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Preface

I have also omitted here the demonstration of most of my

statements, because . . . if you take the trouble to examine

them systematically the demonstrations will present them-

selves to you and it will be of much more value to you to

learn them in that way than by reading them.

—René Descartes [19, p. 192]

Every student learns the formula for the solution of a quadratic, or de-

gree two, polynomial equation in a high school algebra course. It is one

of the few mathematical topics that many adults remember years later, at

least by name. However, the study of cubic, or degree three, and quartic, or

degree four, polynomial equations has largely disappeared from the mathe-

matical curriculum. In the rush to calculus, high school students do not see

it. At the university level, undergraduate mathematics majors often crown

their algebraic studies with Galois theory, which provides the tools needed

to show that there is no formula for the solution of degree five equations

analogous to the quadratic formula for degree two equations. Galois The-

ory can also be used to show that formulas exist for solutions in degrees

three and four, but these may be skipped over.

What are the formulas? The answer is at the heart of this book. The re-

sults are both elementary and beautiful. Moreover, they are an essential part

of the history of mathematics, representing the high point in mathematical

developments of the sixteenth century.

This book has evolved from notes used in a class for in-service and

prospective secondary mathematics teachers. It is intended to be suitable

ix
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x Preface

for such an audience as well as for undergraduates who desire to look at

a topic they may have unwittingly skipped over, or anyone mathematically

curious and willing to do some work. Included in this category are high

school students eager to go beyond the standard curriculum. An important

feature of the book is the sections devoted to history. They are intended to

enrich the reader’s learning by revealing the key discoveries in the study of

polynomial equations as milestones in intellectual history across cultures.

The mathematical content of the book parallels that found in a few chap-

ters of a mathematical classic from 1914, Elementary Theory of Equations,

by Leonard Eugene Dickson [20]. Dickson was one of the leading Ameri-

can mathematicians of the first part of the twentieth century. This book is

more leisurely than Dickson’s, but is similar in approach and borrows some

of the examples.

The book is designed for self study. Much of the material is presented as

exercises, with outlines for working through them. Mathematics is learned

only by doing, and that is what is asked of the reader. Doing is not making

calculations. It is necessary to learn how to write results in organized, intel-

ligible, logical prose and, ideally, to practice describing the results to others

orally. In teaching, I try to keep lecturing to a minimum, asking students to

read the book on their own, to work through the ideas orally in class with

each other, and to present the results in writing.

In developing material on polynomial equations, how many of the foun-

dational results on real numbers and elementary calculus should we as-

sume? On occasion, it is useful to be able to refer to the intermediate value

theorem or basic results on turning points of a polynomial’s graph. For in-

stance, we need to know, given a positive integer n, that any positive real

number has an nth root, or that if the graph of a polynomial lies below the

horizontal axis at one point and above at another, then the graph crosses

the axis somewhere in between. From calculus, knowing the relationship

between a polynomial’s derivative and the behavior of its graph allows con-

clusions to be drawn about the connection between the discriminant of a

quadratic or cubic polynomial and its roots.

I answer this question by including two sections, Section 1.5 on the

intermediate value theorem and Section 1.6 on graphs of polynomial func-

tions, in which key ideas are sketched and theorems stated in a form that

makes them available for reference later. This allows us, for instance, to

treat discriminants early, with a small dose of calculus, returning later with

additional algebraic tools to study them purely algebraically and see them

in their proper light. Readers knowing calculus will already be familiar with

much of the material. Others I hope will be able to grasp the issues and be

comfortable using the theorems when the time comes.
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Preface xi

Let’s take a quick tour of the book.

Chapter 1 consists of definitions and basic results on polynomials. Some

of the material, such as the discussion of graphing, is more advanced or

abstract than the material in the rest of the book and need not be understood

in detail on a first reading. A first reading gives orientation, and the chapter

can be returned to as needed.

Chapter 2 treats the quadratic formula for the solution of degree two

equations and examines it from several perspectives. The chapter closes

with a selective history of the quadratic formula, focusing on the work of

the ancient Babylonians nearly 4000 years ago and Al-Khwarizmi around

825 C.E.

The heart of the book is Chapters 3 through 6, in which we study poly-

nomial equations of degrees three and four. The discovery of solutions to

them by several mathematicians in sixteenth-century Italy represents a high

point in mathematical history and was the most significant mathematical

accomplishment in Europe for centuries. It also makes for a good story.

Chapter 3 introduces the solution to (reduced) cubic equations that has

come to be known as Cardano’s formula, in honor of Girolamo Cardano, a

co-discoverer. Following the derivation of the formula and its use in some

examples, we discuss graphs of cubic polynomials and the discriminant of

a cubic, concluding with the dramatic story of the formula’s discovery and

publication.

One lesson of Chapter 3 is that Cardano’s formula, when applied to

certain cubic equations, expresses the solutions in terms of square roots of

negative real numbers, obliging us to make sense of them. We do this in

Chapter 4, learning how to work with an expansion of the system of real

numbers known as the complex numbers and how to compute nth roots of

complex numbers using trigonometry. The history of complex numbers is

interesting. We close with a short account.

With complex numbers, we return in Chapter 5 to cubic equations, refin-

ing Cardano’s formula and giving an algebraic description of the discrim-

inant. We see how trigonometry can be used for the most difficult family

of cubic equations to dispense with complex numbers altogether. Our his-

torical review of cubics picks up where it left off two chapters earlier, as

we learn how Cardano’s successors came to terms with the appearance of

complex numbers in his formula.

After our three-chapter-long struggle with the complexities of cubic

equations, we enter smoother waters in Chapter 6, which is devoted to quar-

tic equations. Out of respect for history, we begin with the original method

of solving them, due to Cardano’s assistant Lodovico Ferrari, but then turn
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xii Preface

to René Descartes’ approach of a few decades later and Leonhard Euler’s

formula from a little over a century after that. All three methods require

an intermediate step of solving a cubic equation that depends on the coef-

ficients of the quartic. This is why the quartic waters are so much calmer;

nearby, the cubic channel continues churning, but once we master the nav-

igation of its shoals, the quartic provides little in the way of new obstacles.

Euler’s formula for the solution of a quartic equation leads to the calculation

of the quartic’s discriminant.

A recurring theme of the book is the abundance of information the co-

efficients of a polynomial encode about its roots. The quadratic formula

is the first illustration, with more appearing throughout the discussion of

cubic polynomials. The theme reaches its climax in Chapter 6, where we

learn how the discriminant and other polynomial expressions in a quartic’s

coefficients can be used to determine the nature of its roots. The chapter

concludes with a section inviting the reader to consolidate understanding

of the material on cubic and quartic polynomials through a series of essay

questions, followed by a historical section on the contributions of Descartes

and Euler.

Chapter 7 is an introduction to some topics in the theory of polynomials

of higher degree: quintic polynomials, the fundamental theorem of algebra,

polynomial factorization, and symmetric polynomials. The level of diffi-

culty rises, but full understanding is not the aim. The treatment is intended

as a peek at what lies ahead, with results sketched, history surveyed, and

little proved. We conclude on a highpoint that draws many of the chapter’s

elements together: a proof of the fundamental theorem of algebra that is

essentially the one given by Pierre-Simon Laplace in 1795.
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Exploring mathematics, even elementary mathematics, is a privilege,

connecting us to fellow humans across millennia and cultures in our search

for fundamental truth. (I hope this book illuminates these connections.) My

greatest debt is to the members of my family, who have allowed and encour-

aged me to enjoy this privilege. My parents, to whom I have dedicated this

book, arranged for me to arrive on a leap day, thereby inspiring my child-
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