
and the sum of sums of squares formula,

12 + (12 + 22) + · · · + (12 + 22 + · · · + n2) = n(n + 1)2(n + 2)/12.

More precisely, the following algebraic equivalents are derived,

n∑
k=1

k2 = 1

3

(
n + 1

2

)
(2n + 1) and

n∑
k=1

(n + 1 − k)k2 = 1

3

(
n + 2

2

)(
n + 1

2

)
.

The proofs obtained literally count squares, namely lattice squares whose vertices are in an
n × n grid. For the first formula, only lattice squares aligned to the grid are counted; for the
second formula, aligned and tilted squares are counted.
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Teaching Tip: How tan(x) Grows

Juan Tolosa (juan.tolosa@stockton.edu), Richard Stockton College of New Jer-
sey, Pomona NJ 08240

I was trying to show calculus students how fast tan(x) tends to infinity as x approaches
90◦ from the left. Together with the students, I calculated tan 89◦, tan 89.9◦, tan 89.99◦,
etc. and we got the rather surprising result:

tan(89◦) ≈ 57.28996,

tan(89.9◦) ≈ 572.9572134,

tan(89.99◦) ≈ 5729.577893,

tan(89.999◦) ≈ 57295.77951, . . .

This could not be coincidence! Intrigued, I challenged the students to investigate further,
identify the pattern, and prove it—for extra credit. “This is a homework for all of us,”
I said because, at that moment, I had no idea what was going on. The only thing I
noticed—but kept to myself—was that the pattern of digits was familiar, having written
so many times the conversion factor from radians to degrees:

180

π
≈ 57.29577951.

Next class, a student noticed that “the numbers looked familiar” and mentioned this
conversion factor. “Interesting!” I said. “Is this coincidence?” A student volunteered
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“maybe this happens because we are using degrees, and not radians.” “Why don’t we see
what happens in radians?” was my suggestion. For some time, students didn’t even know
how to begin to do a similar thing with radians. Eventually, I suggested, “Why don’t
we find tan(π/2 − 0.1) in radians?” A student got the approximate answer: 9.9666.
After that, they came up with the sequence: tan(π/2 − 0.01) ≈ 99.99667, tan(π/2 −
0.001) ≈ 999.99967, . . . .

Here the pattern was clear. I asked students to prove this result, adding “what
about the pattern in degrees?” Those students who still cared—a minority, per usual—
considered that connecting the first pattern with 180/π was “proof enough.” I left it at
that (no one won extra credit!). For Calculus I, we had achieved a lot!

But, I wanted the answer. Finally, I found the connection with another important
limit:

lim
x→0

sin(x)

x
= 1.

What most calculus books—elementary and advanced—fail to stress is that this limit is
true only when using radians. I always challenge my students, especially in Calculus, to
find the value of the limit when one uses degrees instead—another extra-credit challenge
seldom claimed. One frequently does not realize that using degrees or radians creates
different trigonometric functions. The first book I saw that makes this distinction clear
is Spivak’s nice Calculus [1].

If we use sind for the sine function when degrees are used, then

sind (x) = sin
( π

180
x
)

.

Now it’s is easy to get

lim
x→0

sind(x)

x
= π

180
.

Back to the original question. It seems that the sequence

tan(89◦), tan(89.9◦)
10

,
tan(89.99◦)

100
,

tan(89.999◦)
1000

, . . .

approaches 180/π . Thus, in general, we want to prove:

lim
x→0

tand(90 − x)

1/x
= 180

π
,

where, as before, tand is the degree tangent function. If we write

tand (90 − x) = cotd(x) = cosd(x)

sind(x)
,

then our limit becomes

lim
x→0

tand (90 − x)

1/x
= lim

x→0
cosd(x) · lim

x→0

x

sind (x)
= 180

π
.

Ta-da!
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