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We show that the set of block permutations of [n|, denoted BP,,, is
closed under multiplication, and is therefore a monoid. We study the
structure of BP, as an algebra and the subalgebra of planar diagrams,
Pn, give presentations for both, and investigate their representation
theory.

Background

» A set partition of [n] = {1,2,..., n} is a collection of non-empty disjoint
subsets of [n], called blocks, whose union is [n].

» A block permutation of [n] is a bijection f : A — B between two set
partitions A, B  [n] both having k blocks, and can be represented as a
diagram as follows.

» Example 1: » Example 2:

AL - T

I+ 1

~ Example 1 depicts diagram multiplication i.e. t;t; = b;.

» g Is planar Iif g's diagram can be drawn without edges crossing inside of
the rectangle formed by its vertices. In Example 2, s; is non-planar.

» The symmetric group S, is contained in BP,,.

The Monoid Algebra BP,

» Proposition: The dimension of » Proposition: The dimension of the

BP, is planar subalgebra P, Is
n—1 2
— 1 2(n—1)
BP KIS(n, k)? _ 4 _
5Fnl = Z Fn ;(k—J (n—1>

where S(n, k) is the Stirling
number of the second kind.

» This IS also the dimension of the
planar rook algebra.

Presentation of P,

- Proposition: P, is generated by t, t;, b; as in Example 1.
» Proposition: P, = (b;, t;, ti | R), where R is the following set of
relations. They are defined for 1 </ < n unless otherwise noted.

»bit; = tib; if j < i or v liti 1 = bioti = tibjio - it = b? = b
j_i>1 > 1 t,—b,'t,'1:t,' 1Dj ’tltl_bl—l—‘l
~GG =Gt Tor | —J1 > 1ttt =ttt = G > Bjli = 1ibi =
12 = bit = tibj.q = L
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The Planar Rook Algebra PR,

We show that the planar rook algebra PR;,,, which is the set of n x n matrices with
entries from {0, 1} having at most one 1 in each row and column, of Halverson et al. is
iIsomorphic to the planar subalgebra P, 1. Consequently, we can classity the irreducible
representations of P, using the results of [3].

» Theorem: PR, =
» Proposition: RP, acts on V" = span-{vs|S C {1,...

n+1-

n}}and V"= @, V7, where
V] = spanc{Vvs|S C {1,...,n},|S| = k} and each submodule has multiplicity 1.

» We have the following Bratteli Diagram. Lines represent the restriction of irreducible
representations of RP, to those of RP,_1, which arises from the fact that
Vi= V! !o V] !asan RP, 1 module.
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> The dimensions of each module is given by (}). If we replace each module with its
corresponding dimension, we obtain Pascal’s triangle.

» Proposition: For0 < k < nand f € P,.1, the irreducible characters are given by
i : :
niey (,) ifk<i
Xi(h) {o if k>
where | is the number of vertical edges in d € RP,.
» The character table for xj, the irreducible character of V', is given by Pascal’s triangle.

Presentation of BP,

» Proposition: BP, is generategl by ti,?}, b;, and the elementary transpositions s;.

» Proposition: BP, = (s;, b;, t,, ;| R"), where R’ consists of R and the following relations:
> SiSj = §jS; If |i —j‘ > 1 »SiSj11S;i = §j115;S;+1 »Ii = [;S; = Sj 1]

> Sibj+1Si = Si+10iSi 1 »S,-Z — 1

>b,‘Sj — Sjb,‘ If |i
»SioliSivo = Sjpqlit1l;

—J| > 1

> t/Sj — Sjt/ ifj — I >20r1 —j > 1 »Siti+18/ — ti+1 t/Si+1
> li—1Sili = Sj-15ibj_1Dj1SiSi-1

» Proposition: BP, factors as BP, = §,P,5;.

» Example: f15>S1ty = S1S2b;.

Representation Theory of BP,

» Proposition: /| = BP,b, 1BP,={f-bn_1-

» Corollary: BP, = BP,b,_1BP, ® C[S,].

»Proposition: BP, 1 = b,_1BP,b,_1.

» We use the above propositions to show that the irreducible representations of BP, can
be indexed by Young Diagrams.

gl|f,g € BP,} is an ideal of BP,,

Shuffle Product and Breaking Points

» Example 3: The following are S1.» shuffles.

123 123 123
$1 = (123) $2. = (213) $8 = (312)
Ep+1) <---<&(p+Qq).

»Let f € BP, and g € BP,. We obtain the » Example 4: If by € BP, and t; € BPs, then
concatenation of fand g, f x g € BP,.q, by by x t; € BPs
adding p to every vertex in g and placing g by x T — 7 ‘\ I
to the right of f. G S .
» 1 € [n] is a breaking point of f € BP, if one can place a vertical line between the vertices i
and / + 1, and if the sum of the sizes of blocks of .4 mapping to blocks of B up to / equals /.
We denote the set of breaking points of f by B(f).
» In Example 4, the red line at 1 = 2 Is a breaking point, but the green one at / = 4 Is not.

»A (P, q)-shuffle is a permutation £ € Sp. ¢
such that

Hopf Algebra Structure of BP,

» Theorem: The graded vector space
BP = (D K[BP]

n>0
with the product %, coproduct A, unit (), and counit ¢ is a graded connected Hopf algebra.
>~ The unit is (), the empty diagram, and the counit is the map € : BP — K given by €(f) = dy +.
» We define the product x on BP to be

f*Q:Zf‘(fXQ)EK[Bqu]

§
vV fe BP,, g < BP,and all (p, g)-shuffles ¢.
» If we take &4, &, €3 @s In Example 3, then the shuffle product of two diagrams f € BP¢ and
g € BP is just the diagram multiplication of f x g distributed over &1 + & + &s.

» We define the coproduct on BP to be
Z fiiy © foiy

IeB(f
»Let f = by x t; as in Example 4. Then A(f) is given by

A(T)

= ) f+ R +f ® ().
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