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Euler seemed to beinterested in everything, and when he was interested in something, he sought
to undestand it with mathematics. Somehow, hegotinterested in saws, andin 1756 while working at
the Berlin Academy, hewrote a 25-page pgoer, Su I'action des scies, "On the action of saws' [E235].

| can only speculate on why Euler decided to write this pagoer. Inthar Editors Introdudionto
the volume of the Opera onnia where this paper is reprinted, Charles Blanc and Pierre deHaller suggest
tha "its main purpose was to show onemore time the possibility of putting into play the laws of
mechanics and the techniques of mathematical andysis for measuring outthe best advantage for
conaete stuaions Onedoes notfindin fact any truly new idea aboutthe use of mathematicsin
practice."

| would suggest amore practical andtimely motivation. When Euler first arrived in St.
Petersburg in 1728 his actud postion was as Phydcian to the Russian Navy. He mosly worked at the
St. Petersburg Academy, but the Navy had some claim on histime and efforts. Reportedly, as pat of a
tour of military facilities, Euler visited some of thesawmills tha provided lumber to theNavy. There he
learned both of thecritical importance of lumber to military opeationsand of theactud opeation of
sawmills.

Almog 30 years later, Euler was workingin the academy of the Prussian King Frederick 11, who
was aboutto embark onwha is often called the Seven Y ears War, except in America where we learn of
it astheFrench and Indian War. It would a'so make sense if Euler, remembering the strategic
importance of lumber supplies, were trying to hdp his King in theforthcoming war effort.

Regardless of hismotivations Euler beginshis andysis of saws by describing the scopeof his
problem. First, heisinterested in vertical saws being moved by amachinein a steady, repeatable way,
notin harizontal saws or sawstha are beng moved by the handsof real people. He hastwo reasonsfor
thisrestriction. First, theactud motion of peopleis hard to describe and second, this reflects the design
of actud sawmills.

The machines he studies will lift the saw blade and advance thetimber, and then the saw blade

will fall unde its own weight, making the cut as it descends Such saws were used for centuries to make
thelong cutsthat dice treesinto boads Euler wanted to calculate the best values for thevarious
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measurements in thedesign of the saw and blade, the bladés length, its number of teeth, the width and
depth of those teeth, and the number of men necessary to opeate the saw mog efficiently.

Euler describes asaw ABCD, as shown in Fig. 1, attached to move 7
condantly aongavertical line EF, alternaely ascending, when it does no work, -
and descending unde its own weight There are alot of partsin this system, D
and he starts with the smallest onehe can think of, the action of a single tooth
asit cutsinto thewoodto a certain depth. He tellsustha theresistance to this
action dependson:

P!

1. the hardness of thewood
2. thesize of thetooth, and
3. the depth to which it penetrates the wood.

For thisthird item, the depth ougtt be neither too largenortoosmall, for if itis
too small, thetooth won@® cut any wood and if it istoo largethetooth won®go
throughthewood Euler uses p to denote theresistance to thetooth, buthe
doesn't give usany paticular unitsfor that resistance. Further, helets o bethe
depth of thecut, item 3 on hislist, and he assumes, perhgpsfrom experience or
from experiment, but more likely from some thoudht experiment, that p is
propottiond to thesquae of a.

It isclear, at least to Euler, tha each tooth of the saw should act equdly
onthewood. Thus each toath should penerate to the same depth and theteeth
should notbearranged paalel to AC, for then thefirst tooth would do al the
cutting and therest of them would nottouch thewood. Hence theline of teeth
should bedanted, bengfarther fromAC at C than at A, and theteeth should be
arranged in arithmetic sequence, first tooth at k, next at k+/ (where o isthe
depth of each cut), etc.

Taking thelength of thesaw AC = f, thenumber of teeth to ben, and
the depth of each pendrationto bea, he calculates the angle for the saw to be
{, where

Fig. 1
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Solving thisfor o gives

o ftan”

' n#l
s0 the difference beween CD and AB will be

o nftan{ |

n-1

Now let thetotal number of teeth bev and let theinterval PQ bethe part of the saw actudly
toudhing thewood. Call thelength of tha interval z. Theresistance thewood makes on the saw, taking
into accountz, thethickness of thewoodandf, thetotal number of teeth in the saw, works outto be



/
nTz' Euler introduees the parameter R = n! , which represents wha theresistance would beif all the

) ) ) ) Z
teeth were in contact with thewood at onae, and rewrites the actud resistance as ? R Because

