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A hunded years ago, if you'dasked people why Leonhad Euler was famous thos who had an
answer would very likely have mentioned his discovery of the Euler ling theremarkable propety that
the orthocenter, the center of gravity and the circumcenter of atriangle are collinear. But times change,
and so do fashions and the standads by which we interpret history.

At theend of the ningteenth century, triangle geometry was regarded as oneof the crowning
achievements of mathematics, and the Euler linewas oneof itsfinest jewels. Mathematicianswho
neglected triangle geometry to study exotic new fieldslike logic, abgdract algebra or topology were
taking brave risksto ther professiond careers. Now it would bethe aspiring triangle geometer taking
therisks.

Still, thelate H. S. M. Coxeer madealongand distinguished career withoutstraying far from
theworld of triangles, and heintroduceed hundedsof othersto ther ddightful propaties, especidly the
Euler line Thismonth, we look at how Euler discovered the Euler lineand wha hewastryingto do
when hediscovered it. We will find that thediscovery was rather inadental to the problem hewas
trying to solve, and tha the problem itself was otherwise rather unimportant.

This bringsusto the 325t paper in Gugav EnestrSm'sindex of Euler's published work, "Solutio
facilis problematum quaumdam geometricorum difficillimorum* (An easy solutionto avery difficult
problem in geometry) [E325. Euler wrotethepgoe in 1763when helived in Berlin and worked at the
academy of Frederick the Great. The Seven Y ears War, which extended from 1756to 1763,was jus
ending. Lateinthewar, Berlin had been occupied by foreigntroops Euler and the other academicians
had lived thelast yearsin fear for thar own safety and tha of thar families, but a dramatic turn of
events enabled Frederic to snach victory fromthejaws of defeat and win thewar. When hereturned to
Berlin, hetried to manage his Academy of Sciences the same way he had managed histroops Injugs
three years, hehad completely alienated Euler and Euler left for St. Petersburg, Russiato work at the
academy of Catherinethe Great. Thepagoe was published in 1767in thejournd of the St. Petersburg
Academy.

Euler beginshis paper by reminding ustha atriangle has four particularly interesting points:



1. theintersection of its three dltitudes, which hedenotes by E. Since about187Q people
have called this point the orthocgenter and before that it was called the Archimedian point.
Euler does notuse either term;

2. theintersection of its median lines. Euler labdsthis point F and, as we do today, callsit
the center of gravity;

3. theintersection of its angle bisectors. Euler labdsthis point G and callsit the center of
theinscribed circle. Since about189Q people have been calling this point theincenter;

4. theintersection of the perpendicular bisectors of the sides. Euler labds this point H and

notestha it isthe center of the circumscribed circle. Since about189Q people have
called it the circumcenter.

Modern texts usudly use different letters to denote these same points, but as usua we will follow
Euler's notation.

Then heannoun@s what heregards as the main results of this paper: If these four points do not
coindde then thetriangle isdetermined. If any two coindde, then all four coindde, andthetriangleis
equilateral, butit could beany size.

To preparefor hisandyss, hedefines some notation. He calls histriangle ABC, and letsits
sdesbeof lengthsa, b and ¢, wheretheside of length ais opposte vertex A, etc. Euler aso denotes the
area of thetriangle by A, and trugs thereader to keep track of whether heistalking aboutthe point A or
thearea A. He knows Heron'sformula, thoughhedoesn't knowit by tha name. Here, asin [E135] it is
jug aformulatha heassumes we know about He givesit intwo forms:

AA=L(a+b+c)(a+Db! c)(b+c! a)(c+a! b)

16(2aabb+ 2aacc+2bbec! a*! b*! c“),

where, if you'vebeen keeping track like we told you to, you knowtha AA denotes the squae of thearea
of triangle ABC.

With the notation established, Euler sets out to give thelocationsof each of thecenters, E, F, G
and H, in terms of thelengthsof thesides, a, b and ¢, andrelative to the point A as an origin andthesde
AB as an axis. He begginswith the orthocenter, E.

