .t/ D Ce�4t

(b) f .t/ D Ce�3t

(c) f .t/ D Ce�2t

(d) f .t/ D C cos 2t

(e) None of the above

3. The general solution to f 00 C 7f 0 C 12f D 0 is f .t/ D C1e�3t C C2e�4t . What is a particular solution to

f 00 C 7f 0 C 12f D 5e�6t?6

(a) f .t/ D 5
6
e�6t

(b) f .t/ D 5
31

e�6t

(c) f .t/ D 5
20

e�6t

(d) f .t/ D e�3t

(e) None of the above

4. If we conjecture the function f .x/ D C1 sin 2x C C2 cos 2x C C3 as a solution to the differential equation

y00 C 4y D 8, which of the constants is determined by the differential equation?7

(a) C1

(b) C2

(c) C3

(d) None of them are determined.

Question 2 recalled the idea of first solving the unforced situation then guessing a particular solution to the nonho-

mogeneous case. Question 3 takes the next step and emphasizes that we can determine the coefficient of our guess.

Finally, Question 4 helps to sort the pieces out and forces the students to distinguish which coefficients are part of a

general solution (and thus would be determined once we have an initial value) and which coefficients are part of a

particular solution and should be nailed down immediately.

After choosing these four questions, I already had a solid framework for the lecture. I decided that I should add

a bit more to flesh things out. I added a short bit of lecture between Questions 1 and 2 to recall how we solve non-

homogeneous first-order differential equations and then outline the technique for forced harmonic oscillators. Ques-

tions 2 through 4 and the discussion following after would then see me through the mechanics. After this, I intended

to spend the rest of the class time working one example in detail so that they had a full example in their notes. Then I

would discuss how we decide what to guess. The final five minutes of class would be spent going back over Question

1 now that we know analytically what solutions should look like. This helped to connect the analytic work with the

geometric intuition.

This lecture was fairly typical of my classes. I began with a framework and added clickers. Then I fleshed out any

additional details that I did not think would be covered sufficiently in the discussion following the clickers. I found

that this led to a much more “organic” lecture and really enabled me to turn lecture into a conversation with students

where they were working directly with the material.

5Solution to 2: (c)
6Solution to 3: (a)
7Solution to 4: (c)
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20.2.2 How the class went

The class where I gave this lecture went fairly well. In retrospect, I probably gave too little information leading up to

the first question. Students really struggled with this question at first. Only 19% got this question right on the first try.

However, I also think it put them into the correct frame of mind for the rest of the lecture, which went very smoothly.

Students very quickly recalled the pertinent strategy for the first-order non-homogeneous case, and we quickly came

up with the method to give the general solution to a forced harmonic oscillator. At this point, we did the next 3 clicker

questions. On each of the these three questions, over 90% of the class chose the correct answer. I knew at this point

that the computational skills that the students needed from the class had been successfully communicated. I was able

to quickly work a full example from the beginning with student input to guide me.

Finally, I decided to focus on the “guess” that comprises forming a particular solution. By this point in the course,

students were fairly familiar with this technique, so I talked a good bit without writing. A student jumped in to ask

for a particular example involving a polynomial forcing function (I had mentioned you would need more than one

undetermined coefficient), and we worked an example on the spot. This naturally brought us back to the question that

opened the lecture, and we were able to see much more the component parts of a solution and understand the picture

that was given. In particular, we connected with our analytic work to talk about why the oscillations were dying out

and why things were starting to look linear as time progressed.

20.2.3 A lecture entirely by clickers

At the extreme end, I did decide to give one lecture entirely by clickers. It was a lecture where we explored the

consequences of analytic work on solutions of homogeneous systems of differential equations. We were interested in

the qualitative consequences of that work.

We were dealing with autonomous linear systems of differential equations (specific examples focused on 2 � 2 ma-

trices) when the eigenvalues are distinct, real, and non-zero. We needed to address the cases where both eigenvalues

were positive, both were negative, and one was positive and one negative. We also needed to recall how the eigenvalues

and eigenvectors played a role in the general solution and determine what the straight-line solutions should do. Prepar-

ing for this class took longer than the previous one since I decided to write several questions of my own (however, I

now have these questions for future times I teach the course).

The first three questions of the lecture were designed to recall the general solution to this type of system — particu-

larly, the role that eigenvalues and eigenvectors play in the solution — and to determine what direction solutions move

along lines determined by the eigenvectors. Incidentally, this case also broached the ground on having one positive

and one negative eigenvalue.

1. You have a linear, homogeneous, system of differential equations with constant coefficients whose coefficient

matrix A has the eigensystem: eigenvalues �5 and �2 and eigenvectors < �1; 2 > and < �4; 5 >, respectively.

Then a general solution to
d EY

dt
D A EY is given by:8

(a) Y D

�

�k1e�5t C 2k2e�2t

�4k1e�5t C 5k2e�2t

�

(b) Y D

�

�k1e�2t � 4k2e�5t

2k1e�2t C 5k2e�5t

�

(c) Y D

�

�k1e�5t � 4k2e�2t

2k1e�5t C 5k2e�2t

�

(d) Y D

�

�k1e�2t C 2k2e�5t

�4k1e�2t C 5k2e�5t

�

2. The differential equation
d EY

dt
D A EY has two straight line solutions corresponding to eigenvectors Ev1 D

�

1

2

�

8Solution to 1: (c)



20.2. Preparing for lecture 135

and Ev2 D

�

1

�2

�

that are shown on the direction field below. We denote the associated eigenvalues by �1 and

�2. 9

We can deduce that �1 is

(a) positive real

(b) negative real

(c) zero

(d) complex

(e) There is not enough information

3. We consider the same system as in the previous question. We can deduce that �2 is10

(a) positive real

(b) negative real

(c) zero

(d) complex

(e) There is not enough information

The first real challenge would come in Question 4:

4. We continue to consider the same system. Suppose we have a solution EY .t/ to this system of differential equa-

tions which satisfies initial condition EY .t/ D .x0; y0/ where the point .x0; y0/ is not on the line through the

point .1; �2/. Which statement best describes the behavior of the solution as t ! 1?11

(a) The solution tends towards the origin.

(b) The solution moves away from the origin and asymptotically approaches the line through < 1; 2 >.

(c) The solution moves away from the origin and asymptotically approaches the line through < 1; �2 >.

(d) The solution spirals and returns to the point .x0; y0/.

(e) There is not enough information.

I anticipated that discussion after this question would completely resolve this case. With the groundwork on straight

line solutions laid, I went directly to systems where both eigenvalues were negative. The first question was designed

to get students to realize that solutions would be drawn into the origin in this case:

9Solution to 2: (a)
10Solution to 3: (b)
11Solution to 4: (b)
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5. Suppose you have a linear, homogeneous system of differential equations with constant coefficients whose

coefficient matrix has the following eigensystem: eigenvalues -4 and -1 and eigenvectors < 1; 1 > and <

�2; 1 > respectively. The function EY .t/ is a solution to this system of differential equations which satisfies

initial value EY .0/ D .�15; 20/. Which statement best describes the behavior of the solution as t ! 1?12

(a) The solution tends towards the origin.

(b) The solution moves away from the origin and asymptotically approaches the line through < 1; 1 >.

(c) The solution moves away from the origin and asymptotically approaches the line through < �2; 1 >.

(d) The solution spirals and returns to the point .�15; 20/.

(e) There is not enough information.

The next question, Question 6, asked the more difficult question of how the solution was drawn to the origin:

6. Suppose we have the same system as in the previous question in addition to a solution EY .t/ which satisfies
EY .0/ D .x0; y0/ where the point .x0; y0/ is not on the line through the point .1; 1/. How can we best describe

the manner in which the solution EY .t/ approaches the origin?13

(a) The solution will approach the origin in the same manner as the line which goes through the point .1; 1/.

(b) The solution will approach the origin in the same manner as the line which goes through the point .�2; 1/.

(c) The solution will directly approach the origin in a straight line from the point .x0; y0/.

(d) The answer can vary greatly depending on what the point .x0; y0/ is.

(e) The solution doesn’t approach the origin.

I anticipated that this question would be tough going, but that enough students would get it for a fruitful discussion.

I also planned to revote on this question after the discussion to give the entire class a chance to affirm the correct

solution. I concluded the work on negative eigenvalues with a question that forced them to put together their ideas

geometrically.

7. Which phase portrait below corresponds to the linear, homogeneous, system of differential equations with con-

stant coefficients whose coefficient matrix has the following eigensystem: eigenvalues -5 and -2 and eigenvectors

< �1; 2 > and < �4; 5 >, respectively?14

12Solution to 5: (a)
13Solution to 6: (b)
14Solution to 7: (b)
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Finally, we turned to the case where both eigenvalues were positive. Instead of keeping the picture for the end, I used

the first question to present a phase portrait and have the students articulate why both eigenvalues must be positive.

This broke the ground for a followup question about the dominant eigenvector, which asks for a more precise analysis

of the solutions.

8. Using the phase portrait below for the system Y 0 D AY , we can deduce that the eigenvalues are:15

(a) of mixed sign

(b) both negative

(c) both positive

(d) Not enough information is given

9. Using the phase portrait below for the system Y 0 D AY , we can deduce that the dominant eigenvector is:16

(a) < �1; 1 >

(b) < 1; 3 >

(c) < 1; �2 >

(d) There is no dominant eigenvector because there is no vector that is being approached by all of the solution

curves.

