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Using elementary properties of the derivative it is a simple matter to show that if

x>0, then f(x)=x* has an absolute maximum at x=e. Thus if x is any
positive real number, then e!/¢ > x/* or

e*>x° (1)

with equality if and only if x = e. Inequality (1) provides an easy way of proving the
inequality between the arithmetic and geometric means.

Let ay, a,,...,a, be any n positive real numbers with arithmetic mean 4 and
geometric mean G. To prove 4 > G, we substitute x =a,e/G, x =a,e/G,...,
x = a,e/G, in turn into (1), and multiply the resulting inequalities. Hence

e
e(ale/G+aze/G+ v +ae/G) s, (E . % e ane) (2)
\G G G
Since a; +a,+ -+ +a,=nAd and aja, --- a,= G", it follows from (2) that
neny €
enAe/G> (e G ) = e"¢
=\ on .

Thus nde/G >ne or A>G. Furthermore 4 =G if and only if each of the
substituted values of x is e. Hence

ae a,e a,e
—=e,——=e,..,—_—=e
G G
from which it follows that a; =a,= =a,.
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