Let D be the midpoint of BC. Then since BD = DC, we have D — B= C — D and
so D =1(B+ C). Now we let P be the point on 4D such that AP =2PD. Since

AP =2PD, we have P — A =2(D — P) and we deduce at once that P=1(4 +
B+ C)=0G.
Let a triangle ABC be placed with the origin 0 at its circumcentre and let the point

H be defined by H= A + B + C. Then H lies on all three of the altitudes of triangle
ABC—that is, H is the orthocentre of the triangle.

Since 04 = OB = OC, we have |4| =|B| = |C| from which it follows that
(A4+B)-(4-B)=0, (B+C)-(B—C)=0, and (4+C)-(4—-C)=0.
Since AH= H — A= B+ C and BC = C — B, it follows that AH is perpendicular
to BC. Similarly, BH is perpendicular to AC, and CH is perpendicular to 4B.

For any triangle ABC with circumcentre 0, centroid G and orthocentre H, the points
0, G and H must be collinear and GH = 20G.

This follows at once for if the axes are chosen with the origin at 0, then from the
above results we have H = 3G.

Digital Roots of Mersenne Primes and Even Perfect Numbers
Syed Asadulla, St. Francis Xavier University, Antigonish, Nova Scotia, Canada

This note offers students a way to link Thomas P. Dence’s “The Digital Root
Function” with G. W. Leavitt’s “Mersenne Primes and the Lucas—Lehmer Test”—
two articles that appear in Two- Year College Mathematics Readings [The Mathemat-
ical Association of America (Warren Page, editor), 1981].

The digital root of a natural number N, denoted DR(N), is the single digit
obtained by successively adding the digits of N. Thus, DR(13) =4 and DR(93)
= DR(12) = 3. Readers can verify or refer to Dence’s Proof (using induction on the
number of digits N has) that

N ={DR(N)}(mod9). (1)

Prime numbers of the form M, =27 — 1 are called Mersenne Primes. Although p
must be prime when 27 — 1 is prime, the converse is false. (For instance, M,
=(23)-(89).) A number is said to be perfect if it equals the sum of its divisors (not
including itself). The first two perfect numbers are 6 (=2M,) and 28 (= 2°M;).
Euclid seemed aware of the fact (proved by Euler) that an even number is perfect if
and only if it is of the form 27~!. M,. (It is not known if there are odd perfect
numbers.) ‘

Since most Mersenne primes and perfect numbers are enormously large (M 44497
has 13,395 digits and 2*4% - M,,,,4, has 26,790 digits!), ordinary calculations are not
always practical when investigating their properties. Thus, it may be interesting to
illustrate how the digital roots of the 27 known Mersenne primes are obtained.
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P DR(M,) P DR(M,)
2 3 1279 1
3 7 2203 1
5 4 2281 1
7 1 3217 1
13 1 4253 4
17 4 4423 1
19 1 9689 4
31 1 9941 4
61 1 11213 4
89 4 19937 4
107 4 21701 4
127 1 23209 1
521 4 44497 1
607 1 86243 4

Our tabular results will be a consequence of the fact that for k > 5,

DR2k_1={l, k=6n+l.
( ) 4, k=6n+5

Since 2 = 1 (mod9), it follows that
26*1=2(mod9) and 25"*°=2°(mod9).

Therefore,

267+l — 1 =1(mod9) and 25*°—1=4(mod9),

O]
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and (2) follows from (1). For DR(M,), simply note that a prime p > 5 must be of

the form 6n + 1 or 6n + 5.
For even perfect numbers, other than 6, we can establish

DR(21"l “M,)=1
Consider p = 6n + 1 and p = 6n + 5. From (3), we have

2°*=1(mod9) and 25**=7 (mod9).
Together with (4), this yields

267(2%"+1 — 1)=1-1(mod9) =1 (mod9)
and

26n+4(26n+5 — 1) =74 (mod9) = 1 (mod9).

Thus, (5) follows from (1).
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