(e) Not enough information is given

At this point, I planned to pause for a short recap on the board of everything we had just discussed. I would

summarize all of the main points for the three cases and then introduce notation labeling the equilibrium points as

saddles, sinks, and sources respectively. Finally I would close the lecture by presenting a system and asking the

students to classify the equilibrium point.

10. Classify the equilibrium point at the origin for the system17

d EY

dt
D

�

1 1

4 1

�

EY :

(a) Sink

(b) Source

(c) Saddle

(d) None of the above

15Solution to 8: (c)
16Solution to 9: (b)
17Solution to 10: (c)
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20.2.4 How the class went

This class went extremely well. On Question 1, 95% of the students voted for the correct answer, suggesting that

they recalled the previous lecture and were ready for the day’s discussion. I went directly to Question 2, where 68%

voted for the correct question. I consider this to be quite good since I had not at all discussed the geometry before

the question. The class discussion correctly highlighted the features students should look for, and 90% got the next

question (which is the same idea) correct.

Question 4 was the first real test that required significant analysis. On this question, 65% chose the correct answer,

and 35% decided that there was not enough information. Again, the class discussion was on point and resolved the

issue directly.

Question 5 went smoothly, and then we got to Question 6. My suspicion that this would be the most challenging

question in the set was correct, and only one student voted for the correct answer. For the discussion, I polled several

students and had them articulate exactly why they voted for what they did. I saved the student that I suspected had the

correct solution for after several people had given their thoughts. The student with the correct answer gave an excellent

explanation, which I asked him to repeat to help him improve his precision of language. Then, I told the students to find

someone who voted for something different than they had and try to convince them of an answer. I reopened the voting.

This time 58% voted for the correct solution. I felt this was still a bit low, so I used the opportunity to summarize the

correct behavior to reinforce the point. I should also note that it was a good sign that so few got the correct answer on

the second vote for a different reason. This suggested that students were really focusing on the content and not trying

to tailor their responses to signals they picked up from me.

The other questions went smoothly until Question 9. Here, only 10% had the correct solution. I had not defined the

term “dominant eigenvector” and had left the students to figure out the term based upon the context. This seemed to

be the main hangup, so the discussion clarified the issue.

Finally I did a quick summary and gave the notation for the types of equilibrium points and pictures we had seen. I

wrapped up in the final minute with the last question asking for a classification of an equilibrium point. Here 89% of

the students got the correct answer, suggesting that they were still able to compute eigenvalues and connect them to

the summary just presented.

Incidentally, on the next midterm, I asked the following question:

6. [20 points] Describe the different kind of phase plane pictures that can occur for constant coefficient linear

systems of the form

dx

dt
D ax C by

dy

dt
D cx C dy

when the eigenvalues of the system are real, nonzero, and distinct. Include pictures of typical types of systems

and discuss the the eigenvalues corresponding to each type. In each case, you should classify the equilibrium

point at the origin.

Student success on this problem was everything that I could have hoped for.

I should also make a note on the time spent in class. A colleague was observing my class that day, and the first

10 minutes of class were devoted to a survey. This class was a bit shorter than normal since the survey and other

administrative details ate up a good chunk of time. That said, we definitely covered the questions comfortably, and I

was never rushed. Also, the colleague (who had not had experience with voting in the classroom) was very positive

about everything he observed in the class.

20.2.5 Reflection upon the two classes

While these two classes illustrate different approaches to using voting questions in the classroom, given the chance

I would teach both classes again in the same manner. The first class is the usual model that I use to build a lecture

with voting. This style is very effective at keeping the students active and at having the students contend with serious
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mathematical ideas but still allows the instructor to maintain control of the classroom and pace. In fact, if covering a

set amount of content is important for a particular day, a class prepared on the first model can easily be modified on

the fly by dropping voting questions that you don’t have time for. The students will still have the question that you

dropped and can work it on their own later, but you maintain enough flexibility to finish as much material as you need.

I would tend to use the second model for classes that are focused primarily on consequences of previous work. In

the class described, we were focused on consequences of the general analytic solution to the differential equations

we were studying. The students already had all of the tools and just needed the time and prompting to connect to

geometric and qualitative behavior of the solutions. This is an ideal situation for voting and discussion. The focus is

less on covering a lot of ground and more on putting the ideas together.

20.3 Conclusion

If you are new to voting questions and considering adding them to your repertoire, I would summarize my thoughts as

follows. First, decide what role you want the voting questions to play in your class. Do you want them to be mainly

computational and serve to keep the students alert? Do you want them to play a more conceptual role and challenge

the students on the concepts? Do you want them to come before you lecture about a subject? Do you want a blend of

different types of questions? Do you want a portion of the class learning to come through post-voting discussion?

Once you have decided how you want to use voting questions, build your lecture by starting with the questions

that you will use (assuming you have access to a thorough database). Then add any additional content that won’t be

addressed by the voting questions and subsequent discussion.

I think the advantages to doing things this way are numerous. By really focusing on the voting questions, you leave

yourself the flexibility to really go where the student discussion leads. This will lead to a more spontaneous, energetic

class that is focused on where the students are and where they need to be. You will also have a lot of fun!

Finally, do not be afraid to experiment and give your students challenging questions. Often the hardest conceptual

questions lead to the most fruitful discussions and progress. Your students might surprise you quite often as well!
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Classroom voting has become recognized as a powerful teaching technique in many courses including the calculus

sequence (see e.g., [16, 59]). To build on this success, we have developed a library of over 300 classroom voting

questions for differential equations with the primary goal of creating useful student discussions that will help teach

this material (questions available at http://mathquest.carroll.edu).

After writing this collection, the next step was to test the questions by using them in our courses and collecting data

on the voting results. The authors teach at a variety of different institutions, allowing us to see how well this teaching

method worked with different groups of students. Cline, Zullo, and Parker teach at Carroll College in Montana, a small

private liberal arts college with a traditional residential student body, and Harris teaches at a similar institution in Ken-

tucky. Stewart teaches at Hood College in Maryland, a small private liberal arts college with a mix of residential and

commuter students. Storm teaches at Adelphi, a university in New York with a strong regional draw that is primarily a

commuting campus. George teaches at a public high school in Montana.

We found that classroom voting can be a very powerful way of revealing student misconceptions, so that they can be

directly addressed. Rather than trying to anticipate the common difficulties that students have and designing a lesson

to prevent students from making these errors, instead we found it more useful to ask questions which provoked the

errors, helping students to confront these issues directly. As such, often the most useful discussions are produced by

questions where significant percentages of students voted for incorrect answers. Sometimes we have large numbers

of students voting for several different options, which results in very rich discussions as the students defend a variety

of plausible perspectives. Alternatively, we might see a strong majority voting for one particular incorrect answer. In

such cases there may not be much peer-to-peer discussion before a vote, but afterwards, when the class discovers that

this majority is incorrect, they are usually surprised and intrigued to learn how they were mistaken.

In order to identify the questions which provoke the most fruitful discussions, we have been recording voting

statistics, and incorporating these into the teacher’s edition of our question collection. Each instructor can use these

past results to help select the most effective questions for a given class period. Of course, the way that a particular

class votes on a specific question can be affected by a great many factors. For instance, the results depend heavily on
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the context in which the question is asked: at the very beginning of the lesson to introduce a topic, in the middle of

the lesson to apply an idea for the first time, or after the lesson as practice or review. Thus we see that many questions

provoke very different responses from different classes. However, there are some questions which tend to produce

fairly consistent results, posing a significant challenge to different classes, taught by different instructors at different

institutions. Such questions generally focus on an issue of particular difficulty, and thus warrant further examination

and attention in the classroom.

To identify the most consistently challenging questions, we reviewed our database of over 300 voting questions

and considered only those where we had statistics from three or more classes, and further, where on average less than

50% of students voted correctly. The questions below met these criteria, and upon review it appears that all of these

questions help students confront important challenges in this subject matter. They span a wide variety of subjects, and

often reveal fundamental issues that students struggle with.

21.1 Units

Units can be a powerful mathematical tool to determine the meaning of different quantities in a differential equation

or a function, and we expected that our students would be using this tool on a regular basis. Two questions considered

in this paper concern units. The first was asked near the beginning of the course, when students were just beginning

their study of first order linear equations:

The evolution of the temperature of a hot cup of coffee cooling off in a room is described by dT
dt

D

�0:01T C 0:6 where T is in ıF and t is in hours. What are the units of the numbers �0:01 and 0:6?

(a) �0:01ı F, and 0:6ı F

(b) �0:01 per hour, and 0:6ı F per hour

(c) �0:01ı F per hour, and 0:6ı F

(d) neither number has units

a) b) c) d)

Class 1 0% 10% 85% 5%

Class 2 0% 48% 52% 0%

Class 3 8% 0% 92% 0%

Class 4 0% 33% 67% 0%

These results reveal considerable confusion about the most basic ideas concerning how units function in any equa-

tion, such as the principle that quantities which are equal or are summed must have the same units, and the idea that

when we take the product of two quantities, the result has the product of their units.

The other question is from the lesson on second order differential equations, concerning how units operate in a

trigonometric function:

A differential equation is solved by the function y.t/ D 3 sin 2t where y is in meters and t is in seconds.

What units do the numbers 3 and 2 have?

