Theorem. There are $(22%) — } distinct bidding auctions.

Proof. There are 35 possible bids other than passes, doubles, and redoubles. Every
auction involves exactly one subset of these 35 bids. Once the subset is determined,
the order of these bids is determined.

Suppose we are given a subset of size b (0 < b < 35). The first of these b bids may
be preceded by 0, 1, 2, or 3 passes (four possibilities). In between each of the two
bids, there are twenty-one possibilities: three in which no one doubles, six in which
someone doubles but no one redoubles, and twelve in which someone redoubles.
(Recall that one may not double or redouble one’s partner.) After the last of the b
bids, there are seven possibilities: everyone passes, or either opponent doubles
followed by three passes, or either opponent doubles and either of the last bidder’s
team members redoubles. This provides the total of 4 X 21271 X 7 = 4 x 21% possi-
ble auctions, each of which involves precisely b bids. If » =0, then there is one
possible auction (everyone passes). Therefore, the total number of possible auctions

is
1+{(315)><§x211}+{(325-)x§><212}+ +{(§§)><§X2l35}

=4(1+21)" -1
= $(22%) -4
=1.29 X 1047,
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A General Form of the Arithmetic—-Geometric Mean Inequality via the Mean
Value Theorem

Norman Schaumberger, Bronx Community College, Bronx, NY

In “More Applications of the Mean Value Theorem” [CMJ 16 (November 1985)
397-398), it was shown how the Mean Value Theorem can be used to derive the
arithmetic-geometric mean inequality. Here, we show that a similar argument can be
used to prove the more general form of this inequality for weighted means.

Let wy, w,, ..., w, be positive real numbers whose sum is 1. Then, for any
positive real numbers ay, a,,..., a,:

wia, + wya, + - +wa, >atay? - aln, (1)
with equality holding if and only if a; =a,= -+ =a,,.

The arithmetic-geometric mean inequality is the special case of (1), where w;, = w, =
- =w,=1/n. Another important case of (1) is the result that for any positive

numbers p, g, x, y:
— x4+ |- =Xy,
p q Y

where (1/p)+ (1/q9)=1. Inequality (2) is frequently used to derive Holder’s
Inequality and also Minkowski’s Inequality.
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We begin our proof of (1) by applying the MVT to f(x)=1nx on [1, b] to get
In b= (b—1)(1/c) for some ¢ € (1, b). This can be written as

(b;1)<lnb<b—l. (3)

Using the left-hand inequality of (3), we have 1 — (1/b) <In b, or
(1/b) >1+1n(1/b).

Since b>1, it follows that 0 <1/b<1. On the other hand, the right-hand in-
equality of (3) shows that 5>1+1nb for b > 1. Thus, we see that for any x > 0:

x>1+Inx. (4)

with equality holding if and only if x = 1.
To establish (1), let

= DRI = w w . e w’
S=wa; + wa,+ +w,a, and P=aj"ay?---a).

We can show that S>P by successively substituting x=a,/P into (4) and
multiplying by w; for each i =1,2,..., n. Hence,

a

(5)

It follows that

wia; +wya, + .-+ +w,a, artay? .- - a."
P 2w1+w2+~-+wn+lnm .
Since w; + w, + -+ +w,=1, we get
(S/P)=1+In(P/P),

or

S>P.
Equality holds if and only if each a,/P=1 (i=1,2,...,n) in (5); that is, if and
only if ¢, =a,= --- =a,,.

Editor’s Note. Students may find it instructive to establish (1) via Lagrange’s method, by maximizing
aia%? - - - ayn subject to the constraint wya; + wya, + -+ +w,a,=S.

The figure of 2.2 children per adult female was felt to be in some respects
absurd, and a Royal Commission suggested that the middle classes be
paid money to increase the average to a rounder and more convenient
number.

Punch (via M. J. Moroney. Facts from Figures.)

173



	Article Contents
	p. 172
	p. 173

	Issue Table of Contents
	College Mathematics Journal, Vol. 19, No. 2, Mar., 1988
	Front Matter [pp.  i - 138]
	An Interview with Mary Ellen Rudin [pp.  115 - 137]
	Recontres Reencountered [pp.  139 - 148]
	Estimating the Sum of Alternating Series [pp.  149 - 153]
	Constructing a Map from a Table of Intercity Distances [pp.  154 - 163]
	Reader's Responses to the January '88 Forum: Should Mathematicians Teach Statistics? [pp.  164 - 165]
	Classroom Capsules
	Applications of Transformations to Numerical Integration [pp.  166 - 168]
	An Unexpected Appearance of the Golden Ratio [pp.  168 - 170]
	An Alternate Proof of Cramer's Rule [p.  171]
	How Many Bridge Auctions? [pp.  171 - 172]
	A General Form of the Arithmetic-Geometric Mean Inequality via the Mean Value Theorem [pp.  172 - 173]

	Computer Corner
	Algorithm of the Bi_Month: Computing mth Roots [pp.  174 - 176]
	Pitfalls in Graphical Computation, or Why a Single Graph Isn't Enough [pp.  177 - 183]

	Software Reviews [pp.  184 - 185]
	Problems [pp.  186 - 193]
	Media Highlights [pp.  194 - 200]
	Book Reviews
	untitled [p.  201]
	untitled [p.  202]

	Back Matter