Let P bethepoint where thelinethroughC
perpendicular to AB intersects AB (see Fig. 1). Then AP
serves as akind of x-coardinae of the point E, and EP
actsasay-coordinae. Likewise, hetakes MA to be the
perpendicular to BC and NB to bethe perpendicular to
AC, butthese lines do not play arole as coordinaes.

Euler tellsustha

+ —_
AP:CC bb aa.

2C

He givesusnoreason, butit is easy algebraif youuse the
law of cosnesto write a*> =b* +¢*! 2bccosA and



AP . .
obsrvetha cosA= 5 That takes care of thex-coordinae of the point E.

+cc! . .
Likewise, BM :%Cbb. Also, thetriangle areaformula givesus A=2 AM I BC, so tha
a

AM = 2A . Triangles ABM and AEP are similar (because they are both right triangles and they share
a
angle B), so AM :BM = AP : EP, andthis easily leadsto the second coordinae of the point E, namely

Ep = (cc +bb! aa)(aa +cc! bb)
8cA '

Euler repeats similar andysis for each of theother centers. He introducesthepointsQ, Rand S
asthepoints on ssde AB corresponding to the x-coordinaes of the centers F, G and H respectively. For
the coordinaes of the center of gravity, F, hefinds

_3cc+bb! aa 2A

A and QF =—.
Q 6c¢ Q 3c

For the coardinates of G, the center of theinscribed circle, he gets

|
:c+b.a and RG= 2A .
a+b+c

AR

Findly, for the H, the center of the circumscribed circle, hefinds

c(aa+bb-cc)

AS=1c and SH= oA

We leave to thereader the pleasant task of checking these calculations Some are trickier than
others.

Thiscondudesthefirst part of Euler's pgper. He haslocated hisfour centersin terms of the
lengths of thethree sides of thetriangle. This has taken him aboutfive pages of this 21-page paoe.

There are six parwise distances amongthese points:

where EF* denotes the squae of thelength of segment EF, etc.



To investigae these distances, it will be convenient to take
atb+c=p, ab+ac+bc=q and abc=r.

Later it will beimportant tha this definition of p, g, r makes thelengthsof thesides, a, b andc,
equd to theroots of the cubic equéion

2’| pz+qz! r=0.
Then it will also beuseful to knowtha

aa+bb+cc=pp! 2q
aabb+aaa +bba=qq! 2pr
a*+b*+c*=p*! 4ppg+29q+ 4pr

and tha thearea A can be expressed as
! p* +4ppq! 8pr
16 '

=%p(! p°+4p! &r)=

Six pages of rather tediousand straightforward calculationslead Euler to relationsamongthe six
distances between pars of these four points. Referringto hisFig. 5, heeventudly gets

H
4
l. EF? = AAA 9(pp'2q)
Ay Fig. 5 F
1. EG* =1 pp+3g1 L
4AA P
I EHZ—%A! pp+2q
1 5 2r
IV. FG’=!Z=pp+=q! —
9pp gq 0
1
v FH2_16AA glor! 24) E G
vi. GH2=—1 L
16AA p

Thislookslike jug another list of formulas, butthere isa gem hidden here. Euler seestha
EH =2EF and FH = EF . Heremarkstha thisimpliestha if the points E and F are known, then the

point H can befoundonthe straightlinethroughE and F. He does not specifically mention tha
because EF + FH = EH, thethree points are collinear.

Nothing in Euler's presentation suggests tha he thoughtthis was very important or even very interesting.
He only mentionsthat hecan findH given E and F, and notthat E or F could be foundknowing the
other two.



In more moden terms, and with mode'n emphasis, we give this result by saying that the
orthocenter E, thecenter of gravity F and thecircumcenter H are collinear, with EH = 2EF , andwe
call thelinethroughthethree pointsthe Euler line Moreover, Euler seems almog equdly interested in
anothe harder-to-see and surely less important consequence of the same equaions tha

4GH’ +2EG® = 3EF* + 6FG”.