(a) 3 is in meters, 2 is in seconds

(b) 3 is in meters, 2 is in per second

(c) 3 is in meters per second, 2 has no units

(d) 3 is in meters per second, 2 is in seconds

a) b) c) d)

Class 1 0% 37% 0% 63%

Class 2 10% 41% 45% 3%

Class 3 18% 9% 36% 36%

This question is more complex, because the students must understand that the input and the output of the sine

function are dimensionless and therefore that the coefficient 2 must cancel out the units of seconds, and that the units

of y must come from the coefficient 3.
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21.2 Euler’s Method

This procedure for approximating a solution for any differential equation is appealing and powerful. However, the

relative lack of computational complexity may lead students to miss important issues:

We have used Euler’s method to approximate a differential equation with the difference equation znC1 D

1:2zn. We know that the function z.0/ D 3. What is the approximate value of z.2/?

(a) z.2/ � 3:6

(b) z.2/ � 4:32

(c) z.2/ � 5:184

(d) Not enough information is given.

a) b) c) d)

Class 1 0% 77% 18% 6%

Class 2 0% 60% 0% 40%

Class 3 31% 46% 8% 15%

Without knowing the step size that was used in deriving this difference equation, we don’t know how many steps

to take and so we can only conclude that not enough information is given. The most popular answer is (b), where the

students have assumed that the step size is equal to one. This helps emphasize the difference between the independent

variable of our function, which can take on the value of any real number, and the index of our difference equation,

which must be an integer.

21.3 Equilibria

Understanding what equilibria are and how they organize the solution space of a differential equation is very important.

This question was asked when introducing the concept of equilibria, with uniformly devastating results:

The differential equation dy
dt

D .t � 3/.y � 2/ has equilibrium values of

a) y D 2 only

b) t D 3 only

c) y D 2 and t D 3

d) No equilibrium values

a) b) c) d)

Class 1 0% 11% 89% 0%

Class 2 15% 8% 77% 0%

Class 3 4% 0% 96% 0%

Class 4 0% 0% 100% 0%

Class 5 0% 0% 100% 0%

This question required less than two minutes for each vote, yet was a profound surprise for the students. They

understood that the derivative would be zero at an equilibrium value, but in the discussion after the vote did they get

the idea that an equilibrium value is a value of the function for which the derivative equals zero over all values of

the independent variable, so that if we choose it as an initial condition, then the function will remain at this value

permanently. This question also helps to reemphasize that solutions to differential equations are functions. Using ideas

like continuity in order to determine what types of behaviors are possible is a rich area, requiring students to grapple

with some key conceptual issues, as in the question below:

We know that a given differential equation is in the form y0.t/ D f .y/ where f is a continuous function

of y. Suppose that f .5/ D 2 and f .�1/ D �6.
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a) y must have an equilibrium value between y D 5 and y D �1.

b) y must have an equilibrium value between y D 2 and y D �6.

c) This does not necessarily indicate that any equilibrium value exists.

a) b) c)

Class 1 33% 10% 57%

Class 2 57% 43% 0%

Class 3 26% 15% 59%

Class 4 0% 0% 100%

There are two layers to this problem. First they must interpret the notation, and then they must apply the idea of

continuity. Because f is continuous, this means that if f goes from positive to negative, then there must be a zero, an

equilibrium value between them and so the correct answer is (a). Votes for (b) indicate a lack of understanding of the

notation and its meaning since 2 and �6 are y0 not y. (c) is a catch-all for students who didn’t parse the notation or

can’t recall and apply the implications of continuity. Further the students have learned to be cautious about our use of

language in mathematics. “Must” is a very strong word, and so they may be afraid that there are counterexamples that

they haven’t noticed, pushing them to vote for (c) as the less strongly phrased option.

The following question uses the same basic format of an autonomous differential equation and the idea of continuity

to create a much more challenging scenario:

We know that a given differential equation is in the form y0.t/ D f .y/ where f is a continuous function

of y. Suppose that f .6/ D 0, f .14/ D 0, and y.10/ D 10.

a) This means that y.0/ must have been between 6 and 14.

b) This means that y.20/ D 0 is impossible.

c) This means that y.20/ D 20 is impossible.

d) All of the above.

e) None of the above.

a) b) c) d) e)

Class 1 14% 5% 5% 0% 76%

Class 2 0% 0% 4% 0% 96%

Class 3 0% 0% 17% 0% 83%

Class 4 17% 22% 5% 11% 44%

This question focuses on the fundamental idea that no solution trajectory can cross an equilibrium, and so the

equilibria help to organize all possible solutions. Here we have equilibria at 6 and 14, and we know that the function is

between these at t D 10. This means that all past and future values of y are confined between these equilibria and so all

three statements are true. The large numbers of students voting for (e) tell us that they really didn’t get anywhere with

this problem. Again, “impossible” and “must” are strong words, and so they avoid them by voting for (e). In classes

1 and 2, students took about two and a half minutes before registering their votes, and were fairly confident in their

answer, so it was quite dramatic when they discovered that no one got it right, producing a powerful teachable moment.

Even though none of the students voted correctly in three of these classes, we were able to guide very useful student

discussions after the vote, by posing some simple leading questions, like “Does this system have any equilibria?” and

“Is it possible for a solution to cross an equilibrium value?” Most of the students were genuinely surprised to discover

that no one had voted correctly, and so they were intrigued by what they had missed.

Many questions in our database require students to interpret graphical information. Here we ask them how to deter-

mine possible values for parameters:

The figure below plots several functions which all solve the differential equation y0 D ay Cb. What could

be the values of a and b?
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a) a D 1, b D 3

b) a D 2, b D �6

c) a D �1, b D �3

d) a D �2, b D 6

e) b D 3 but a is not easy to tell.

a) b) c) d) e)

Class 1 0% 24% 24% 48% 5%

Class 2 0% 24% 3% 0% 72%

Class 3 9% 9% 0% 27% 55%

The graph shows that y D 3 is a stable equilibrium, thus a < 0, causing the exponential part of the solutions to

decay away, and allowing us to rule out (a) and (b). The equilibrium value of this equation is � b
a

D 3, and so we

can rule out (c) which would give an equilibrium value of �3. The large numbers of students voting for (e) indicate

confusion between the nonhomogenous term b, and the nonzero equilibrium that this produces.

Students are often unused to thinking about what types of values a parameter could have, and how these could affect

the different categories of solutions produced by an equation, as we see in this question from later in the course, as a

preparation to introduce the concept of a bifurcation:

How many equilibria does the differential equation y0 D y2 C a have?

a) Zero

b) One

c) Two

d) Three

e) Not enough information is given.

a) b) c) d) e)

Class 1 0% 13% 8% 4% 75%

Class 2 0% 6% 67% 0% 28%

Class 3 7% 15% 37% 0% 41%

In this case if a is negative, then there are two equilibria, if a is zero then there is one equilibrium, and if a is

positive, then no equilibrium exists. Dealing with parameters is often a major challenge for students, from calculus

into higher courses. The substantial number of students voting for (c), two equilibria, indicates they have not thought

carefully about what this requires them to assume about a.
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21.4 Nonhomogeneous Differential Equations

It is possible that students may master the complex procedures for solving nonhomogeneous differential equations

without developing a real understanding of why these procedures work, and where they come from. Unless the stu-

dents can construct a deeper understanding, then even this superficial procedural knowledge will probably not be

retained. Thus the following question serves as a powerful probe to determine how substantial the students’ concep-

tual knowledge really is:

When we have y0 D 7y C 2x we should conjecture y D C0e7x C C1x C C2. Why do we add the C2?

a) Because the 7y becomes a constant 7 when we take the derivative and we need a term to cancel this

out.

b) Because when we take the derivative of C1x we get a constant C1 and we need a term to cancel this

out.

c) Because this will allow us to match different initial conditions.

d) This does not affect the equation because it goes away when we take the derivative.

a) b) c) d)

Class 1 0% 21% 58% 21%

Class 2 0% 8% 62% 31%

Class 3 0% 13% 80% 7%

Class 4 5% 20% 35% 40%

The most popular answer is (c), which is concerning. The ability of a general solution to match different initial

conditions comes from the solution of the associated homogeneous equation. Here C2 is part of the particular solution,

and thus has nothing to do with initial conditions. This indicates that in none of these classes did the students have

a meaningful understanding of why the various terms in the general solution are necessary. In the following classes,

where we add a sine or a cosine as a nonhomogeneous term to a first order equation, we can revisit this idea again,

asking why we must use both a sine and a cosine to create a particular solution.

21.5 Uniqueness of Solutions

The issue of whether solution trajectories for a given set of initial conditions are unique can be a very abstract concept

for students. However the following question uses this idea in a very tangible setting, in order to help them build a

more concrete understanding of what this means (adapted from [68]):

Based upon observations, Kate developed the differential equation dT
dt

D �0:08.T � 72/ to predict the

temperature in her vanilla chai tea. In the equation, T represents the temperature of the chai in ıF and t

is time. Kate has a cup of chai whose initial temperature is 110ıF and her friend Nate has a cup of chai

whose initial temperature is 120ıF. According to Kate’s model, will there be a point in time when the two

cups of chai have exactly the same temperature?

a) Yes

b) No

c) Can’t tell with the information given

a) b) c)

Class 1 88% 12% 0%

Class 2 73% 27% 0%

Class 3 62% 28% 10%
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Because the derivative given by the differential equation is continuous, this tells us that solutions are unique. Thus,

although both cups of chai asymptotically approach the same equilibrium temperature, they never actually reach this

temperature, and they never merge. This can be non-intuitive for students, and some may point out that after a sufficient

length of time, the temperatures of the two cups will be so close that no thermometer could distinguish between them.

