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We can confirm this result for the case n = 2. Here the direction sought is 
(W,,-W 2 )with 

exP $1 exp $2 	 exP $1  exP $2 

wl = a a and E, = a a ' 
-at, exP $1 exP $2 	 g exP $1 g exP $2 

which by computation can be seen to have the same direction as 
(a($,  - $l) /dt , ,  -a($2 - $ l ) / a t l ) .  We recognize this as the tangent direction to the 
curve along which $2 - $, is constant and hence along which the derivatives of $, 
and $, are equal. The above mentioned exception occurs only at a point where both 
components of this direction vanish. At such a point the derivative of $, - $, 
vanishes and hence the derivatives of 4, and $, are equal-in all directions. 
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The Social Security Administration annually estimates revenue into its trust funds in 
order to project present and future benefits and compare those benefits to present and 
future revenues received. The amount of money flowing into the trust funds depends 
on the taxable maximum T, which was $51,300 for 1990. That is, the higher the T, the 
more money is exposed to taxation and hence more flows into the trust funds. For 
general overviews of the process see [I] and [2]. For a more mathematical treatment 
see [3]. 

In this note, we show that the proportion of wages covered by Social Security and 
exposed to taxation may be represented by the integral loT(l- F ( x ) )  dx,  where F is 
the cumulative distribution function for wage and salaried workers and T is some 
taxable maximum (a similar approach works for self-employed workers; some minor 
adjustment is necessary, however, for workers with both wages and self-employment 
earnings). Thus, if f is a probability density function corresponding to F for such 
workers and the 1990 employer and employee tax rate was 7.65%, the amount of 
Social Security tax liability would be given by the expression 

T 
Tax Liability = 2 ( . 0 7 6 5 ) ~ /(1- F ( x ) )  dr 	 ( 1 )

0 
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where we need the "2" to count both the employer's and employee's contributions to 
tax liability and N is the total number of workers. Also, if M is the mean wage, the 
proportion of wages subject to Social Security tax is thus given by the expression 
NjT(1 - F(x)) dx/NM = j:(1 - F(x)) dx/M (note that NM = Nl,"$(x) dx repre-
sents total wages of the population for a given year). Without loss of generality, we 
may assume that the density f corresponding to F has a mean M of 1, which means 
that M = l,"xf(x) dx = 1. This has the additional effect of normalizing projected 
taxable maxima in terms of the multiples (not necessarily integral) of the mean wage 
and simplifies the projection process considerably. Since we have normalized the 
mean wage M to 1, the calculations are independent of the value of M. The 
proportion of wages taxable thus becomes 

The roof of formula (2) is quite straightforward. First, note that f (x )  is defined 
only for x > 0 (people with no earnings pay no tax). The amount of wages subject to 
Social Security is therefore given by the expression, 

Taxable Wages = N ( x )  dx + TN(1 - F ( T ) ) .  (3) 

The first term on the right-hand side represents the amount of money taxable for 
workers earning less than the taxable maximum T. In order to see this, we see that 
the of workers earning between xi and x i+ ,  is given by F(x,+,) -
F(xi) = F ' ( ? ) ( X , + ~- xi) =f(?)(xi+, - xi) for some -2. between xi and xi+,.  Thus, 
the amount of wages of these workers that is taxable is approximately N ? f ( ( x ) ( ~ ~ + ~  -

xi). Summing and taking limits from O to T gives the required integral since f is a 
bounded continuous function. The second summand is the amount of money taxable 
for workers earning the taxable maximum or more since the term 1- F(T)  is the 
proportion of wage and salaried workers earning the taxable maximum or more. 
Finally, a standard integration by parts of the first term yields 

T 
= N/ ( 1  - F ( x ) )  dx. 

0 

Since M = 1, dividing (4) by N yields the required proportion. Also, we see that, in 
general, if M is the mean of a probability density function f defined on the posi- 
tive real line and F(x) = j,"f(s)ds is its cumulative distribution function then 
using integration by parts and the fact that since F is a distribution function 
limx +-F(x) = 1, 

=M as x approaches a. (5) 

Equation (4) states the obvious fact that the average wage taxable by Social Security 
approaches the average wage in the population as the taxable maximum is increased. 

Remark 1. The crucial advantage of formula (1) is that we need not know the 
density function f in order to calculate taxable ratios. Data, however, are available for 
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the cumulative function F (see [3, pp. 142 ff.]). Finally, returning to equation (I), we 
easily see that if all wages are taxable then the amount of tax is 2(.0765)NM. 

Exan~ple1. We illustrate this technique using a simple example. From [4, p. 1371 
the average wage for 1986 was $16,361 and the taxable maximum was $42,000. 
Letting T = 42000/16361 = 2.567, which normalizes the mean wage to 1, and using 
F(x) = 1- exp(-x) as the cumulative distribution function, we easily compute the 
proportion of wages taxable to be /t,567(1 - (1 - exp( -x)) dx = 1- exp( -2.567) = 

0.923 near to the published number of 0.913 for 1986. In practice, adding additional 
exponential tenns of the form exp(-nx) where n is a positive integer and using the 
method of least squares provides an excellent fit of a cumulative distribution function 
to the data over a large range with the additional advantage of being easily integrable. 

Exa~nple2. The taxable maximum for 1991 was $53,400. If we assume a mean 
wage of $21,150 for 1991, then using the same distribution of example 1 yields a 
taxable ratio of 0.920. However, if we apply the correction factor of 0.913/.923 = 0.989 
then, perhaps, a better projection for 1991 would be 0.910. This follows if we were to 
assume a correction factor would be needed since F is not a perfect fit and assuming 
the degree of error is near that in the previous example. 

Remark 2. Starting in 1991, the taxable maxima for Social Security and Medicare 
are different, i.e., $53,400 and $125,000 respectively. However, this presents no 
computational problem since the calculations may be treated separately. That is, the 
tax rate for Social Security is 6.2% while for Medicare it is 1.45%. All that needs to be 
done, then, is to apply the formula twice using the respective tax rate and taxable 
maximum. 

The author should like to thank the referees for their extremely helpful suggestions concerning this note. 
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