But Euler doesn't dwell onthis. His problemisnat to discover the propeties of these various
centers of thetriangle, butto try to recondruct thetriangle given these centers. Towardsthis end, he
introduces three new values, P, Q and R, defined in terms of p, g andr by

K=R, L=Q and pp=P.
ps p

Then herewrites therelationsgivenin formulas| to VI interms of P, Q and R. He only endsupusng
three of these formulas:

1
l. GH?==R-
2 )

1. FsziRlip+fQ+@
4 18 9 9R

1. FG?-‘:iP!§Q+5Q—Q
36 9 9R

Findly, Euler isready to state and solve the problem tha is his reason for writing this pgper:

PROBLEM: Given these four pointsrelated to atriangle, to congruct thetriangle.

For reasonshe doesn't make exactly Fig. 6
clear, Euler divides the problem into two F H
cases. Thefirst caseiswhere the point G E° ® °
doesnotlie ontheEuler ling or as Euler says \/
it, thecase where the points F, G and H form G
atriangle, asshownin hisFig. 6. Inthe
secondcase, al fourlines are onthesameline

Euler beginshby taking

GH = f, FH=g¢g and FG=h

Then, fromthe statement, such asit is, of the Euler linetheorem, and fromtheremark tha follows it, we
get

EF = 2g, EH = 3g and EG=.6gg+3nn! 2ff,

andformulas|, Il and Il can berewritten as



1
1. ff ==R!
R Q

1 1 _ 4_ 200
1. =Rl —P+-Q+===
99=2R 8P 9% or
. hh=—tp) 803X
36 9° OR

Solving these for P, Q and R gives

4 _ _ 4
_ 4f | Q:3ﬂ=(ff g9 2hh), e 27f 1241 1500 + 6,
3gg+6hh! 2ff 3gg+ 6hh—2 ff 3gg +6hh! 2ff
and these make

QQ _ 9(ff! gg! 2hh)?
R 4(3gg+6hh! 2ff)

Now hewrites p, g andr interms of P, Q and R (which meanstha they are also known in terms
of f, gandh) and ges

p=+P, q:%P+2Q+% and r=QJP.

Findly, heremindsustha thethree sides of thetriangle are the three roots of the cubic equaion
Z! pz+qz! r=0.

In case we're not sure how to use Euler's solution to solve the problem, hedoes an example.
First, like agoodteacher, hedesignsthe problem so it will have an easy answver. He congdersatriangle
withsdesa=5,b=6andc=7. Inasens, thisisthesmplest acute scaenetriangle. He usesthefirst
version of hisformulas| to VI to find tha for this triangle,

35 155

ff =22 - 229
32 99 288

and hh:l.
9

Now he pretendshedoesn't know a, b and ¢ and that hes only given ff, gg and hh. Theformulas
for P, QandRintermsof f, gand h give

rR=122 Q:3—5, P =324 ad =248

24 3 R 9 3
Thesegivep,gandr as

p=+/P =18, g=107 and r=%.18=5.6-7=210.

The cubic equaionisthen



Z 1 18zz+107z! 210=0.
As expected, thethree roots of thisequaionare 5,6 and 7.

Euler congdersthe case separately where all four centerslie on oneline He findsthat the cubic
has a doubk root and that this gives an isosceles triangle. Perhgpshethoughttha thedight differences
between cubic equaionswith three distinct roots and those with a doulde root were enoughto merit
distinguishing between the cases. He doesn't give any details of why thetriangle mug be equilateral if
all four centers coinade

In some ways, Euler's discovery of the Euler lineis andogousto Columbuss "discovery” of
America. Both madether discoveries while looking for something else. Columbuswas tryingto find
China Euler wastryingto find away to recondruct atriangle, given thelocationsof some of its various
centers. Neither named his discovery. Columbusnever called it "America' and Euler never called it
"the Euler line"

Both misundestoodtheimportance of thar discoveries. Columbusbdieved hehad madea great
and wondeful discovery, but hethoughthés discovered a better route from Europeto the Far East.
Euler knew wha hed discovered, but didn'trealize how important it would turn outto be

Findly, Columbusmade several more tripsto the New World, but Euler, as with his pdyhedral
formula and the KSnigsberg bridge problem, made an important discovery but never went back to study
it further.
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