This type of discussion can be very powerful, because it stimulates the students to think carefully about the relationship

between our mathematical model, the actual state of reality, and what exactly we can measure.

21.6 Systems of Differential Equations

Using eigenvalues and eigenvectors to understand the behavior of systems of differential equations is another rich

source of complexity and misconceptions. The following question asks students to qualitatively predict the behavior

of a system based on the eigenvalues and eigenvectors:

The eigenvalues and eigenvectors for the coefficient matrix A in the linear homogeneous system Y 0 D AY

are �1 D 4 with v1 D h1; 2i and �2 D �3 with v2 D h�2; 1i. In the long term, phase trajectories:

a) become parallel to the vector v2 D h�2; 1i.

b) tend towards positive infinity.

c) become parallel to the vector v1 D h1; 2i.

d) tend towards 0.

e) None of the above

a) b) c) d) e)

Class 1 0% 52% 48% 0% 0%

Class 2 0% 29% 53% 18% 0%

Class 3 0% 43% 21% 14% 21%

Option (b) gets significant numbers of votes and is not implausible in this context. However phase trajectories will

be split between positive and negative infinity, depending upon the initial conditions, so this answer is not generally

correct. Instead, solutions will tend to become parallel to the dominant eigenvector.

Interpreting graphical information and determining what it means is a particular challenge for many students. In

the following case we present students with the phase portrait and solution trajectories for a two dimensional system,

asking them to relate these to the eigenvectors and eigenvalues of this system:

Using the phase portrait below for the system Y 0 D AY , we can deduce that the dominant eigenvector is:

a) h�1; 1i

b) h1; 3i

c) h1; �2i

d) There is no dominant eigenvector because there is no vector that is being approached by all of the

solution curves.

e) Not enough information is given.
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a) b) c) d) e)

Class 1 42% 25% 25% 0% 8%

Class 2 47% 12% 0% 29% 12%

Class 3 17% 61% 4% 9% 9%

Class 4 57% 10% 0% 33% 0%

In this diagram the h�1; 1i eigenvector is certainly very eye-catching, and so substantial percentages of students

vote for (a). However, upon closer reflection we see that trajectories are diverging away from this direction, and thus

h1; 3i must be the dominant eigenvector.

21.7 Conclusions

It is important to note that the questions presented here are some of the most difficult and challenging ones in our

collection of over 300 questions, and that unlike these, most of the questions we used caused a majority of students

to vote correctly. However when we used the questions presented above, we found that often only a small minority

of students would vote correctly, and sometimes none at all. An instructor might be concerned about using questions

that provoke such results, and worry that unless a significant number of students vote correctly, it might be difficult

to create a productive classroom discussion. However, our experience is that on the contrary these questions produced

some of the best discussions. We found that students rose to the challenge, and were intrigued to figure out the flaws in

their reasoning. If the necessary ideas were not quickly forthcoming in the post-vote class-wide discussion, it was not

difficult for the instructor to pose a few leading questions and help the students resolve the issues. Note that in these

classes, voting was done purely for student learning and the accuracy of votes did not contribute to student grades,

which prevented student anxiety about voting incorrectly. We often emphasize throughout our courses that these are

not quizzes and the purpose of voting is to help the students discover the ideas together.

What can we learn from this group of questions as a whole? These questions tend to be well focused. Rather than

trying to deal with several issues at once, they usually zero in on one particular challenge, one particular misconception.

The effective distracters are well thought out, and aimed at this one specific error, deliberately designed to provoke

students into making this mistake in class, in an environment where the mistake can be corrected. None of these

questions are computational in nature, asking students to work out a solution to a specific problem. Instead they

focus on qualitative issues and fundamental definitions, asking why we do things in a particular way, or what sorts

of behaviors a system might have. This focus on a specific, key conceptual issue appears to be a hallmark of very

effective questions, and may be an important principle to use when writing new voting questions.

It might appear to be equally easy to write voting questions which are very easy or very hard. However, our expe-

rience is that once a question is successfully integrated into a lesson, most questions produce a substantial majority

voting for the correct answer. Writing voting questions that are genuinely and regularly challenging for our students is

a difficult task, and yet these tend to be the questions which create the richest discussions and appear to stimulate the

greatest learning.

These conceptually challenging questions are worthwhile investments in class time. When selecting the voting

questions for a particular class period, it is often useful to start by considering the available questions which have

robustly produced the weakest results from other classes. The class discussions following the voting on these questions

can be among the richest. Thus the questions we present here are real gems, and we plan to use them regularly when

we teach this material.
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Over the past few years, Holly Zullo, Mark Parker and I have been working on the NSF funded Project MathQUEST

(DUE-0536077) to develop and test a library of over 300 classroom voting questions for linear algebra. We have

found that this teaching technique fits well with the course material. We were consistently impressed with the power

of this teaching method to engage students and create a more active learning environment, while at the same time

students reported that voting made mathematics class more enjoyable. Good classroom voting questions can bring up

the important concepts, so that students engage in this material during class time, and leave class well prepared to

work through the homework exercises.

To develop this collection of questions, we began by dividing up the topics for the course among the three of us.

One person would consider a particular topic, thinking about key ideas, common misconceptions, and the sorts of

leading questions that we could ask in order to help the students discover the fundamental concepts. Then we would

meet together and the other two people would work through the questions before reading the teacher’s commentary

that accompanies each question. We would then discuss each question individually, make revisions, and propose new

questions in order to adequately cover the topic. Our collection currently contains 16 classroom voting questions on

the topic of linear independence and is available at:

mathquest.carroll.edu/libraries/LA.teacher.00.06.pdf.

In order to show how linear algebra can be taught with classroom voting, I discuss a 50-minute class period, from

spring semester 2008, in which I taught the topic of linear independence using a lesson that integrated three of these

classroom voting questions. The course is titled “MA 334 Differential Equations and Linear Algebra II,” and it is a

four credit course, required of all mathematics and engineering majors and minors, usually taken in the spring of a

student’s sophomore year. During this semester, 18 students were enrolled in the course, and all were present during

this period.

In the previous class period we studied linear combinations of vectors in Rn. Before class I reviewed our collection

of 16 questions, and selected five questions which I could potentially use. In the end I had sufficient class time to have

the class vote on three of these questions.

I began the class by quickly defining linear independence, writing an informal definition up on the board: A set of

vectors is linearly independent if none of them can be written as a linear combination of the other vectors in the set, or

equivalently, the only way to produce the zero vector from a linear combination of the vectors in the set is the trivial
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way. I decided not to give them any examples or provide any further discussion, instead asking them to work out the

meaning of this definition with a voting question:

Which set of vectors is linearly independent?

(a) .2; 3/, .8; 12/

(b) .1; 2; 3/, .4; 5; 6/, .7; 8; 9/

(c) .�3; 1; 0/, .4; 5; 2/, .1; 6; 2/

(d) None of these sets are linearly independent.

(e) Exactly two of these sets are linearly independent.

(f) All of these sets are linearly independent.

The students worked hard for five minutes, discussing and debating this question until most of them had clicked

in and so I called for the rest of the class to register their votes. In this course voting has no direct effect on grades.

To ensure that all students vote, I simply perform a head count at the beginning of class, then hold each vote open

until all students have clicked in. The results for this question were 25% for (a), 50% for (b), and 25% for (d). If we

were using this question for assessment, these results would be a disaster, but in this context, they meant that we had

a good starting point for discussion. Further, the post-vote discussion quickly revealed that although 25% of the class

had correctly voted for (d), no one was immediately able to give a clear line of reasoning why this was correct.

Post-vote discussions are often most useful if the instructor is very Socratic, asking students to explain their reason-

ing, but refusing to confirm or deny whether the student is correct, and instead simply going on to the next person and

asking for their thinking. Thus, I began by selecting a student and asking him to explain what he had voted for and why.

The student had voted for (a), explaining that if you have only two vectors in a set, they must be linearly independent:

You can’t make a linear combination with only one vector, so you could never write one vector as a linear combination

of one other vector. I selected another student who agreed with this reasoning. However a student volunteer explained

that he had used the second definition of linear independence, and had made it work: If you multiply the first vector by

negative four, and add this to the second vector, then you get the zero vector. At this point I refocused the discussion,

asking how it was possible for this set to be linearly independent by one definition but linearly dependent by another

definition if the two definitions were equivalent. No one really knew where to go with that, but one student admitted

that we must have done something wrong. So, I asked this student to explain what a linear combination was: The

student successfully explained that to get a linear combination you multiply each vector by a scalar and then you add

them up. I followed this up, asking what you would get if you made a linear combination from a single vector. Now

several students got the point, volunteering to explain that when you make a linear combination with a single vector,

you can get any multiple of that vector, and so in this case the vector .8; 12/ can be written as a linear combination of

the other vector in the set, .2; 3/, because it’s a multiple of this vector.