! tan” o .
R=n! :f pr , Euler rewritesit agan as

zI tan”
prat

To end his description of the saw blade, Euler takes ¢ to bethe depth to which onecomplete
strokeof thesaw cuts. Then c=n/ " ftan# Thislast formulais only an approximation because of the

nf tan”
n#1l
So far, Euler has used ten different, thoughrelated measurements to describe his saw and its
action: o, p, k, n, g, f, z Randc. Heisnowready to consder themotion of the saw asit is descending.
Thesaw is suppo®d to be attached to awelght heavy enoughso tha the saw will fal unde its own

weight withoutany other force being applied. He plansto calculate thetotal time of the descent of the
saw.

way Euler measured { abovewhen hewrote n/ =

Euler decides tha thesaw will fall fromaheaghta at the beginning to build up speed before the
teeth start to cut thewood In the 18th century, it was difficult to measure small intervals of time
accurately, and different places used different units of length. To accountfor this, Euler took as his
standad length a unit g, the distance throughwhich afalling bodywill fall in onesecond. Then hetdls

ustha thefree fall will last \/g seconds We would do tha calculation a bit differently today, and we

would use the symbol g to bethe acceleration dueto gravity, notthe (closely related) distance it
represents here.

Speedswere aso difficult to measure accurately. Euler and his contemporaries used asimilar
ideato describe speed. They measured it as the haght from which afreely falling body would have to
fall to achieve thesame speed. We will see thisprindplein action alittle later.

Euler divides therest themotion of thesaw as it descendsinto three phases. Thefirst phase lasts
from when thefirst saw tooth at B reaches thewoaod until it exitstheother ssde During thisinterval, the
resistance to the saw steadily increases as more and more teeth cut into thewood The second phase
lasts from the end of thefirst phase until thelast saw tooth at D reaches thewood. During this second
phase, the number of teeth touching thewoodis condant, so theresistance to thesaw is condant as well.
Findly, thethird phase lasts from the end of the second phase untl thelast saw tooth a D exits the other
side of thewood at which time the saw should stop faling, lest its energy bewasted. Euler calculates
thetimes for each of these three phases.

For thefirst phase, Euler refersto Fig. 2, whee GH = MN = b is thethickness of thewood and
GB = zisthelength of the part of the saw in contact with thewoodingead of the thickness of thewood
asit was before. Duringthefirst phase, zinaeasesfromOto b. Let uscondgder theaction at the
moment tha z has some paticular value Take v to bethe speed of the saw at that ingant, measured, as
we mentioned above as thedistance fromwhich afredly falling body mug drop to achieve tha speed.



Let P bethetotal weightof thesaw. Followingthe andysis of the saw that Euler did above the
resistance to the saw at tha point will be
zltan” _c! .z

# # f
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Take N =- tan

, S0 that theresistance can besmplified to Nz Euler tells ustha now "the prinaples

of Mechanics furnish uswith thefollowing equaion:"

Pdv=(P-Nz)dz or dv=dz(1—N?zJ.

ThisisF = maindisguise. Integrating this and usngtheinitial condtionv= a when z=0, we get
N
v=a+ z+—z.
2P

Thus at theend of thefirst timeinterval, when thetooth B arrives at the
point H, we have z= b, and the speed of the saw correspondsto afree- D |

fall fromtheheghta+5! ]Z—l;b

F
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Knowing the speed at every pant z, Euler does a difficult ]
calculationto find thetime tha elapesin thefirst phase. Heintrodues a

P .
new condant, e= N not to beconfused with tha other congant e that st

hesometimes used. Thismakes

72z 2ae+2ez! 7z
yv=qg+z! —=— —
2e 2e

Now, because of theway Euler and hisfriendsmeasured time and
speed, the quantity Euler denoted by v, is notthe same as velodty, the

guantity we denote by v today. For our v, we have % =v, but, p N

confugangly, for Euler'sv, we have indead :—f =JVv. Giventhis, the

previousexpression becomes
dZ /26 Fig. 2

dt= )
J2ae+2ez! z

When we integrate thisfromz=0to z= b, we find tha theduration of thefirst phaseis

e
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seconds

Similar andyses with correspondingly similar figures lead usto find that the duration of the
second phase will be
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and tha of thethird will be

Je - e+\/2ae+2be+2f(e' b) %
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seconds

Thus thetotal timeit takes the saw to descend is the sum of these three durationsplustheinterval of
freefal at thebeginning. Euler writesit outas aformidable sum. We omit it here.

