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Integrals of cos2"x and sin2"x
Joseph Wiener (jwiener@math.panam.edu), University of Texas—Pan American,
Edinburg, TX 78539

Integrals of the even powers of sine and cosine are notoriously difficult, and most
texts approach them either by half-angle identities for cos®x and sin’x or by using
reduction formulas. There is also a nice application of complex numbers that allows
closed formulas to be derived quite easily. It is based on DeMoivre’s formula

z" =r"(cos nf+isin nh). (1)
Let
Z=cos x+isin x,
so

— =Cos x—isin x
z

and, therefore,

1 1 1 1
cosx=—|z+—] and sinx=—{(z——|. (2)
2 z 21 z
Applying the binomial formula to (2) gives
1 2n 2
20 g — n 2n—2k
cos™ "= - kgo( . )z (3)
and
12z 2n n—k
sin®"x = — Yy ( )(—1) Z2n—2k, (4)
AN

From DeMoivre’s formula (1) it follows that
2?"" 2k = cos(2m — 2k) x + isin(2n — 2k) x,
which transforms (3) and (4) into

2
2n 1 ‘ (271

i 2n
=— )cos(2n—2/e)x+— Y (Zn)sin(Zn—Zk)x
4" po\ R

47 = k
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and

2n 2
sin®"x = — ( n)(—l)"_kcos(Zn—Zle)x
4" T\ kR
+4nk O(an)( 1)" *sin(2n — 2k) x.

The imaginary parts in these expressions must be zero since cos®” x and sin?”x are
real. Also,

2n

(i?)cos(Zn—Zm)x+ (Zn—

)cos(Zm —-2n)x= 2( 2n)cos(Zn— 2m) x
m m

and cos(27 — 21) x = 1. Hence,

cos®"x = L (Zn) + 2"2_:'1 (zn)cos(Zn— 2k)x
47 n Pt k

and
1
sin®"x = ?[( 2”) +2 Z (an)(_l)n *cos(2m — 2k) x ]
The substitution j= 7 — k changes these formulas to
1 n
cos®"x = F[(Znn) +2E:, (nzil].)coﬂ]x} (5)
and
an T1(2n 5[ 2n i

sin®"x = +2) J(—=1)’cos2jx|. (6)

From here,

+c (7)

and

+ C. (8)

fsinz”xdx—%[( ) Enj _l)j(n ])sm2]x

It remains to make a few remarks. First, (7) and (8) at once lead to Wallis’
formulas

2 1 T 2 1 T

fﬂ/ cos?™ xdx = _(Zn)_ and fﬂ/ sin?"xdx = _(Zn)__‘

0 4"\ n ) 2 0 4"\ n ) 2

Second, the integrals of cos®”x and sin®”x can be easily obtained from each other

by the substitution x = %T — 6. Formulas (5) and (6) also offer a glimpse into the

subject of trigonometric polynomials and Fourier series. Furthermore, the difficult
integral of (x*+ 1)7""! is reduced by the substitution x=tan 6 to the integral of
cos®" 6. Finally, (5) and (6) can be used to find the Laplace transforms of cos®”x
and sin®”x.
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