Once this fundamental issue was settled, I picked another student and asked him to explain what he had voted for

and why. This student had voted for (b), explaining that (c) could not be right because you can get the third vector by

simply adding up the first two. However the student said that he could not see any way to write .7; 8; 9/ as a linear

combination of .1; 2; 3/ and .4; 5; 6/. I replied by asking how you could tell whether it is really impossible to write

one vector as a linear combination of two others, or whether you’re just not seeing the right way to do this. The student

couldn’t identify any general method to resolve this issue, but at this point another student volunteered with a solution

for this particular problem, pointing out that if you multiply .4; 5; 6/ by 2, and then subtract .1; 2; 3/, you get .7; 8; 9/,

and so this means that this set is dependent. With all three sets of vectors established as dependent, we went on to

another question:

Which subsets of the set of the vectors shown below are linearly dependent?

t

w

u

v
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(a) u, w

(b) t , w

(c) t , v

(d) t , u, v

(e) None of these sets are linearly dependent.

(f) More than one of these sets is linearly dependent.

This question resulted in another protracted pre-vote discussion, lasting four minutes, before a strong majority of

the class had voted, and I called time. The chart showed that 44% of the class had voted for (b), 6% for (c), and 50%

for (f). The first student I called on was confused and had interpreted the definition of linear independence backwards.

This may have been an issue because up until this point I had only discussed independence, however the question

asked about dependence. So I defined both terms: A set of vectors is linearly independent if you cannot write one as

a linear combination of the others. A set of vectors is linearly dependent if you can write one as a linear combination

of the others. Once this issue was cleared up, the student could explain that set (b) was dependent, because t and w

were multiples of each other. The next student I called on stated that set (d) was linearly dependent as well, and so I

asked how he knew this. He explained that there must be some way to make a linear combination of these vectors add

up to zero, but wasn’t sure exactly how this could be done. I asked how you add vectors graphically. He explained the

tip-to-tail technique, and then began proposing different possibilities, which I sketched on the board. He came to the

idea that u � v would be in the same direction as t , and so if we multiplied t by the right number, we could get these

three to all cancel out. Once this issue was resolved, a student brought up the more general question, conjecturing that

no set of three vectors in two dimensions could be linearly independent, and I confirmed his graphical intuition on this

point.

Now I returned to the question that had come up earlier: Suppose you have a set of vectors. What’s a general method

for determining whether or not they are linearly independent? This was not obvious to the students, so I wrote out the

problem on the board more formally: I want to find constants c1; c2; c3; : : : so that c1 Ev1 Cc2Ev2 Cc3 Ev3 C� � � D E0. Now

a student volunteered the idea that we want to put these vectors into a matrix and put it in reduced row echelon form.

I followed up by asking how these vectors would go into this matrix: Would we put them in the rows or the columns?

Another student explained that the vectors would be the columns of the matrix, and that we could then augment it with

a column of zeros, to see if it was possible to get the zero vector as a linear combination of the others. This is often an

issue my classes: I introduce the Gaussian elimination process with the task of using an augmented matrix to solve a

system of nonhomogeneous equations, and the students conclude that if we put a matrix in reduced row echelon form,

it must be an augmented matrix. So, to deal with this, I asked: If we start out with a column of zeros, and we perform

row operations, could there ever be anything but zeros in this column? Phrased in this way, the students could correctly

state that this column would always contain zeros, and so augmenting the matrix is unnecessary.

Now the students were ready for the next question:

Suppose you wish to determine whether a set of vectors is linearly independent. You form a matrix with

those vectors as the columns, and you calculate its reduced row echelon form,

R D

2

6

6

4

1 0 0 1

0 1 0 1

0 0 1 2

0 0 0 0

3

7

7

5

:

What do you decide?

(a) These vectors are linearly independent.

(b) These vectors are not linearly independent.

The class discussed this question for four minutes and thirty seconds, then 41% voted for (a) and 59% voted for (b).

However the post-vote discussion quickly showed that although a majority had voted correctly, they could not provide

a sound mathematical argument to back up their vote. One stated that we did not receive the identity matrix, and so

the vectors were dependent, but when I asked “Why would an identity matrix tell us that these are independent?” he
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had no response. So I asked: what set of equations does this matrix represent? The first student replied by saying that

c1 D 1, c2 D 1, c3 D 2, and since we got a solution, this means that there is a nontrivial way to make the zero vector,

so they are independent. Now another student volunteered that this is not an augmented matrix, so we had four vectors

to begin with, so we need four coefficients, not three. Rather than clarifying this myself, I let the students sort out the

issue, which happened fairly readily because most students were quite invested in the process. I could then write out

the equations on the board: c1 C c4 D 0, c2 C c4 D 0, and c3 C 2c4 D 0. Now that we had the equations right, I could

ask: What does this mean? At this point the conclusion was fairly straight forward: We had a nontrivial solution to the

problem, and so the vectors are not linearly independent.

After this discussion, time was quickly running out, and so I summarized the key points of the lesson and dismissed

the class. Within this class period I called on all of the 18 students present by name at least once, and many students

spoke up several times. In the days that followed, I found that this lesson had given the students sufficient preparation

for the homework assignment, which included several exercises where students had to evaluate a set of vectors for

linear independence, and find a nontrivial way to produce the zero vector from a linear combination of these if the set

was dependent.

In the class period discussed above, I posed three voting questions, the discussion and resolution of which consumed

almost the entire period. However I selected three questions which together addressed the important points in the

lesson: In order to give good answers to these questions, the students had to demonstrate mastery over the teaching

goals. This also illustrates the importance of the post-vote discussions. Merely because students voted correctly did

not mean that they understood the issues. But the requirement of choosing one of the options forced them to really

consider the question, and the knowledge that they could be called upon in the post-vote discussion pushed them to

take the question seriously. As a result, they were invested in the question, they genuinely wanted to see how things

would be resolved after the vote, and so they were firmly engaged in the discussion that followed.

In general, I have found that to be successful, classroom voting must be integral to the lesson, an absolutely essential

part of the teaching process. The voting must be used in such a way that if a student were to tune out for the voting

questions and discussion, this student would miss vital points and would probably be unable to do the homework.

Conversely, if the voting is used as an optional add-on, so that anything taught through voting is also taught through

traditional lecture, then the students quickly recognize this, and become impatient with the voting, unwilling to invest

much effort in something which is not crucial to the learning process. The lesson described above thus demonstrates

how classroom voting can be used to teach new material, through a process of question, discussion, resolution, and

generalization.

Acknowledgements This paper is based on work supported by a National Science Foundation Grant (DUE 0536077
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23
Lesson Planning with Classroom Voting: An

Example from Linear Algebra

Holly Zullo
Carroll College

23.1 Introduction

Planning a lesson with classroom voting requires many of the same strategies as planning a lesson to be delivered

through a lecture. First and foremost, a good lesson plan begins with a clear set of goals, and those goals must be kept

in mind as the lesson is developed. Of course, the material must be approached in a logical order. Finally, a bit more

flexibility is needed in a classroom voting lesson plan than a traditional lesson plan, since any given discussion can

run much longer or shorter than anticipated.

Not too long ago, teaching with classroom voting involved the time-consuming process of writing questions for each

class period. Now several people have made their questions available as public libraries (see the links at mathquest.

carroll.edu/resources.html), saving the newcomer vast amounts of time. However, working with a large

library poses a different set of problems when planning a lesson, in that there are often so many excellent questions

that there is not time to use all of them. This, then, leaves us in the familiar situation of having so much that we want

to share with our students about a particular topic that we are forced to pick and choose. If we do not choose carefully,

then we spend valuable class time on ideas that may be a lot of fun and interesting, but which are not central to our

course goals.

To make sure I stay on track, when I plan a lesson with a vast question library I begin by explicitly writing down

my goals for the lesson. (Yes, we should always do this as educators, but how many of us really do?) This step can

help me immediately rule out some questions because they simply do not support my lesson goals. Next I study the

questions and think carefully about the material to decide whether I need to introduce the topic with a brief lecture,

or whether there is a question that will introduce the topic for me. Whenever possible, I like to ask questions that will

lead the students to discover ideas on their own rather than tell them about those ideas through lecture. If I do have

to introduce an idea with lecture, then I use the voting questions to deepen the students’ understanding and to provide

them with examples. As I select questions for my lecture, I make a note about the point of each question. This helps

me to double-check that the question supports my lesson goals, and it helps me in class if I run short of time and need

to skip some questions. All of this lesson-planning is done in conjunction with planning the homework assignment. As

with any sort of lesson, I want to make sure that the topics presented in class are reinforced on the homework; students

should have enough background to do the homework, yet the homework problems should push the students to deepen

their thinking. I’ll illustrate these ideas with an actual linear algebra lesson plan from Spring 2008, in which I used the

Project MathQUEST linear algebra question library (mathquest.carroll.edu/la.html).
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23.2 Planning the Lesson: Matrix Multiplication and Inverses

My full lesson plan for this material is shown in Figure 23.1. Students already had some exposure to matrix multiplica-

tion from a computer lab earlier in the week, and I assume they saw it in high school as well. Many students have seen

matrix inverses in high school, but most don’t have a great working knowledge of them. So my goals for the day were

to be sure students know how matrix multiplication works, have them be comfortable writing a system of equations

in Ax D b format, and to introduce matrix inverses. In particular, I wanted them to know how to find the inverse of a

matrix by augmenting the matrix with the identity matrix and row reducing, and to understand how the invertibility of

the coefficient matrix relates to the number of solutions to a system of equations.

With these goals in mind, I studied our question bank. We had 13 questions related to matrix multiplication and ten

questions on matrix inverses. Given an unlimited amount of time, I would love to have asked all of them; but with

limited class time for each topic, I had to select only a few.