By now, theKing, for whomI propos Euler was writing, has probably given up and stopped
reading this paper. That'stoo bad, because Euler isfindly going to draw some condusons In
paticular, al of thequantitiesinvolved in this sum have to bereal, so that noneof the quantities unde
theradical signscan benegative. Euler does not mention tha theargument of thelogaithmfundion
cannotbe negdive or zero, and the quantities of which we take thearcsnemug bebetween ! 1 and +1,
so heonly getstwo condiions

[ a+b>@ and
2e

1. a+b>%e+f(§!1).

Unless these two conditionsare satisfied, the saw will stop pat way throughits descent. This
might happen because thetree istoo thick (b istoolarge) or if thesaw istoolong(f istoolarge). The
saw could aso stopif theweight P istoo small or the paameter N, which measures theresistance of the
woodand the size of theteeth, istoolarge  Cryptic as these formulas may be, they furnish actud
condraints onthedesign of the saw itself. Euler provides several pages of discussion on wha these
formulas mean and how to use them.

Findly, Euler turnsto personnd issues. Appaently, for the saws tha he has seen, the saw blade
islifted by oneor severa men working, rather than by the action of a water wheel or by teams of
animals, as sometimes shown in old pictures. Euler suppo®s tha there are m men workingto lift the
saw, and that each of them lifts the saw throughadistance s each second, and tha each of them can lift a

weightof Spounds He calculates tha the m men working togeher can lift the saw at arate of %S

feet per second. Thetotal distance thesaw mug beliftedis a+b+ f feet, where still aisthedistance
of freefall at the beginning of the saw's descent, b is thethickness of thewoodand f is thelength of the
Pla+b+f)

saw. Given this, it will take them men
mSs

secondsto lift the saw therequired a +b + f

feet.

Euler pausesto confess some of the errors of approximation tha heknows heis making. He
argues tha he can ngglect wha hehopesis a small distance tha the saw goes past the bottom of the
piece of wood.He knows tha heis also ignoling friction and the effort necessary to advance thetree the
distance c in each cycle of the saw.
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To begin an example, take T to bethetotal time of onecycle of thesaw, adding thetime it takes
to lift the saw to thetime hefoundearlier for thesaw to descend. Ifa=0,b=1,e=1andf =3, al
valuestha describethe saw itself, then g =15.625, and hefindstha

T =0.79643+ 4—P seconds
mSs

Let'sthink abouthow big thissaw is. It hasathree-footblade andit is cutting atree tha isafootthick,
so the action of the saw takes thetop end of the saw to ahaghtof 7 feet abovetheground. Euler is
aboutto assume that the saw itself weighsP = 189 pounds so it appears tha Euler's saw, thoughfairly
largeand heavy, is still small enoughthat it could be moved aroundon a cart or awagon.

He makes some further guesses aboutthe men opeating the saw andtheweight of thesaw itself. He
suppogstha s= 2 feet pe secondandtha S= 30 pounds Given this, he estimates the amounttha
variousnumbers of men can saw in onehour.

1 man 3.82feet per hou
2 7.23

3 1030

4 1306

5 1557

Euler notes tha there are diminishing returns here, and tha infinitely many men could saw 675
feet of timber an hour. He verifies this phenomenonwith afew more examples and condudes tha "it is
advantageousto employ as small a numbe of men as possible.”

He further notes that athree-footsaw isfar more efficient than atwo-foot saw, and givesthe
advice that the saw oughtto beaslongas posible aswell. He suggests four feet.

With this, Euler endsthe paper rather abrubitly.

Euler's many booksand papers rangefrom the entirely abdract to theeminently practical. It
seems to me that his mog abdract work, especialy tha in nunmber theory, hedid for the sheer joy and
beauty of the mathematics, buttha almog all therest of it was rooted in the hopethat it would have
practical applicationsin thereal world. He only wrote afew pgoers tha were as explicitly concerned
with the mechanics of machiney asthis ong but some of those were quite important and involved
difficult mathematics.

Thebest known of these is his work on the strength of columns where he combines the calculus
of variationsand thetheory of elastic curves to calculate the budkling strength of columnsandto design
columnswith the greatest possible strength. He also wrote on the shgpe of gear teeth, energy from
windmills, on earthen dams and on caring for winter wheat crops Thee seemsto benoendto his
interests or to his confidence in the applicationsof mathematics.
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