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Nice Cubic Polynomials for Curve Sketching
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The polynomials used in calculus texts to illustrate the applications of derivatives to curve
sketching are, in spite of any student impressions to the contrary, reasonably nice polynomials.
Most of their coefficients are integers, relatively small integers at that, and it is not unusual for
the polynomials or even the derivatives to have an integer root. This is no mere coincidence. To
simplify the sketching of a given polynomial, students are limited to such devices as a careful
choice of origin, scale or coordinate system. Authors can use the additional device of careful
selection of the polynomial. According to their taste, roots can be integers, rationals or even
(cruelty!) irrationals. What if integer roots are chosen? When it comes time to find the point of
inflection and relative extremes of cubic polynomials, the odds favor relative extremes at
quadratic irrationals and points of inflection at rationals that are not integers.

It is the purpose of this note to use Pythagorean triplets to show how to construct cubic
polynomials with integer coefficients whose roots are integers and whose first and second
derivatives also have integer roots. We do not claim that this construction is original, but it is
not such common knowledge that repeating it here will not be useful when it comes time to
make up a calculus test.

We can suppose that the roots of the polynomial are 0, a, and b, since if one of the roots is
not 0, a translation can make it so. Let

f(x)=x(x—a)(x—b)=x*—(a+ b)x>+abx,
s0
fi(x)=3x*—2(a+b)x+ab and f’(x)=6x—2(a+b). ¢
If
f(x)=3(x—c)(x—d)=3x>-3(c+d)x+3cd, )
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then comparing (1) and (2) gives
2(a+b)=3(c+d) and ab=3cd. 3)
From the second equation, one of a and b is divisible by 3 and because of symmetry, we can
suppose that it is a. From the first equation, a + b is divisible by 3, and so b is divisible by 3 also.
Putting a=34 and b=3B, (3) becomes
‘ 2(A+B)=c+d and 34B=cd.

From the second equation, one of ¢ and d is divisible by 3, and we can suppose that it is c. If
¢=3C, we have

2(A+B)=3C+d and AB=Cd. %)
Eliminating 4 from (4) yields 2(Cd/B+ B)=3C+d, or
2B2—(3C+d)B+2Cd=0. (5)

If B is to be an integer, the discriminant of the quadratic in (5) must be a perfect square:
(3C+d)’—16Cd=H?
which can be rearranged to
H>+(4C)*=(d—-5C)%
We know how to find all of the Pythagorean triplets satisfying the above equation:
4C=2kst, H=k(s*—1t*), d—5C=k(s*+1?) 6)
for integers s, ¢ and any k. From (5), B=(3C+d+ H)/4. Taking the plus sign (it turns out that
choosing the minus sign gives the same result with s and ¢ interchanged), (6) gives
B=(3C+5C+k(s*+ 2)+k(s>—1?))/4
= (4kst +2ks?) /4.
Putting k=2r we get B=rs(s+2f). From (6), C=rst and d=5rst+2r(s2+ t)=rQ2s + f)(s +2¢).
Finally, substituting back we get
a=3rt(2s+1)
b=3rs(s+2t)
c=3rst
d=rQ2s+1)(s+21).
The root of the second derivative is
(a+b)/3=r(s>+4st+1%).

TABLE 1 gives some examples of these nice cubics; the list can be indefinitely extended.

Polynomial Roots of

f S J S
x3—3x2+4 -1,2,2 0,2 1
x>—33x%+216x 0,9,24 4,18 11
x3—6x%2—135x -9,0,15 -5,9 2
x3—147x+286 —-13,2,11 -1,7 0
x3—3x2—144x—140 -10,-1,14 -6,8 1
x3—3x2—144x+432 —12,3,12 -6,8 1

TaBLE 1

The authors wish to express their gratitude to the referee for invaluable rewriting and to Dr. William Larkin for
his interest in this problem.
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