Goals:

� Be sure they know how matrix multiplication works.

� Write system of equations in Ax D b format.

� Introduce matrix inverses.

– Find with rref

– Tie to solutions of systems

Matrix Multiplication

Voting #1 (how to multiply matrices — they should do by hand!)

Voting #2 (more on how to multiply)

Voting #3 (application — when do matrix operations make sense?)

Matrix Inverses

Define inverse of a matrix.

Find inverse by solving AB D I .

Can also use A�1 on calculator or Matlab.

Voting #4 (how a matrix can fail to have an inverse)

Voting #5 (solutions to AX D 0)

Voting #6 (AB D AC , does B D C ?)

Voting #7 (must always multiply on same side)

Voting #8 (can solve by taking inverse of both sides)

Figure 23.1. Lesson Plan for Matrix Multiplication and Matrix Inverses

23.3 Matrix Multiplication

Since I expected the students to already know how to multiply two matrices, I opened the lesson by asking Question

1 — just to be sure they all had the idea. I emphasized that they should do this question by hand, not with their

calculators.

Question 1. Calculate

�

2 0

�3 1

�

�

�

0 �1

2 2

�

:

(a)

�

3 �1

�2 2

�

(b)

�

0 �2

2 5

�
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(c)

�

0 0

�6 2

�

(d) None of the above

(e) This matrix multiplication is impossible.

[Correct answer: b]

The results indicated that this question was, indeed, worthwhile: 4% voted for (a), 54% for (b), 14% for (c), 25%

for (d), and 4% for (e). The students spent a little over two-and-a-half minutes working on this problem. The post-vote

discussion was short; someone explained how to multiply matrices, and the class was ready for bigger challenges. Note

that answer (c) comes from the misconception of multiplying the entries pair-wise, as matrix addition is performed,

and answer (d) is the catch-all for computational errors.

My next question to the class was an attempt to get them to focus on the row-times-column idea of matrix multipli-

cation.

Question 2. If

A D

2

4

2 3 1

0 �1 3

�2 0 4

3

5 and B D

2

4

3 0 2

1 2 �1

3 1 0

3

5

what is the .3; 2/-entry of AB? (You should be able to determine this without computing the entire matrix

product.)

(a) 1

(b) 3

(c) 4

(d) 8

[Correct answer: c]

This time 75% of the students correctly answered (c) after two-and-a-half minutes of work. The follow-up discussion

centered on avoiding doing the whole multiplication and finding the quick way to do this problem.

With the mechanics of matrix multiplication firmly in hand, my final question on this topic was an application

problem. We had not discussed how matrix multiplication might be used in applied settings; I hoped the students

would figure that out by using their understanding of the multiplication process.

Question 3. You have a business that sells tables and chairs. You have brown tables and white tables, and

corresponding chairs. Your May sales are 4 brown tables, 6 white tables, 20 brown chairs, and 24 white

chairs, which is represented by the matrix M D

�

4 6

20 24

�

; were the first row is tables, the second row

is chairs, the first column is brown items, and the second column is white items. Your June sales are given

by the analogous matrix J , where J D

�

6 8

22 32

�

: Which of the following matrix operations would

make sense in this scenario? Be prepared to explain what the result tells you.

(a) M C J

(b) M � J

(c) 1:2J

(d) MJ

(e) All of the above make sense.

(f) More than one, but not all, of the above make sense.

[Correct answer: f ]

The students again took two-and-a-half minutes to vote, with the following results: 36% for (a), 4% for (d), and 57%

for (f). The students who voted for answer (a) generally voted before checking the other answers. A brief discussion

clarified that the students who voted for answer (f) had correctly identified that only answer (d) would not make sense.
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23.4 Matrix Inverses

With matrix multiplication behind us, it was time to start matrix inverses. I didn’t think this was a topic I could

just dive into without introduction, so I gave a brief lecture of about 10 minutes in which I defined the inverse of a

matrix, demonstrated that students could find the inverse by augmenting their matrix with the identity matrix and row

reducing, and quickly showed an easy way to find inverses on the calculator. Then we turned back to voting, beginning

with Question 4.

Question 4. When we put a matrix A into reduced row echelon form, we get the matrix

�

1 2

0 0

�

. This

means that

(a) Matrix A has no inverse.

(b) The matrix we have found is the inverse of matrix A.

(c) Matrix A has an inverse, but this isn’t it.

(d) This tells us nothing about whether A has an inverse.

[Correct answer: a]

Only 22% of the students correctly voted for answer (a), 7% picked (b), 26% (c), and 44% chose (d). Clearly the

students did not get as much as I might have hoped out of my little talk about finding inverses by row reducing. This

question provided a great opportunity to discuss that idea in more detail to understand why this result means that our

matrix is not invertible.

The next question required students to connect several ideas.

Question 5. We find that for a square coefficient matrix A, the homogeneous matrix equation

AX D

2

4

0

0

0

3

5

has only the trivial solution,

X D

2

4

0

0

0

3

5 :

This means that

(a) Matrix A has no inverse.

(b) Matrix A has an inverse.

(c) This tells us nothing about whether A has an inverse.

[Correct answer: b]

The students struggled with this question for nearly three minutes before registering their votes. 7% voted for

(a), 15% correctly voted for (b), and 78% voted for (c). The ensuing discussion provided an excellent opportunity

for students to actively engage their minds as they sorted through the implications of the zero-vector being the only

solution to this system. This question was the class’s first exposure to this sort of connection, and while they had

difficulties with this question, the concepts here were revisited several times on homework, exams, and in class. Later

questions on this idea in future class periods generated much larger percentages of students voting correctly.

Class time was nearly over at this point, so I had to pick just one of the three questions remaining in my lesson

plan. This is where my notes about each question come in handy. If there is still a critical idea that has not been

covered, I will certainly pick that question. Sometimes I’m in the lucky position where all of the remaining questions

are “interesting side trips” or “fun depths to explore,” and in that case I will usually glance through the voting statistics

from previous years and pick a question that seems to be challenging. This time I really wanted to cover the next

question in line, so I stayed with my original order.
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Question 6. True or False If A, B , and C are square matrices and we know that AB D AC , this means

that matrix B is equal to matrix C . [Correct answer: False]

One-third of the students voted True on this question, while two-thirdsvoted False. The post-vote discussion allowed

us the opportunity to discuss how we solve this equation when A is invertible, as well as the implications of A not

being invertible. When time allows, it is nice to ask students for specific matrices that demonstrate the fallacy of this

statement.

The questions I did not get to were as follows:

Question 7. True or False Suppose that A, B , and C are square matrices, and CA D B , and A is

invertible. This means that C D A�1B . [Correct answer: False]

Question . We know that .5A/�1 D

�

1 0

0 1

�

: What is matrix A?

(a)

�

1 0

0 1

�

(b)

�

5 0

0 5

�

(c)

�

1=5 0

0 1=5

�

(d)

�

�5 0

0 �5

�

(e) There is no matrix A which solves this equation.

[Correct answer: c]

23.5 Lesson Summary

This lesson plan probably could have been completed, except that I had started class by wrapping up some material

from the previous day. When I don’t get through all of the questions I had hoped to, I will frequently pick one to start

the next class period with, thus providing an opportunity for review. This time, though, I decided I had met my lesson

goals and the issues in the remaining two questions would be handled sufficiently in the homework assignment, so I

began the next day with a new topic.

23.6 Conclusions

Any lesson, with any teaching method, should be carefully planned. If anything, though, that care needs to be elevated

when planning a lesson that includes a significant amount of student discussion. The length and quality of discussions

can vary greatly from class to class, so the lesson plan must be flexible enough to allow for these variations and still

cover the necessary material. An added risk with classroom voting is spending too much time on questions that, as

instructors, we find fun and interesting, but that really are not central to our learning objectives.

I recommend carefully writing out the goals for each lesson, before thinking about voting questions. When selecting

questions for the lesson, whether from a question library or by writing your own, be sure that each question is in line

with the lesson goals and that you know what you hope to teach with the question. Finally, select two or three “wish

list” questions that you can include or leave out, depending on the pace of the actual class period. Then be prepared

for all the fun and lively discussions that will propel your students through the concepts of mathematics.
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Using Clickers to Enhance Learning in

Upper-Level Mathematics Courses

Patti Frazer Lock
St. Lawrence University

24.1 Introduction

I began using clickers in the classroom in Fall 2005. Before using them, I was skeptical about their value. Indeed, my

initial bias was very much against multiple choice questions and against what I perceived as the impersonal nature of

the technology. Nonetheless, I was intrigued by (and helping to co-author) the collection of ConcepTests available as

a supplement to Calculus, by Hughes-Hallett, et.al. I decided to experiment with using both the ConcepTests and the

clickers in my calculus classes in 2005. From the very first semester, my students loved this addition to the course.

Also, to my great surprise, the use of clickers and ConcepTests significantly increased the interactive conversations in

the classroom. Student engagement with the material was noticeably higher and objective evaluations (such as grades

on final exams) improved. I have been using the clickers ever since, and (at the urging of my students) have expanded

their use into my upper level classes as well. This paper is about using the clickers in a 200-level Introduction to Proofs

course and a 300-level Abstract Algebra course.

All the clicker questions used in the Introduction to Proofs course and the Abstract Algebra course (as well as a

300-level Graph Theory course) were written by me, and I am happy to share them. They are available off my page on

the St. Lawrence University website myslu.stlawu.edu/˜plock. A link to this page can also be found on the

Math QUEST homepage.

24.2 Background

St. Lawrence University is a highly selective private liberal arts college of about 2,000 students located in Northern

New York State. The number of students in classes in which I’ve used the clickers has ranged from 19 to 40. Students

purchase the clickers individually and use the same clicker throughout the semester. They are expected to bring the

clicker (which is about the size of a cell phone) to every class. The clicker software automatically keeps track of

student responses and keeps an automatic gradebook. Each student’s “clicker grade” is a factor in the final grade in

the course but minimally: the clicker grade counts about 5% of the final grade. Furthermore, about half of a student’s

clicker grade is based only on participation (being there and thinking about the questions and entering an answer, even

if it is wrong) while the other half is based on the number of correct answers. This balance of some credit for effort
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and more credit for accuracy has worked well. I believe that having the grade count is important to having students

care about getting the right answer and having the grade not count too much is important to student enjoyment of this

aspect of the course. The focus on participation also meant that I could feel free to ask significantly more difficult and

thought-provoking questions, and to ask questions about topics that were just being introduced.

Clickers are used by some faculty members as an important piece of student assessment, with questions being asked

after students have had a chance to internalize the concepts. The clicker questions in this scenario replace to some

extent the use of pencil and paper quizzes or problem sets. This is not how I use the clickers. My clicker questions

are asked in real time, as topics are being introduced and discussed. The clicker questions in most cases are, in fact,

the same questions I have always asked my class. The difference is that instead of some students thinking about the

answer and one or two actually answering, now all the students have to think about the answer and engage the current

topic enough to select an answer. The point of the clicker questions, for me, is to increase student engagement and

participation in the class as we engage new material, rather than as a new form of assessment. My goal is to keep

students focused and actively thinking throughout the class time.

24.3 Clickers in the Classroom

In my courses, clicker questions are a part of most classes, although not all. Whether or not clicker questions are

asked in a given class depends more on whether I had time to make up the questions than on whether such questions

worked for the topic. As I got better at making up clicker questions, I found they seemed to work for almost any topic.

I also found that coming up with the questions became very natural. The biggest draw on my time is the time spent

typing them into PowerPoint, not conceiving them. Once the clicker software is installed on a machine, converting the

questions from PowerPoint slides to clicker questions is extremely easy and quick.

In those classes in which I ask clicker questions, there are generally between 5 and 10 questions asked in a 90-minute

class, usually taking between 5 and 15 minutes but occasionally lasting significantly longer if the questions really spark

conversation. The clicker questions are sometimes asked all together (sometimes at the beginning, sometimes at the

end, and everything in between) and sometimes spread out throughout the class.

Clicker questions are displayed on a PowerPoint slide and students are given an appropriate amount of time (which

varies widely depending on the difficulty of the question, from 10 seconds to 5 minutes or longer) to think about the

answer. The timer is then started and the students have 30 seconds to “click in” with their answers. When time runs

out, a histogram appears showing the distribution of answers. The students cannot tell who answered what — in this

sense, the answers are anonymous — although an internal gradebook keeps track of all answers so that I have all the

information. After the histogram appears, we talk as a class about the ideas in the question. We talk for a longer time

if the answers were all over the place and we move right on (and cheer!) if the answers were 100% correct.

In my classes, each clicker question is asked only once, although in many cases I have a follow-up clone question.

The first question gets the students engaged with an idea, while the second question (virtually identical to me but

sometimes not at all to them) — asked after discussing the first — plants the concept more firmly in their minds and

lets me know whether they now understand. Students answer the questions individually, rather than in groups, although

I never explicitly rule out conversation. I know that others have had great success using the clicker technology in

conjunction with pair or group conversations followed by repeating the question. I made the decisions I did (individual

responses obtained only once per question) solely in the interest of time. Class time is very valuable and I wanted

clickers to be a part of the class but not to dominate the class.

Clickers can be used in many effective ways. One option is to ask deep thought-provoking questions that generate

significant classroom conversation. That option is discussed in depth elsewhere in this volume; in this article I will

focus more on using clicker questions to keep students engaged as a topic is introduced. The questions described in

this article, therefore, are more straightforward and are intended to serve as a vehicle to help all students stay engaged

and thinking throughout the class. These questions are asked during the class in which the topic is introduced, and

are designed to ensure that students understand the basics before we move on. Even these relatively straightforward

questions dramatically increase classroom conversations. Many more questions, comments, and “what if” type ques-

tions are generated when every student in the class needs to process the ideas as we discuss them. These concepts are

not easy and getting students to actively engage with them right from the beginning can be a huge aid in the learning

process.
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24.4 Using Clicker Questions in an Introduction to Proofs Course

Our Introduction to Proofs course (officially called A Bridge to Higher Mathematics) is a required sophomore-level

course for our majors and is a prerequisite for our upper-level theory courses. The goal is to get students comfortable

with some of the basic ideas in mathematics (basic set theory, one-to-one and onto functions, equivalence relations,

basic ideas in cardinality) while helping them develop facility in writing mathematical proofs. In teaching the writing

of proofs, I hope that the students will get comfortable with the basic mechanics of such things as induction proofs,

proofs of if-then statements, set containment proofs, etc. On the other hand, I also want the students to appreciate

the explorative and creative nature of mathematics and to feel able to develop their own style in writing proofs. For

me, getting this balance right is one of the most difficult parts of teaching this course. Using clicker questions to help

students understand the basic ideas and the rudiments of proof has allowed me to increase class time on the exploratory

aspects of mathematics.

In the class in which set operations are introduced, I use many clicker questions such as:

Assume A D .�1; 3/ and B D Œ2; 5�. What is A \ B?

(1) .�1; 2/ (2) .�1; 2� (3) .�1; 5/ (4) .�1; 5� (5) .2; 3/

(6) Œ2; 3/ (7) .2; 3� (8) Œ2; 3� (9) .3; 5� (10) Œ3; 5�

[Answer: (6).]

This is an easy and quick question, and a natural one to ask in a course such as this. The advantage of using it as a

clicker question is that before we continue on to do more with set operations, every student in the class has to focus

and internalize the notation and meaning of intersection. It greatly reduces the chances that they will be completely

tuning me out!

In an early class on proofs, I use these two back-to-back questions:

“If A � B , then A [ C � B [ C .” What is the best first sentence of a formal direct proof?

(1) Assume A [ C . (2) Assume A � B . (3) Let x 2 B [ C .

(4) Let x 2 A. (5) Let x 2 A � B . (6) Let A D f1; 2; 3; 4g and B D f2; 4; 6g.

[Answer: (2).]

And then:

“If A � B , then A [ C � B [ C .” What is the best second sentence of this proof?

(1) Assume A [ C . (2) Assume A � B . (3) Let x 2 A [ C .

(4) Let x 2 A. (5) Let x 2 B [ C . (6) Let A D f1; 2; 3; 4g and B D f2; 4; 6g.

[Answer: (3).]

Every single student (in a class of 39) got the basics of implication proofs and set containment proofs very quickly.

This has not been my previous experience in teaching this course. These slides also provoked additional conversation

as the students became comfortable with set notation. We talked about, for example, which of the answer options in

the two previous questions even made sense as a sentence.

From a class on composition of functions:

Assume f W A ! B and g W B ! C are functions. What is the domain of g ı f ?

(1) A (2) B (3) C (4) f (5) g

(6) B ı A (7) B ı C (8) f ı g (9) g ı f (10) A [ B

[Answer: (1).]

And from a class on one-to-one and onto functions:

Define f W R � R ! R by f .x; y/ D x � y. (f is the multiplication function). Is f one-to-one?

(1) Yes (2) No (3) I have absolutely no idea.

[Answer: (2).]
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These are pretty standard questions. The benefit is not that the questions are brilliant. The benefit is that the students,

as soon as you have defined composition or a one-to-one function, are required to focus on what the concept really

means. Getting the basic ideas down quickly makes the harder stuff a great deal easier.

The questions can also be more thought-provoking and designed to get the students to begin thinking about harder

ideas. In each of the next two questions, students received credit for every answer (right or wrong) since we were

just beginning our discussion of cardinality and the point was not to check understanding of a concept but rather to

get them thinking in new ways. Both questions prompted lots of conversation and set the stage for our discussions on

cardinality.

Does there exist a function from the set of positive integers to the set of all integers which is onto?

(1) Yes (2) No

[Answer: (1).]

Does there exist a function from the set of positive rational numbers to the set of positive integers which

is one-to-one?

(1) Yes (2) No

[Answer: (1).]

I also asked clicker questions before these two that asked about functions in the other direction (i.e., Does there exist

a function from the set of all integers to the set of positive integers which is onto? Does there exist a function from

the set of positive integers to the set of positive rational numbers which is one-to-one?) These are easy questions for

students who really understand the concepts, and are a great way to take the pulse of a class on how many are getting

it. The first question (onto function from integers to positive integers) sparks a good conversation about what to do

with zero.

The following question is one of only a few that I ask twice. (I love this question and it did not originate with me.

I’ve been using it in different forms for so many years that I have long since lost track of where it came from. I send

my thanks and apologies to the creative genius behind it.)

Here is a statement about the set of four cards shown below: “If a card has a vowel on one side, then it has

an odd number on the other side.”

A 6 B 5

If you want to turn over the minimum number of cards to determine if the statement is true, which cards

do you have to turn over?

(1) A (2) 6 (3) B (4) 5 (5) A and 5

(6) A and B (7) A and 6 (8) B and 6 (9) None of them (10) All of them

[Answer: (7).]

I ask this question first very early in the course, before we have talked about implications and the converse and

contrapositive. Only a few students get the correct answer, and many will argue with me about the answer. Apparently,

the contrapositive and, indeed, the whole notion of implication, are not naturally intuitive. The question generates

lively discussion. I ask a very similar question again near the end of the course. I’m happy to report that most of them

get it right the second time around.

24.5 Using Clicker Questions in an Abstract Algebra Course

The role the clicker questions play in my Abstract Algebra Course is very similar to the role they play in my Introduc-

tion to Proofs course. The course is a Group Theory course, and as soon as we define a group and do a few examples

in class, we have a series of clicker questions such as the following:
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Is .ZC; C/ a group?

(1) Yes (2) No

[Answer: (2).]

Why is .ZC; C/ not a group?

(1) I have no idea. What the heck is a group?

(2) C is not a binary operation on this set.

(3) C is not associative.

(4) There is no identity (and hence no inverses).

(5) There are no inverses.

(6) All of the above (except (1)).

[Answer: (4).]

Cosets seem to be a particularly hard concept for the students, so some quick clicker questions such as the following

can help them internalize the concept.

If H is the subgroup h3i in Z12, then H2 D

(1) 5 (2) 14 (3) f3; 6; 9; 0g [ f2g

(4) f5; 8; 11; 2g (5) f5; 6; 9; 0g (6) f3; 2; 5g

[Answer: (4).]

Clicker questions can require the students to think ahead about what makes sense before you write it on the board,

as in the following question:

Let H be a normal subgroup of a group G. We can define � W G ! G=H by:

(1) �.ab/ D �.a/�.b/ (2) �.a/ D Ha (3) �.Ha/ D a

(4) �.ab/ D Hab (5) �.ab/ D HaHb

[Answer: (2).]

I often use clicker questions to get the students to think through the outline of a proof, as in the following question:

To use the First Isomorphism Theorem to show that Q8=hI i � V , we first:

(1) Define a function � W Q8 ! hI i.

(2) Define a function � W Q8 ! Q8=hI i.

(3) Define a function � W Q8=hI i ! V .

(4) Define a function � W Q8 ! V .

(5) Show Q8=hI i and V are both abelian.

(6) Show Q8=hI i and V are both cyclic.

[Answer: (4).]

Follow-up questions ask them to outline the entire proof of this result.

As another example, the entire proof that every cyclic group is abelian is done in class with clicker questions, with

every sentence a separate clicker question (“Of the options given, the best next sentence in the proof would be.. . . ”).

24.6 Outcomes

All of the clicker questions I’ve included here are questions that could be asked in class anyway or asked on homework

or exams. The key differences with clicker questions are twofold. First, all students must participate and second,

feedback is immediate. Also, clicker questions are fun!

I list here several outcomes I’ve observed since I started using clicker questions.
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1. There is more laughter in the classroom. This is an outcome I did not expect, and is an advantage that should

not be underestimated. The students enjoy the whole process of using the clickers and in every class I have used them

in, it has spawned class jokes and increased the sense of community in the classroom. (I find it ironic that the clickers

I worried would be so impersonal have had exactly the opposite effect. I think this makes me old.)

I also have started throwing in extraneous just-for-fun questions that are designed so that students get credit for

every answer. For example, in February 2007, I asked:

Who won the SuperBowl on Sunday?

(1) Dallas (2) Indianapolis

(3) New England (4) Pittsburgh

(5) Seattle (6) Tampa Bay

(7) Brazil (8) Notre Dame

The correct answer is (2), but, yes, even answering “Brazil” received credit.

I asked the following question before Harry Potter Book 7 arrived and it caused so much conversation that I had

to shut down the talking to get on with the class. It has been fun both for me and the students to ask some random

questions such as this.

Do you believe Severus Snape is good or evil?

(1) Good (2) Evil (3) Who the heck is Severus Snape???

2. There is more focus on conceptual understanding. This is another outcome I did not expect. The very act of

coming up with the clicker questions has made me more conscious of the concepts that I really want to get across.

Also, I’ve learned that making sure definitions are understood quickly is critical. If I introduce a definition at the start

of class and then spend the next hour and a half elaborating on it, my students would be very confused and behind by

the end of class if they did not really understand the initial definition. Having the capability now of finding out quickly

and easily if they “get” the initial definition has made classes more productive. It has also allowed us to focus more as

a class on the underlying concepts. This is much better than having me repeat a definition multiple times thinking that

somehow the students will hear it correctly one of the times!

3. The clickers allow all students in the class to give feedback. The students who are lost appreciate the clickers

because they provide an anonymous (to the other students) and not embarrassing way for them to let me know that

they are confused and that I need to spend more time on that topic. The quiet and smart students like the clickers

because they now have a way to let me know that they understand, even when it might not be their style to wave their

hand in the air to volunteer ideas. Indeed, the clickers are liked by loud students and quiet students, smart students and

not-so-smart students, competitive students and not-at-all competitive students. I first used the clickers in the Intro to

Proof class because the students who had used them in my calculus classes strongly encouraged me to do so. I then

first used the clickers in Abstract Algebra because the students who had used them in my Intro to Proofs class or my

calculus classes strongly encouraged me to do so. The students almost universally seem to really enjoy this aspect of

the class. (I should add that I think if I were using clickers as an efficient way to give quizzes instead of as a way to

take the pulse of the class, this student response to the clickers would probably be substantially different.)

4. There is increased awareness on my part of actual student comprehension. I can usually, but not always,

predict how students will do on a clicker question. Sometimes I have been spectacularly wrong! Sometimes students

will surprise me positively, doing very well on a question that I thought they would find difficult. More often, I will see

that they are confused on a question that I thought would be very easy. When this happens, I am usually able to clear

up the confusion relatively quickly. The class from there on out is much more productive than it would have been if I

had not been aware that the confusion even existed. Both the students and I appreciate this very quick way to gauge

understanding.

5. There is additional variety in classroom activities and in assessment. Variety during class time is good! Variety

in assessment is good! I like this extra way to mix it up a bit.
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6. By objective measures, my students’ understanding and ability have improved. On problem sets and final

exams that are relatively consistent with earlier ones, students have performed significantly, although not dramatically,

better. The improvement has been substantial enough that I have had to consciously make my exams harder in these

courses. In certain specific learning areas, the clicker questions have had a dramatic and obvious positive impact on

learning. (These include internalizing the meaning of key definitions as well as increased proficiency in the basics

of proving theorems.) In other areas, the impact is negligible. (These would include the need to try to create a coun-

terexample before starting a proof to develop some intuition for why it might be true.) For me, the increased student

engagement in class is at least as important as the increased scores on the final exams (and, of course, the two outcomes

are certainly correlated.)

7. All the choices we make in education impact our time — both our preparation time and our time in class —

and clickers are no different. Class time is very valuable and we have to think carefully about how to spend it. The

10 to 15 minutes spent in class on clicker questions means that much less time to do other things: less time to cover

additional material, to present another example on the board, to have students do an example at their seats, to have

students do an exploration in groups. I continue to do all these things in my classes (variety is good!) while also using

the clickers. Using the clickers just means that sometimes I have to do less of some of these things. In some classes,

particularly if I have a difficult group exploration planned, I will opt to have no clicker questions at all, or to have only

a couple. It is true that deciding to use clickers means that you will have less time to do other things.

As for professor time, there are plusses and minuses to using clickers. I love the automated grading of the questions

and really appreciate that benefit. On the other hand, making up the questions does take time. I found that it took less

time than I expected (and it only takes a significant amount of time the first time you use them in a course) but the

time needed to make up the questions still needs to be a consideration in the decision of whether or not to use this

new technology. The concern about time to make up questions is somewhat alleviated by the fact that the number of

textbooks offering clicker questions as supplements (such as the ConcepTests for Calculus by Hughes-Hallett, et.al.) is

growing, as is the number of open-source materials (such as the ones I’m offering here for 200 and 300-level courses.)

8. By far the biggest outcome, and the biggest advantage, in using clickers is that they provide an effective way

to keep all the students active, thinking, and engaged throughout class. This is a hard thing to accomplish and

I’m happy to have all the help I can get! Much as I would like to believe that my brilliant lectures and engaging

interactive class style always has all my students on the edge of their seats, reality teaches me otherwise. The fact

that every student in the class has to think about these questions is a huge advantage. Anything that has them actively

participating instead of me just talking is a bonus.

24.7 Conclusion

I have thoroughly enjoyed using clickers in my classrooms — so much so that I continue to expand the courses in

which I use them. I found them effective in calculus and even more effective in my upper-level courses. I do not,

however, claim that they are a magic bullet that will suddenly improve all classes. I suspect that, like most pedagogical

ideas, they will work well for some people and less well for others. I think that, used effectively, the benefits are well

worth the effort.

I believe that clickers will continue to expand in popularity, and are likely to become a part of all of our everyday

lives. I have already used our University-owned set of clickers to help with a meeting, anonymously poll people on

sensitive issues, take votes at a faculty meeting, etc. The more places we use them, the more we get requests to use

them again.

Clickers have made my classes more fun, my students more engaged, and the learning outcomes of my students

higher. That works for me!
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